CHAPTER 95

LINEAR AND NONLINEAR WAVE FORCES
EXERTED ON
A SUBMERGED HORIZONTAL PLATE

Haruyuki Kojima *, Akinori Yoshida ? and Tetuya Nakamura

ABSTRACT

3

Linear and Nonlinear wave forces exerted on a submerged horizontal plate
are studied using the method of matched eigenfunction expansions for velocity
potential together with the perturbation technique up to second order. Energy
damping coefficients are introduced in the formulation to incorporate the effects
of vortices and wave breaking. The theoretical results are compared with ex-
perimental data to obtain validity and limits of the second-order solution. The
theory with proper energy damping coefficients can well simulate the wave forces
even when wave breaking occurs over the plate. The second-order oscillatory
wave force is relatively small as compared to the first-order one, while time-
independent, steady wave force becomes comparable with the first-order one at
small relative water depth and its direction is always upward.

1 INTRODUCTION

Wave interactions with a submerged horizontal plate have been extensively
studied both theoretically and experimentally. Most of the studies, however, deal
with linear wave interactions, namely, reflection and transmission characteristics
of waves from the submerged plate (e.g., jima et al., 1970, and Patarapanich et
al., 1989). These studies concluded that the submerged horizontal plate might be
one of the promising wave attenunation devices. There is however little information
available on the characteristics of wave forces exerted on the plate except for a
work by Patarapanich (1984), especially of nonlinear wave forces. Since wave
motion over the plate placed at small submergence depth is highly nonlinear,
higher harmonic generation usually occurs; the second harmonic wave increases
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significantly over the plate and at the end of the plate the second harmonic
sometimes becomes greater than the first one (Kojima. et at., 1990). It is of great
interest to study the contribution of the higher harmonic forces to the total wave
force. The information on these forces and the overturning moment is essential
in designing such a structure.

The main objective of this study is to present a theoretical solution of lin-
ear and nonlinear wave forces exerted on a submerged horizontal plate and to
understand their characteristics. The solution obtained is valid to second order.
Numerical results are compared with experimental data to show the validity and
limitation of the second-order solution. The characteristics of wave forces under
the extreme condition such as breaking waves are also examined. The study is
restricted to the two-dimensional cases of regular waves approaching normal to
the thin plate fixed at various submergence below the water surface.

2 THEORETICAL FORMULATION

2.1 Governing Equations

The nonlinear interaction problem is treated as the water wave boundary value
problem for the second-order velocity potential since potential flow assumptions
may be valid. Let us consider the second-order Stokes’ wave, with its first-order
amplitude (5, wave number £, and angular Irequency o, incident upon a sub-
merged horizontal plate from the positive x direction, as shown in Fig. 1. Since
the fluid motion may be assumed to be irrotational, incompressible and inviscid,
the governing equations for this problem are as follows:

Laplace equation,

0 50
A 1)
8z? 022

the kinematic free surface boundary condition,

o 0B o 0® - _
a‘F%a—m—a—o on Z“‘C(“Clt) (2)

the dynamic free surface boundary condition with the Bernoulli constant Q,

00 Lf(o0\*  (00) ,
Bt*-i-gc-i-g{(E) +<E> }—Q on z={((z,1) (3)
and the kinematic no-flux condition on the plate surface and sea bottom,
ol
=0 on z= —hy,—hg,—h (4)

5=
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Figure 1 Fluid regions and definition sketch.

2.2 Solutions of first and second order

To obtain solutions for the first- and second-order velocity potential, the ve-
locity potential, water elevation and Bernoulli constant are expanded by the per-
turbation approach in terms of power series in a small parameter ¢ (= k() and
the combined free surface boundary condition is applied on the still mean water
level with help of the Taylor expansion. Then, the velocity potential ®(z, z,1)
can be given by

O(z,2,t) = éRe eqﬁ(il)(:c,z) exp(iot)
+€2{¢82)(:c, z) + qﬁgz)(:c, z)exp(i20t)} + - (5)

in which ¢\(z, 2), $'2 (2, z), $$”(, ) are nondimensional complex functions (here-
after referred to as a potential function) and the subscripts 0, 1 and 2 indicate
the degree of harmonic components and the indices (1) and (2) denote the first-

and second-order solutions, 1espect1vely
The potential functions ¢(l), ¢2 , 82) in the regions (1), (2) and (4) with the
free water surface can be expressed in terms of a power series as

$0(2,2) = 3 {Cun explbin) + Din exp(—kin)} Z (ki) (6)

n=0
¢ (2, ) Z{aﬂ?eXp kin'e) + D3 exp(—kiye)} Z(k)2)

Z Z Hmp (z,2) (7)

m=0 p=0
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- g Y
#(2,2) = -+ DY

b
+ 2:1 {C'@) exp < [:c) + Wexp <—%£> } cos %z
Z Z mp ) (8)

where '@, D!9 c@ D(“) indicate unknown coeflicients of O(¢9), the subscript 4

denotes the corresponding fluid 1eg10<ns, and the eigenfunction Z(lcgz)z) is written
by

cos /cgg)(z + hy)

Z lcgz)z = 9
( ) cos k§,‘§)hi )
The eigenvalues lcfz) can be found from the following dispersion relationship.
5
@SN @ an k@R (i=1,2,4 g=1,2) (10)

g

When n = 0, it becomes an imaginary number (/cgg) = iqu)) and a real number

when n # 0. Hmp(:c, z) and H:np(:c, z) in Egs. (7) and (8) are given by

My, k) N Eom, i) _
Hm - 7 mp ‘m; + —::}—‘p_ Z km
o(7,2) = 21 (o )Q p(2)Z (kmp2) 11 (o) Qip(2) Z (k) "
. Y(k,) Y(k,)
I1 z,2) = PQ Z (k) EQr (2)Z(kx 2
mp( ) (k,:np) mp( ) ( mp ) Mg(k:np)Qmp( ) ( mp )
where
Qrp(2) = Cr,Cpexp(kmps) + DD, exp(—kpmp)
Qp(@) = Co D, o €XP(rnpt) + Cp Dy exp(—Fmp)
12
Qrp(2) = CoCy exp(ky,z) + D, Dy exp(—£;,,) (12)
Qrp(z) = Cu D exp(k, ) + C; Dy, exp(—k;, z)
A b, k) = "/E (31“2 + by + h2) , T(ky) = —k (12 + £2)
(13)
b 2 2
Xk, by) = (3% — 2k, + k2)
pa(bmp) = 4T + Ep tan kpph |, pa(E},) = ki, tan(k;, h)
_ — 14
ta(kmp) = 4T + ko tan kb, pa(k,) = kr,, tan(kz,,h) 04
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b = ko + Ky kmpzkm—kp, I'=0%/g }
by = km + k5 R, = ke

mp

(15)

The index * designates the complex conjugate of the variables. Note that </>§)2)(:c, z),
given by Eq.(8) and representing the steady component of the second-order poten-
tial function, contributes to neither the second-order water surface displacement
n01 wave pressure exerted on the plate. The interpretation of the solution for

P(z, z) is discussed elsewhere (Kojim et al, 1994).

The first- and second-order solutions for the fluid region beneath the plate are
assumed to have the following form:

q3(3q)(a:,z) - C Q)f + D(q)
g
+ > {C’gf,) exp (vaz) + DS exp (—1/,,,90)} cos v, (z + d) (16)
n=1
in which v,, = nm/hy and ¢ = 1,2.

The unknown coefficients in the first- and second-order solntions should be
determined by satisfying the no-flux conditions along the vertical faces of the plate
as well as flow continuity conditions over the vertical planes separating the fluid
regions. Instead of using a conventional technique employing the orthogonality
of the eigenfunctions (Ijima,1971, and Massel, 1983), a ”collocation” method of
matching is applied in determining unknown coeflicients in the expansions. A
detailed explanation of the procedure is presented by Kojima et al. (1994) and
Yoshida et ol (1990).

2.3 Linear and Nonlinear Wave Forces
2.3.1 Expressions for dynamic wave pressures

The dynamic pressure due to wave action against a submerged horizontal plate
can be obtained from the unsteady Bernoulli equation. Like the velocity potential
®(z,z,1), the dynamic pressure p(x, z,t) may be expanded in terms of power
series in ¢, and substituting the determined velocity potential into the Bernoulli
equation and collecting terms of each order in ¢ yield the non-dimensional dynamic
pressure p(z, z,t) to second order in the following form.

plz, 2,1 = pW (g, 2,1) + epD(z, 2,1)
9o
= Re [\ (x, 2) exp(iot) + ¢ {p7(2, 2) + pi(2, 2) explizer)}]  (17)
where
(e, ) = —igt” (18)

(1) 4 (1)* (1) gplD”
(2) g 0¢y " ¢y Oy 0¢y (2)
- _ 9
Po (2, 2) 4ko? { dz Oz + 0z 0z +Q (19)
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1) ° M\ ?
(e, 2) = =2 - - <a§> +<’9§;> (20)

In the above equations ;1)(11)(.'5, z),pgz)( z), p(z )(DL z) are non-dimensional dynamic

pressure where the superscripts (1) and (2) denote the first- and second-order
dynamic pressures, respectively, and Q) is the Bernoulli constant.

2.3.2 Vertical wave force

The vertical wave forces exerted on a horizontal plate located at an arbitrary
depth z can be obtained by integrating wave pressures in regions (2) and (3) from
—b to b in the direction of z
fz(2.t / .
et z,2,t x,z,t) }dz 21
09CoB {ps( ) = pa(a,2,8)} (21)

By using Eq. (18) through Eq. (20), the normalized wave forces f4(z,t)/pgCoB

can be expressed as

LB e[ - I explio)

+ e { (F(2) = Fou(2)) + (Fil(z) — Fi(2)) exp(i20t) ] (22)

Since the first-order term is well-known, ouly the second-order ones are given as
follows:

Fz(Z,t) ==

P = [ e e = 3 2[ ks 55) 7 (B By
T m=0 p=0
(i, kp)Z(k'zmpz)Rmp] +Q® (23)

Féi),(z)=/ P59 (e, 2)dx
g [(’30030 Cso <

_4/<‘02 bz. + b2 Z {A Z/m {C:;m 3771}Z Z/m'z)

)
C30

2[)2 Z {A 1/ }{CBn Dan}Z(l/nZ)

Ny s

+ Z Z UnVm, {}AZ:WZ(mz) _ETWZ(Uan)}

n=1m=1

+ Q™ (24)

@
) Ak
Féz)z / Pzz z,z)de = —2i Z 2k<2)b {Céi) + D771 } Z(kgi)z)

n=0
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where

550>

+ 33 {alkm, by

m=0 p=0

nz Nz

m=0 p=0
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{/\(km’k )R Z(kampz) +

Ha (k7np)

zﬁun—/“mﬂram

-2 [{ c +

 4ko?

30N v,

R*

mp

n3  n3

n=1m=1

1 ny

M, ky)
Hl(k—n;)

{anZ(ynm7) E:,:Z(z/nmz)}

}+§;A“”{®? “sznﬂ

1.
g [6_2050 + 6—2030 Z A(Vn) {an — Dgn} Z(ynz)
n=1

ComC3, + Dam D3, (m=p=0)
= (Zk;mp) - * m=p # 0
it (oGt DDy} ()
exp(—2ksmb) {szD* +C7, ng} (m=p#£0)
B(k2pak2m) m=p=20
L G Dy + Cy Do
2k3,b {G o} m#p
A(Vnm - *
= 21/ {(/37' 3m + D3"D3m}
exp(—2v,0) {Cs, D; C;.Dsn} (n=m)
BUm o) ey 5, 4 CoaD} (0 m)
2Umb
Ak,
= ( 2 P {C2mc2p + DszZP}
2k2mp

exp(—2kub) {Com Doy + Cop Do} (m =1p)

B(ka) k2m)

{C2mD2p + C2pDzm}

Vkamph

A(V,,m

- 2Vnmb

{C3n CSm + D3nD3m}

(m

#p)

mp (k2mpz)

Rm])Z(/,?mp ) + a(k?’l‘w kp)ﬁ;;z(k%npz)}

)

}

(25)

(26)

(27)

(28)

(29)

(30)

(32)

(33)
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eXp 2’/71 {CSnDBm + C3mD3n} ( m)
R = B, v, (34)
M {C3nD3m + C3mD3n} (n‘ # 7’)’7)
2VUnmb
In the above equations, A(k2my), B(kap, kom) Z(kgf,):), Z(vnz),+ -+ can be given
for each variable in the following forms.
A(kgmp) =1- exp(—2/c2mpb)
B(ksp, kom) = exp(—2kypb) — exp(—2k2,b)
35
@) cos lcg)(z + hs) (35)
Z(k3'z) = ———
cos ky ' h
Z(vpz) = cosvu(z + hy)

2.3.3 Horizontal wave forces

The horizontal wave forces exerted on the horizontal plate can be obtained by
integrating over the plate thickness from —hy to —h,. The wave force coefficient
P, = fu(2,1)/pgCeD can be expressed as

o= B0 (1) 0) - B 0) et

+ e {(FO (2) ~ FO) (2)) + (FO (3) — FE)(3) ) exp(i2ot) )] (36)

F(l)( ), F)(fz( ), and F;le(:c) can be given by the following equations:

(O]

n

Fh(e) = =20 32 {C0 exp(ky)z) + DY exp(—k()n)} v,

(37)
n=0
FO () = 303 {alhm, £) Qi ()T, + Glkim, k) Ting (2) Y} QP (38)
m=0 p=0
n®
FO () = =21 Y {02 exp(kP'z) + DD exp(—+P)} v,
n=0
ni o T (K, k) A(km,k ) _}
—2 m; ™, rmp Y
ZZ{M ) Qe L Qe (2)
35 5 (s k) Qun () Vg + Tk ) @ms(5) Yo (39)
m=0 p=0

where
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1.0 (m=p=0)
Yop =4 2cos ko (hs + D /2)sinky, D /2 m=p#0 (40)
ky,D coskr h m# p
1.0 (m=p#0)
Yo = 2cos kx| (h;,—i—D/Q)sml,ﬁlpD/Z ( m=p=0 ) (41)
/c;*nPD cos /cmph m#£p
s k(. Nein kD /s
Y@ = 2cos kP (hy + D/Z()zsm kD)2 (42)
knD cos ki h
2¢08 kyny(hs + D/2) sin ky,, D /2
Y., = » P 43
P by D €08 kb (43)
1.0 (m=p)
Yop =9 2cos M(hg + D/2)sin E;;D/Q (m £ ) (44)
knp D €08 Ky mrp

The subscript 7 is 1 and 4, denoting regions (1) and (4). Since the water depths in
regions (1) and (4) are same, the wave numbers k,,, £, are equal in these regions.

2.4 Incorporation of the effects of energy damping

To incorporate the effects of energy losses due to vortices generated at the
plate ends and wave breakiug over the plate, the energy losses are assumed to be
expressed in terms of flow resistance proportional to square of local flow velocity
and to local flow acceleration. The pressure continuity condition aloug the vertical
plane at z = b may then be written as

%(}% —p2) = —%Cﬂl’lf“l - CM% (45)
where Cp and C)y are energy loss coefficients. By using the Lorentz concept,
linearizing a nonlinear term with respect to time aud expressing the dynamic
wave pressure and velocity in the velocity potential yield the following boundary
condition for the potential continuity.

3¢1 3¢>1 Iy (46)

=l — (/MT
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3 Hydraulic Experiments

Two-dimensional hydraulic experiments are performed to measure the vertical
and horizontal wave forces as well as the dynamic pressure along the upper and
lower surfaces of the plate using pressure transducers. Fig. 2 illustrates the
devices used for these measurements. For horizontal wave forces, as shown on
the left-hand side of the figure, two pairs of strain gages were monnted on four
steel cylinders attached to the horizontal plate. The horizontal forces may then
be obtained through a calibrated strain-force relationship. For vertical wave
forces, pressure transducers were mounted on both the top and bottom surfaces
of the plate, as shown on the right-hand side of the figure. fntegrating pressure
distributions along the plate yields vertical wave forces exerted on the plate top
and bottom surfaces, and adding these forces gives the resultant vertical wave
forces. The height and period of incident waves are varied to investigate the
effects of wave breaking over the plate on wave forces.

4 RESULTS AND DISCUSSIONS

4.1 The first- and second-order wave pressures and forces

The components induced by the nonlinear interactions of the second-order
theory include a time-independent, steady component and second-harmonic com-
ponent which constitute the second-order wave pressure and force. Fig. 3 shows
comparison between the computed and measured pressure amplitude distribu-
tions along the top surface {upper figure) and the bottom surface (lower figure)
of the plate. The lines indicate the computed results and the marks the measured.
When energy damping is not taken into consideration, i.e. Cp = Cpy = 0.0, an
agreement between the computed and measured pressure distributions is poor,
especially for the first harmonic pressure component, as shown in the left-hand
side of Fig. 3. This may thus be due to the effects of energy losses caused by
the generation of vortices at the two ends of the plate. With proper energy loss
coeflicients, which are 0.8 for Cp and 0.0 for Cy in this case, both 1st- and
2nd-order solutions agree quite well with the experimental results, as seen in the
right-hand side of Fig 3. However, the computed 2nd-order steady component
somehow deviates from the measured.

The amplitude of the first- and second-order non-dimensional oscillatory wave
forces is shown in Fig. 4, where the thin lines indicate the computed results
without consideration of energy damping and the thick lines with consideration
of energy damping. By comparing the measured wave forces with the computed,
an agreement between them is remarkably good when the submergence depth
is not so small and the wave height is fairly small. The effects of energy loss
indicated by the thick lines affect the normalized vertical force F, more than the
normalized horizontal oue F,. The computed second-order oscillatory forces F),
indicated by the broken line, are also consistent with the measnred, indicated by
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Figure 2 Schematic description of measuring devices for horizontal and vertical

wave forces.
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Figure 3 Comparison between computed and experimental wave pressure along
the top and bottom surfaces of the plate with and without energy damping con-

sideration.
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L,/h=0.06, B/h=2.00, Ii,/h=0.25, D/k=0.10, Cy=1.4, Cp=0.0
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Figure 4 Comparison between computed and measured wave forces exerted on
a submerged horizontal plate with {;/h = 0.03 and {,/h = 0.06 .

the black circle. Both the vertical and horizontal second-order oscillatory forces
are small compared with the first-order ones F and decrease monochromatically
with increase in h/L

The right-hand side of Fig. 4 shows the result of a higher incident wave
amplitude ({/h = 0.06), where wave breaking takes place over the plate when
the relative water depth is greater than A/L = 0.14. The theory with greater
Cp value can simulate the total wave forces fairly well even when wave breaking
occurs over the plate. Although the theory overpredicts the 2nd-order oscillatory
force, the actual values become quite small. Thus the first-order or linear wave
forces dominate the total wave forces.

4.2  Variation of wave forces due to the submergence
depth

Fig. 5 shows the variations of the normalized 1st-order vertical and horizontal
wave forces with relative water depth for three different submergence depths. As
the submergence depth hs/h decreases, the computed results disagree not only
guantitatively but also qualitatively with the measured, as depicted in Fig 5. The
theory can fairly well predict the value of the maximum vertical and horizontal
wave forces up to hy/h = 0.15. At a smaller submergence depth the theoretical
values fluctuate with the variation of relative water depth, but the experimental
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Figure 5 Variations of the first-order Figure 6 Variations of the second-order
wave forces with submergence depth. wave forces with submergence depth.

ones somewhat flatten over the whole range of relative water depth. The theory
also overpredicts the amplitude of the second-harmonic force, as depicted in Fig.
6.

4.3 Variation of time-independent, steady wave forces

Another importaut wave force for design of a submerged horizontal plate is
time-independent, steady force. The variatious of normalized vertical steady
forces for three different incident waves are delineated in Fig. 7, where a rect-
angular mark indicates the force exerted on the plate’s top surface, a triangular
mark on the plate’s bottom surface, and a black circle the resultant force. Wlen
an incident wave lieight is relatively small, say {o/h = 0.03, upward steady forces
act on the plate’s bottom surface, while downward steady forces act ou the plate’s
top. Since the upward forces are almost always greater than the downward forces,
the resultant steady forces become uplift ones. The net steady forces exerted on
the plate become comparatively large in magnitude at smaller relative water
depth, decreasing almost monochromatically with the increase in relative water
depth, and at larger relative water depth the forces come closer to zero. As an
incident wave height increases, the normalized steady forces exerted on the both
top and bottome surfaces become snialler and the direction of the forces exerted
on the top surface changes to the upward at smaller relative water depth.
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5 CONCLUSIONS

The following conclusions are obtained from this study:

1. Linear and nonlinear dynamic wave pressures and forces exerted on a sub-
merged horizontal plate are explained through the non-transient, finite am-
plitude wave theory that is valid to second order.

2. The theory with proper energy damping coefficients can well simulate the
wave forces even when wave breaking occurs over the plate. The second-
order wave forces are relatively small as compared to the first-order ones.

3. For the plate placed close to the water surface, the computed wave forces
are qualitatively inconsistent with the measured; the computed first-order
oscillatory wave forces fluctuate with relative water depth, while the mea-
sured vary almost linearly.

4. When wave height is relatively small, an upward steady force acts on the
plate bottom surface, while a downward steady force acts on the plate top
surface; the direction of the resultant force depends on their magnitude.
The steady net uplift force becomes comparatively large in magnitude at
smaller relative water depth, decreasing almost monochromatically with
increase in relative water depth.
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