CHAPTER 189

Entrainment due to Mean Flow in Two-Layered Fluid
Masaru Ura*
and
Nobuhiro Matsunaga**
Abstract
The entrainment phenomena have been investigated across
an interface between two-layered stratified flow induced by
wind shear stress. The velocities of mean flow, turbulence
and entrainment have been measured under three different
conditions of water surface by using a wind-wave tank.
When the entrainment velocity ue is expressed on the basis
of the turbulent quantities at the interface, the turbulent
entrainment
coefficient
E ( = ue/u) is given by
E
= A-(egl/u2)-3I1
( A = 0.7).
Here Eg, u and 1 are the
effective buoyancy,
the turbulence intensity and the
integral
lengthscale of turbulence at the interface,
respectively.
This result coincides with the relationship
of entrainment due to oscillating grid turbulence, in which
the mean flow does not exist.
When, for the practical
purpose, the estimation of ue is made by using the mean
velocity Um and the depth h of mixed layer, Em ( - Ue/Um )
2
3 2
= Am•(egh/U
is derived from the transformation of E
m )" /
= A-(egl/u2)-3/2. There holds Am = A-Tf between Am and Tf,
Tf being a turbulence factor given by (u/Um)4•(1/h)-3/2.
It has been found that this relationship is also valid in
various types of two-layered stratified flows as well as
the wind-induced two-layered flows.
Introduction
The density stratification is often observed in lakes or
estuaries.
When the wind blows over the surface of such a
water body, the mixing phenomena occur frequently owing to
turbulent
flow induced by wind shear stress.
Many
laboratory studies on two-layered stratified flows have
been made in order to understand this mixing phenomena.
The mixing is characterized by entrainment process. Let us
focus attention on the two-layered flows in which the shear
stress T is exerted on the water surface.
The previous
experimental works may be classified into four categories
*

Professor, Department of Civil Engineering, Kyushu
Institute of Technology, Tobata-ku Kitakyushu 8C4, Japan.
** Research Asocciate, Department of Civil Engineering,
Kyushu University, Higashi-ku Fukuoka city 812, Japan.
2550

ENTRAINMENT DUE TO MEAN FLOW

2551

as shown in Figure 1.
The y are as follows:
the
same
(i)
the case when flow near the interface has
are
direction as
that of action of T and wind waves
1984),
present (Tsuruya et al.
same
flow
(ii)
the case when shear induced flow has the
pattern as
the case ( i) without the presenc e of wind
waves (Kantha et al., 1 975; Deardorff and VJil lis, 1982),
the
interfac e has
(iii)
the case when fl ow near the
opposite direction to the surface shear stre ss and the
wind waves are present (Wu, 1973; Kit et al., 1980; Ura,
1984; Kranenburg, 1985) , and
the
case
(iv)
the case when flow pattern is the same as
(iii)
without the pres ence of wind waves (Ki t et al.,
1980).

Figure 1.

Classification of previous experimental works.

The
researchers
introduced in cases
(i)
to
(iv)
discussed the dependence of the entrainment coefficient E#
( = u /u#)
on the
Richardson number Ri„.
( ^ egh/u#2).
Here,
ue,
u*, eg and h are the entrainment velocity, the
friction velocity acting on the water
surface,
the
effective buoyancy and the water depth of mixed layer,
respectively.
Their results are plotted together in Figure
2.
We can support the relationship of E* = A* Ri#-3/2, but
the proportional
factor A* varies
from 700 to
0.13
corresponding to cases (i) to (iv).
This wide variation is
closely related to whether mean flow direction near the
interface is same or opposite to the surface shear
stress
and whether wind waves are present or not.
Using u# as a
characteristic velocity may not be proper in order to
explain consistently these data.
This reason is that four
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cases appear under a given magnitude of u* at the least as
far as referred here and that u* includes no information
about whether the reverse flow forms or not. Therefore, it
seems appropriate to use the mean velocity Um of uniform
flow induced in the mixed layer rather than u*.
On the other hand, it has been proposed by Ura et al.
(1987b) that the entrainment process depends on the characteristic
quantities of turbulence such as turbulence
intensity u and integral lengthscale 1 of turbulence at the
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interface.
In fact, the turbulent entrainment coefficient
E ( = ue/u) is given by
E = A ( c gl /u 2 ) - 3/2
(1)
for various
types of two-layered stratified flows.
If equation (1) is rewritten by using h and Um, the overall
entrainment coefficient Em ( = ue/Um) becomes

Em = (ue/u).(u/Um)
= A [Ugl/u2).(u/Um)2 -(h/1)]

3 / 2

(u/Um)

= A (u/Um)4- (l/hr3/2.(Egh/Um2r3/2
= Am.Rim"3''2
where
A„ = A.(u/UJ- (1/h)

(2)
-3/2

and

Rir

gh/U„

It is seen from equation (2) that the proportional factor
Am is determined by the characteristic quantities of
turbulence
at the interface.
Here,
let
us
call
(u/Um)4-(l/h)-3/2 the 'turbulence factor' i.e.,
Tf = (u/UJ4- (1/h)"3/2

(3)

Equation (2) may also be applicable to general two-layered
flows whose surface the shear stress does not act on.
The purpose of this paper is to explain consistently the
entrainment coefficient of various types of two-layered
flows on the basis of equation (2).
Experimental Methods
The wind-wave tank used in this experiment is schematically shown in Figure 3.
It was 5.0m long, 0.2m wide and
0.59m high. The wind tunnel was 0.2m high with an approach
section 1.0m long.
A fetch of the wind on the water
surface was 4.0m.
The tank was filled with a two-layered
fluid.
The ordinate z is taken vertically downward from
the mean water level.
A 4-pole conductivity probe has been used for the
measurement of the fluid density.
Density profiles were

(dimensions in m)
Figure 3. Experimental apparatus for wind-induced flow,
(a) Hot-film anemometer; (b) conductivity probes;
(c) approach section;
(d) wave absorber.

COASTAL ENGINEERING—1988

2554

measured at the positions 1.42, 2.42 and 3.40m from the
upstream end of the tank.
The position of an interface is
defined as the location where the mean density of fluid is
equal to (PJ+P2 )/2, where p(
and p2
are the fluid
densities
of upper and lower
layers,
respectively.
Entrainment velocity ue has been estimated from time
variations of the depth h from the water surface to the
interface level (i.e., ue = ah/at).
The wind shear stress, which induces a drift current and
compensating return flow as sketched in Figure 3, acts on
the free surface by blowing the wind into the tank.
The
vertical velocity distributions of the wind-induced flow
were obtained at the middle of the tank in the longitudinal
direction by using a single-component hot-film anemometer.
The friction velocity u* was evaluated from both the loglaw profile of mean velocity under the water surface and
the relation
PjU#2

= TPaU.a2

,

where Pa is the density of air, u*a is the air friction
velocity and Y is a coefficient, which take a value between
1.0 to 0.9 (Ura, 1984). The intensity u and lengthscale 1
were calculated from the horizontal velocity fluctuation.
The lengthscale was based on either the auto-correlation
technique or the empirical formula proposed by Townsend
(1976), i.e.,
1 = 0.3 u3Ad .
E
Here,
j is the rate of energy dissipation calculated from
the -5/3-power law of wavenumber spectrum.
Three kinds of experiments were conducted by changing
the condition of water surface as shown in Figure 4.
case (A) : with wind waves

0
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interface

case (B) : without wind wave
smooth

V
^N

surfactant
(0.01%)

i nterface

case (C) : with wind waves developed by roughness
<

Figure 4.
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Experimental conditions of water surface.
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Case (A): the two-layered flow with wind waves, which
developed gradually along the fetch because of the
smooth approach section (i.e.,case(iii ) ) .
Case (B): the formation of wind waves was suppressed by
adding surfactant(sodium dodecyle sulfate, concentration
l.lxlO"2?^ ) in the water (similar to case(iv)).
Case (C): the wind waves formed at the beginning of the
fetch because of the existence of roughness elements on
the approach section (i.e., case (iii)).
Flow Properties
Figures 5 (a) to (c) show vertical distributions of mean
velocity, turbulence intensity and integral lengthscale,
respectively for cases (A),
(B) and (C). In these figures
z/h = 0 indicates water surface and z/h = 1.0 the
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Figure 5. Vertical distributions of mean velocity,
turbulence intensity and integral lengthscale.
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interface.
The values of these physical quantities at z/h
=0.9 are used as the representative values, because on the
interface they are influenced significantly by the buoyancy
effect. It is seen from the mean velocity profiles that a
strong drift current occurs near the water surface by the
wind, and that return flow with nearly uniform velocity
forms in the range 1.0 > z/h> 0.25. Denoting this uniform
velocity by Um, Um/u* equals about 1.85 in cases (A) and
(B) and 1.50 in case (C).
The relative turbulence
intensities u/u# have almost constant values in the return
flow region and the intensities are approximately given by
u = 0.65u# = 0.35Um
for case (A),
u = 0.39u* = 0.21Um
for case (B), and
u = 0.82u* = 0.52Um
for case (C).
The integral lengthscales near the interface are given by
1 = 0.35h
for case (A),
1 \ 0.20h
for case (B), and
1 = 0.45h
for case (C).
From the results of these measurements, the values of the
turbulence factor Tf are found to take 0.08
0.10, 0.025~
0.035 and 0.24 in cases (A),
(B) and (C), respectively,
These results reveal that the condition of the water surface influences the value of Tf considerably.
Entrainment Coefficient
Figures 6 (a) and (b) are typical examples of the
vertical density profiles, measured as the time proceeds,
at the fetches F of 3.40 and 2.42m. The time-variations of
h based on Figure 6 are shown in Figure 7. It is seen that
the entrainment velocity ah/at is constant during the time
of the measurement.

Figure 6.

Time variations of vertical density profiles.
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Time variations of the depth of the mixed layer.

10 F-

•vo

;
~
-

10

I

1

Wind-indues d flow
Q with waves:case{A)
B wi thout waves:case(B)
ffl with waves.case(C)

\ o
\?o
H_ n
\Gon

-

r

10'

r

C

/

^

^fe^

E= 0.7 Ri~3/2

5

o|& 3 °

'.
~

10 :
1

-

III O
ffli£
|&SO
&%3

ta

O Oscillating-grid
A Under f1ow
(from Kato et al .)

v8

\
\

A Over flow
(from Matsunaga et al.)

-5

10

ml

i

..MIM!

10

10

Figure 8.

Ri - dependence of E.

D

10

10"

COASTAL ENGINEERING—1988

2558

In Figure 8, the turbulent entrainment coefficients E
= ue/u are plotted against the local Richardson number Ri
= egl/u? for the three cases shown in Figure 4.
The
experimental results obtained from the oscillating grid
turbulence (Ura et al., 1987a) and the over flow (Matsunaga
et al., 1984) are also plotted in this figure. We confirm
the unified expression of E based on Ri (Ura et al.,
1987b), i.e.,
E = 0.7'Ri-3/2
(4)
for various types of two-layered flows.
Figure 9 shows the relationships between bulk parameters
Em and Rira, which are obtained by many other researchers
and authors.
The values of Tf are also represented, being
calculated on the basis of the data by the authors and Kato
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A Matsunaga et al.
Figure 9.

Relationships between Em and Rim obtained by
considering turbulence factor Tf.
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et al.
(1981 ).
The values of Tf by the other r esearchers
are unknown since they did not report the turbulence
quantities.
From this figure, however, we find that Em is
proportional to RinT3/2
and the proportional factor A,,,
consistently depends on Tf.
In order t o confirm the vali dity of equation ( 2), it is
necessary to show that Am is pr oportional to Tf. Figure 10
shows the re lationship between Am and Tf.
s clearly
proportional to Tf and the prop ortional constant takes 0.7.
Therefore, we conclude that the entrainment relat ionship
= A .Ri

- 3/2

Am = 0.7-Tf
holds for
flows.
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