CHAPTER 52

THE DIGITAL SIMULATION OF NON-LINEAR RANDOM WAVES

Kyungmo Ahn *

Abstract

This paper presents the method for the digital simulation of the second-order nonlinear
random waves including strongly nonlinear shallow water waves and near breaking waves,
which can be considered to be non-Gaussian random process. The method generates time
series of the second order nonlinear random waves from the given energy spectrum and
bispectrum obtained from the wave records. Numerical examples indicate that the
procedure is basically worked well and generated time series of waves having the similar
target spectral density function and probability distribution function. The proposed
method has a wide range of applicability to problems involving the second-order nonlinear

systems where outputs have strongly nonlinear and non-Gaussian characteristics.

Introduction

The time series simulation of nonlinear random waves has many practical applications
in many engineering problems. For example, the simulated waves can be used for the
analysis of the response of offshore structurcs excited by irregular waves (Duncan and
Drake, 1995) and also can be used as wave-board control signals to generate nonlinear

random waves (Klopman and Leeuwen 1990; Yasuda et al. 1994).

For the realistic reproduction of coastal waves, it is necessary to include the effects of

the second-order nonlinear waves associated with the sum and difference frequency
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compoenents of linear waves. For weakly nonlinear waves, the second-order random wave
theory derived from the perturbation method using potential theory can be used to derive
formulas for the generation of second-order random waves (Sharma and Dean, 1979;
Klopman and Leeuwen 1990). However, the method cannot be used to generate strongly

nonlinear waves in shallow water.

Recently, Ochi and Ahn (1994) developed a method to separate bound harmonic wave
components from free linear wave components by applying the concept of the bicoherence
spectrum. When various spectral components interact with one another duc to
nonlinearities, the resulting components are phase coherent with the primary components.
Therefore, those components are not considered to be statistically independent. The
bispectrum, which measures the statistical dependence of three spectral components whose
sum frequency is zero, may therefore be an useful tool to investigate the nonlinearities of
random waves especially in shallow water waves. By applying the concept of a bicoherent
spectrum, it is possible to separate the linear free wave spectral component from the
spectrum obtained from the measured wave profile record. Then, by using the separated
linear spectrum and bispectrum, we can digitally simulate the strongly non-linear random

waves which have the similar stochastic characteristic of the target waves.

Digital Generation of Second-Order Nonlinear Random Waves.

In this paper, a method is presented to generate time series of strongly nonlinear waves
from the linear energy spectrum and bispectrum of surface elevation obtained from the
wave record. For this, we first write surface profile of second-order random waves in finite
water depth as follows:
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where f= frequency, ¢=phase lag, @, = wave-wave sum inferaction coefficient
associated with f, + f,, and 7, = wave-wave difference interaction coefficient

associated with f, — f;.

According to Ahn (1993), wave-wave interaction coefficients @,, and /7, can be
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represented as follows:
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where m=1 for k=l m=2 for k=1, si:ci/z, sf:clz/z represent the

discrete linear spectral wave energy components at frequencies f, and f, respectively.

B( fk’ fl) denotes the bispectrum which is formally defined as the Fourier transform of

the second-order covariance function (Hasselmann et al., 1963). The bispectrum can also

be expressed in terms of Fourier coefficients (Kim and Powers, 1979) as follows:
B(fo, /)= EIY(SIY) Y (f, + )] @

where y(f,) is the complex Fourier coefficient for frequency f, and the asterisk denotes
the complex conjugate. BS (f, i fl) represents the portion of the bispectrum which is due

to wave-wave interactions of sum frequency components.

From Equations (1) through (3) we can generate the time series of nonlinear random

waves for given linear energy spectrum and bispectrum.

Numerical Example Problem
To verify the method proposed, a numerical example is given. We generated 64

records of test waves which involve three primary linear wave components at frequencies
1./, and f, and non-linear wave components generated from interactions of

components at frequencies f;, f, and f;.

Let’s consider a test waves such that
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where f; = fi +f, . The phases of each wave were independently taken from a set of
uniformly distributed random numbers between 0 and 27 . Fig.l shows the energy
spectrum of test waves y(t) . The wave energy in the spectrum corresponds to
frequencies from the lowest to the highest frequency f, — f,, £,/,, 2/, =5 -1
and 2f, respectively. The wave energy at 21, , 21, and f, — £, is entirely due to
self-interactions of f; and f, and difference interactions of f, and f, . A portion
of the energy at f; = f, +f, is due to the sum interaction of waves at f; andf,
and the rest of the energy at  f;  is due to the free linear wave component.

The wave-wave difference interaction coefficient 7, in Eq(3), can be obtained from
the bispectrum and corresponding linear energy spectral components. In evaluating the
interaction at the frequency f, — f,, it is assumed that the spectral energy density at
frequencies smaller than the minimum frequency f, is entirely due to the nonlinear
interactions associated with the difference between various combinations of the two
frequency component at f; and f,. Furthermore, noting that Y(f, =Y*(- f.)) for
real 3(7) , it can be shown that the bispectrum has the following symmetry relations:

B(.fI"A) = B(fbfi) = B(-/if_fl‘ _-/‘2)

(6)
=B(f,,~ 1, ~ £,) = By 1, - 1,) = B(~fifo. 1)

By the above symmetry relations and definition of f,, the difference interaction
coefficient #,, , can be obtained in the unique bifrequency space, B — B, as shown in Fig

2. Fig.3 shows the real part of the bispectrum obtained for (f) by using MATLAB,

higher order spectral analysis toolbox.
The analytically computed bispectral values for y(t) are also shown as follows:

B/, /)= E[Y(/)Y()Y * 2 f)] = ‘”” (72)
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PSD in m? ¢ sec

NON-LINEAR RANDOM WAVES

90

80
70}k
sof ]
50

—_—

40

T

30 W
20

MW

0 0.2 0.4 0.6 0.8 1

Frequency in Hz

Fig.1 The energy spectrum of y(t)

Fi

Fig2 Domains for computing B(f,,f,) and B(f,, f, —f))

661



662 COASTAL ENGINEERING 1996
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The plan view of the bispectrum is drawn in Fig.4 to identify the bispectrum in the unique
bifrequency space. As can be seen in the figure and from Eq.(7d), the difference interaction
coefficient g, is obtained from B ( Sy — fz) . Since bispectral values

B( h+ s fi— fz)and B(2 T /i~ f2) in Eq.(7a,b) are order of magnitude smaller

than B( fosf = f,), we may neglect the terms in evaluating difference interaction

coefficient.
The energy spectral component at frequency f, is due to free linear wave

component ¢, cos(27g’3 + 83)as well as the nonlinear sum interaction of waves at  f|
and f,. The separation of the nonlinear energy from the total spectrum can be achieved
approximately by applying the method proposed by Kim and Power(1979) and Ahn(1993)

as following;

SU) =S )+ 20 (fu i) SU) ®
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where the bicoherence squared  spectrum is defined as
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Fig.5 shows the bicoherence squared spectrum. The computed bicoherence for the sum
interactionis 5°(f,, f,) = 014  which implies that only 14% of the energy at f, is due

to the nonlinear sum interaction of the waves at f; and f,. The computed bicoherences
for the sclf intoractions and difference interaction are b°(f;,f; ) = 0.9969
B*(f,. £,)=0.9989and b°(f,, /, — f,) = 0.9980, respectively, which implies that the

energy at 2f,, 2f, and f| — f,are entirely due to the nonlinear interactions.
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Digital simulation of non-linear waves

The time series and the histogram of )(f) in Eq.(4) are shown in Fig.6 and Fig.7,
respectively. In these figures, the wave profile shows a definite excess of high crests and
shallow troughs, which is a typical feature of nonlinear waves (non-Gaussian random
process). In the previous section, we computed the linear energy spectrum and bispectum
of y(f). We now demonstrate the simulation of time series of the second-order random
waves from the given linear energy spectrum and bispectrum. The digitally simulated
waves should have similar stochastic characteristics such as the spectral density function
and the probability distributions. Fig.8, shows the digitally simulated waves by the
method proposed. Fig.9 and Fig. 10 show the energy spectral density and the histogram of
the simulated waves. The digitally simulated waves have good agreement with the
target spectral density function and the probability density function of y(f) (compare
Fig.9 and Fig.10 with Fig.1 and Fig.6). Therefore the simulated waves is proved to
satisfy both the targct spectral density and probability distribution function. The
following table shows the statistical values of the target time series and the simulated time

series of waves. The agreement between them is satisfactory.

Target time series y(t) Simulated time series
Variance 2438 2.83
Skewness 1.11 1.05
Kurtosis 417 3.71
Conclusions

A method to digitally generate the time series of second-order nonlinear random waves
applicable to strongly nonlinear shallow water waves is developed. For the given
bispectrum and the bicoherence spectrum, the linear spectrum is separated from the
measured spectrum. Then, the wave-wave interaction coefficients associated with various
pairs of sum and difference frequency components can be evaluated from the bispectrum.
Time series of the second-order nonlinear waves are then digitally simulated using linear
spectral components and wave-wave interaction coefficients derived from the bispectrum.

The simulated waves have the similar spectral density function and probability distribution
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function. A numerical example is used to verify the method developed. The simulated
time series of waves closely reproduce the target spectral density function and probability
distribution function. It is noted that the proposed method can be applied to wide range of
outputs produced by the quadratic nonlinear system. The method could be applied to

many practical engineering fields.
References

Ahn, K. (1993), “Nonlinear Analysis of Waves in Finite Water Depth”, Ph.D. Dissertation,
University of Florida, Gainesville, FL., U.S.A.

Duncan, P.E. and K.R. Drake (1995), “A note on the Simulation and Analysis of Irregular
Non-linear Waves”, Appl. Ocean Res., 17(1), pp.1-8.

Hasselmann, K., Munk, W.H., and MacDonald, G.J.F., (1963) “Bispectra of Ocean
Waves” in Time Series Analysis., M. Rosenblatt, Ed. New York: Wiley, P.125,

Kim, Y.C. and Power, E.J., 1979, Digital Bispectral Analysis and its Applications to
Nonlinear Wave Interactions, IEEE Trans, Plasma Science, Vol. PS-7, No. 2, pp.120-131.

Klopman, G. and P.J. Leeuwen (1990), “An Efficient Method for the Reproduction of
Non-linear Random waves”, Proc. 2™ Int. Conf. on Coastal Eng., pp.479-488.

Ochi, M.K. and K. Ahn (1994), “Probability Distribution Applicable to Non-Gaussian
Random Process”, Prob. Eng. Mech., 9(4), pp.255-264.

Sharma, J.N. and Dean, R.G. (1981), ”Second-Order Directional Seas and Associated
Wave Forces”, Society of Petroleum Engineers Journal, Feb. pp.129-140.

Yasuda, T., Shinoda, S. and Hattori, T. (1994), “Sclution-Mode Wavemaker Theory and
System for Coastal Waves”, Proc. 24" Int. Conf. on Coastal Eng., pp704-718.



