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STOCHASTIC ANALYSIS OF OFFSHORE CURRENTS
Michel K. Ochi* and Richard I. McMillen*

ABSTRACT
This paper presents the results of stochastic analysis of offshore currents. The
purpose of this study is to clarify the stochastic properties of offshore currents,
and to develop a method to predict the magnitude of the extreme currents and
their direction from measured data. Statistical analysis as well as spectral analysis
are carried out on current velocities measured over a period of several months off
Newfoundland, Canada. The effect of water depth on the statistical characteristics
of current velocity is also clarified. The extreme current velocity expected to occur
in 4- months and its direction are estimated by applying order statistics and the
results are compared with the measured data.
INTRODUCTION
Current velocity measured in offshore areas, in general, results from currents
primarily related with astronomical tide and those induced by local wind. Current
velocity associated with ocean circulation and storm surge, etc., may also be
significant depending on geographical location. All of these components can exist
simultaneously, and hence the measured data demonstrate that the magnitude
of the current velocity fluctuates in a random fashion with frequencies covering
a wide range from 0.0008 to 0.08 cycles per hour (period range from 12 to 1200
hours).
Furthermore, the direction of the current velocity changes with time; it rotates
clockwise in the northern hemisphere due to the rotation of the earth and the
coriolis force. The angular frequency of rotation, however, is random. It varies
from 0.31 to 0.70 radians per hour. Thus, the current velocity is considered to be
a random process with varying frequency and direction.
Several studies have been carried out on the fluctuating properites of offshore
currents as listed, among others, in References [l] through [8]. The results demonstrated in these references suggest that currents may be considered as a stochastic
process consisting of various frequency components; (a) a tidal component with
a frequency of 1 cycle per day (cpd) or 2 cpd depending on the location, (b) a
wind-induced component with frequencies ranging from 0.10 to 0.20 cpd, and (c)
seasonal variations of extremely low-frequency.
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The purpose of the present study is to clarify the stochastic properties of
offshore currents, and to develop a method to predict the magnitude of the extreme
currents and their direction from measured data. For this, a statistical analysis
is carried out on current velocities measured over a period of several months off
Newfoundland, Canada. Statistical analysis as well as spectral analysis are carried
out and the relationship between the area under the spectral density function and
the variance evaluated from the time history is clarified. An analysis is also
made of the data to examine the effect that water depth has on the statistical
characteristics of current velocity. Finally, the extreme current velocity expected
to occur in 4-months, and its direction, are estimated by applying order statistics
and the results are compared with the rneasurred data.
OFFSHORE CURRENT DATA AND ANALYSIS PROCEDURE
Data
Statistical analyses are carries out on j_pproximately four months of continuous
current data. The current meter mooring was located in a water depth of 84
meters. The mooring had three current meters sampling at 10 minute intervals
at depths of 26, 47 and 75 meters. The current meter data are hourly mean
velocities obtained by removing the high-frequency noise with a digital filter and
sub- sampling the resulting smoothed signal to hourly values.
A dominant hourly current direction was obtained for each hourly current
velocity from the directional data which was obtained from compasses moored
with the current meters at the three depths. Here, the current direction is defined
as that to which the water is flowing.
Analysis Procedure
The time history of the near-surface current velocity is first decomposed into
an East-West and North-South direction. An example of the time history of
hourly current velocities as well as the decomposed East-West and North-South
time histories are shown in Figure 1. This example represents the data obtained
for two weeks from October 13 to October 27, 1981.
A statistical analysis is then performed on the East-West and North-South time
histories in which the probability distributions applicable for deviations from the
mean and the maximum (positive and negative variations) are obtained. After
the statistical analysis is made for the East-West and North-South time histories,
a Fast-Fourier-Transform (FFT) technique is used to obtain the energy spectrum
for each time history.
In general, it is somewhat difficult to differentiate the measured current velocities into various components such as the wind- generated, tidal, and ocean
current components, etc. Hence, it may be appropriate to decompose the measured currents into a high and low-frequency component. Here, the high-frequency
component is considered to be the currents associated with tides, while the lowfrequency components are those attributed to all other environmental conditions
which may be called the residuals. The FFT is used to obtain the high-frequency
(frequency > 0.035 cph) and the low-frequenct (frequency < 0.035 cph) current
velocity time histories in the East-West and North-South directions. These are
called the tidal and residual currents, respectively, in the present study.
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As an example, Figure 2 shows the time histories of the high-frequency (tidal)
and the low-frequency (residual) current fluctuations for the East-West component
which was shown in Figure 1.

Octobar 19B1

Current velocity

East-west component of current velocity

North-south component of current velocity

Figure 1: Time histories of current velocity, and
East-West, and North-South components of velocity.

RESULTS OF STATISTICAL ANALYSIS OF CURRENTS
Figure 3 shows an example of a polar diagram indicating the magnitude and
direction of current velocity as a function of time. The data pertains to a 20hour observation made on October 10th. The current velocities rotate clockwise
in the Northern hemisphere through 360" in aproximately 20 hours (a circular
frequency of 0.31 radians per hour in this example. However, further analysis
of the data indicates the circular frequency of the near- surface current is not
constant, but instead varies from 0.31 to 0.70 radians per hour (9.0 to 20 hours).
The circular frequencies of the current at 47 meter and 75 meter water depths are
also examined. It is noted the preferred directions of motion water throughout
the water column appears to be consistent with Ekman veering arguments.
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East-west component of current velocity

High frequency (tidal) component of current velocity

Low frequency (residual) component of current velocity

Figure 2: Time histories of East-West component of
current velocity, and high frequency (tidal) and
low-frequency (residual) components.

Figure 3:
Current velocity magnitudes
rotating in a clock-wise
direction.
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Distribution of Fluctuating Current Velocities
Figure 4 shows the histograms of the deviations from the mean constructed
from the time history for the East-West components. The deviations include both
tidal and residual velocity components.
Included also in the figures are the normal (Gaussian) and non-Gaussian distributions for comparison with the histograms. The non-Gaussian probability
density function is given by the following form of a Gram-Charlier expansion
(Edgeworth [9] and Longuet-Higgins [10]):

OV27T
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(1)

where a2 = variance of current velocity, As = skewness of the distribution,
A4 = kurtosis - 3, Hn (f) = Hermite polynomial of degree n.
As can be seen in the figure, the distribution of the deviations from the mean
value appears to follow a non-Gaussian probability distribution with parameter A4
which is associated with the kurtosis of the distribution. The same trend can also
be observed for deviations from the mean in the North-South current component.
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Figure 4:
Histogram of deviations
from the mean of EastWest current velocity.
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Histogram of deviations
from the mean of tidal
current velocity in
East-West direction.
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The correlation coefficient between two components (the East-West and NorthSouth velocity components) is extremely small, on the order of 0.005. This implies
that a statistical analysis of current velocities can be done independently in two
directions.
Figures 5 and 6 show the histograms of deviations from the mean value for the
tidal and residual components, respectively, in the East-West direction. Included
also in these figures are the normal and non-Gaussian distributions for comparison
with the histograms. As can be seen in these figures both the tidal and residual
currents may be assumed to be Gaussian random processes. However, it will be
shown later that the tidal component can be considered a narrow-band random
process, while the residual component appears to be a non-narrow-band random
process. This same trend can also be observed for currents in the North-South
direction.
The results of computation show that the correlation coefficient between the
tidal and residual currents is extremely small for both East-West and NorthSouth directions. Therefore, it may safely be assumed that the tidal current and
the residual current velocity components are statistically independent.
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Figure 6:
Histogram of deviations
from the mean of residual current velocity
in East-West direction.
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Distribution of Maxima
Figure 7 shows the histogram of the maxima in the East direction constructed
from current velocities including both tidal and residual components. Included
also in the figure are the probability distributions applicable for the maxima.
These include the probability density functions of the maxima applicable for a (a)
narrow-band Gaussian random process, (b) non-narrow-band Gaussian random
process, and (c) narrow-band non-Gaussian random process given below (Ochi &
Wang [11])

/(€) = |

**>{-&}{i+**4l

n-2

(2)

2

where CT = variance of current deviation from the mean
£ = maxima, 0 < a < oo, L = normalization factor.
As can be seen in the figure, the histogram of the maxima, as expected, is not
represented by either of the two distributions associated with a Gaussian (normal)
process. The representation of the histogram by the probability distribution of the
maxima for a non-Gaussian random process is marginally acceptable. A possible
explanation of this discrepancy between the histograms and the distribution for
the maxima of a non-Gaussian random process is as follows:
The distribution applicable for the maxima of a non-Gaussian random process
(Equation 2) is developed based on the assumption that the process is narrowbanded. However, the time history of offshore currents including both tidal and
residual components encompasses an extremely wide range of frequencies (from
0.0008 to 0.08 cycles per hour). This indicates that the maxima of the offshore
currents (including both tidal and residual components) may obey the distribution
applicable for a non-narrow-band, non-Gaussian random process.
Spectral Analysis
Spectral analysis is carried out on measured current velocities to examine
(a) frequency components which carry significant energy with the current flow,
and (b) the relationship between spectral energy (area under the spectral density
function) and the variance of the current fluctuations which can be evaluated from
the time history of the current velocity. Figures 8 and 9 show the energy spectra
for the tidal and residual components in the East-West direction, respectively. A
Fast-Fourier-Transform technique is used to obtain the tidal and residual time
histories in both the East-West and North-South directions. A cutoff frequency
of 0.035 cycles/hour (28.4 hour period) is used to separate the time histories into
their respective tidal and residual components.
The area under the spectral density function, denoted by m0, and the bandwidth parameter, denoted by e, are evaluated from the spectra and tabulated in
Table 1. Included also in the table are the variances, <r2, obtained from the time
history of current velocity. It may be of interest to compare the variance, <72, with
the moment, m0. These should agree, in general for a weakly stationary, ergodic
random process with zero mean. The offshore current velocity measured over a
period of several months, however, cannot be considered as a stationary random
process. Nevertheless, as can be seen in the table, the agreement between a1 and
m0 is reasonable in both the East-West and North-South directions. The
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difference between them is approximately 8 percent in the East-West direction,
and 4 percent in the North-South direction. The agreement between a2 and m0
for the decomposed tidal and residual components is excellent. This is because
the time histories of the tidal and residual components are obtained through FFT
filtering techniques which retain the statistical properties of random phenomena
including phase information as well.
The results obtained above substantiate the fact that the spectral densityfunction of the current velocity in any direction is interrelated with the variance
of current fluctuations. Hence, the probabilistic prediction of the magnitude of
current velocity may be made through spectral analysis.
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Figure 8:
Energy spectrum of tidal (High
frequency), current velocity in
East-West direction.

Figure 9:
Energy spectrum of residual (low
frequency) current velocity in
East-West direction.
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Table 1: Variance evaluated from time history
of current 'velocity, a', area under the current
energy spectrum, m , and spectrum band-width
parameter, e.

Current velocity
Variance
components
o2
East-West direction

Area under
the spectrum

Spectrum bandwidth parameter
z

Total

627.5

583.2

Residual

248.6

248.7

0.845

Tidal

334.2

334.3

0.494

Total

529.0

508.1

0.735

Residual

214.2

214.2

0.828

Tidal

293.6

293.7

0.505

0.735

North-South direction
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Figure 10:
Square-root of current energy
density for frequencies 0.080
cph (12.5 hour period) and
0.0029 cph (14.2 day period).

WATER DEPTH IN METERS

Effect of Water Depth
The same statistical analysis carried out on the near-surface current data was
also made on data obtained at two deeper depths; 47 and 75 meters. These are
called the mid-depth and near-bottom locations in the following analysis.
The results of the analysis indicate that almost all statistical properties of the
fluctuating current velocity obtained from analysis of data at the deeper depths
appear to be nearly the same as those obtained from the current velocities at the
near surface. However, the severity of current fluctuations is drastically reduced
with increase in depth, and the non-Gaussian random process characteristics observed for the near-surface current velocity are substantially less pronounced at
deeper locations.

OFFSHORE CURRENTS ANALYSIS

2545

In order to examine the reduction of current velocity with increase in water
depth, Figure 10 was prepared. The figure shows the square root of the current
energy density (the vector sum of the East-West and North-South components) for
the frequencies 0.080 cph (period 12.5 hours) and 0.0029 cph (period 341 hours)
plotted on semi-log paper as a function of water depth. Here, the frequency 0.080
cph corresponds to that for the semi-diurnal tide, and the tidal current (high
frequency) spectrum shows an extremely large energy density at this frequency.
The frequency 0.0029 cph corresponds to that for the spring and neap tide, and
the residual current (low frequency) spectrum shows considerable energy density
at this frequency.
As can be seen in the figure, the square-root of current energy, which is proportional to the current velocity, reduces exponentially with increase in water
depth. The reduction rate of the current velocity for the spring and neap tide
(low-frequency) is much larger than that for the semi-diurnal tide (high-frequency
component). This result indicates that the tidal and residual current energies
both decrease substantially with increase in water depth. However, the rate of
decrease for the residual currents is much larger than that for the tidal currents.
Estimation of Extreme Value
It was shown that the current velocity fluctuations can be considered as a
non-Gaussian random process with the parameter A4, and that the East-West
component and the North-South component are statistically independent. This
being the case, it can be proved that the current velocity for an arbitrary direction
is also approximately a non-Gaussian random process as derived in the Appendix.
That is, the probability density function of current velocity fluctuations (deviation
from the mean) for an arbitrary direction 8 can be given by Eq. (l) with A3 = 0
and with the following variance, a2, and parameter, A4, which are now a function
of angle 8:
a2 [8)

= CT2sin20+a2cos20
(3)

X4(8)

\4e(T*sm48 + \ino*cos4$
(a2sin28 + CT£COS20'

2

where 8 = angle measured from North to East, a2e,a2n = variance of the EastWest and North-South direction, respectively, A4e, A4n = parameter A4-value
for the East-West direction and North-South direction, respectively.
This results in the probability density function of the maxima having the same
form as shown in Eq. (2) but with the variance, a2(8), and parameter, A4(0), as
given in Eq. (3). That is,
(4)
where L = 1 + A4(0)/3!
Then, the extreme current velocity which is most likely to occur in n-peaks for
a given angle 8, denoted by £(0), is given as the value which satisfies the following
equation:
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Numerical computations were carried out for various angles between 0 and 90
degrees, with variance a] = 583.2(cm/sec)2 and a%n = 508.l(cm/sec)2, and n = 175
in a 4-month observation period.
Figure 11 shows the computed extreme current velocities for various directions
plotted in polar coordinates. As can be seen in the figure, there is no substantial
difference in the magnitude of the extreme current velocities in various directions
for data used in the present analysis. The magnitudes of the extreme current
velocities in the shaded domain in the figure are nearly equal (70.3 - 69.6 cm/sec).
The magnitude of the extreme current velocity observed in the same time period
is 74.0 cm/sec in the South-West direction.

PREDICTED EXTREME
CURRENT VELOCITY

Figure 11:
Computed extreme current
velocities expected in a
four-month observation
for various directions.
OBSERVED
EXTREME
VELOCITY, 74.0 CM/SEC

CONCLUSIONS
From the results of the stochastic analysis of offshore current data the following
conclusions can be drawn:
(1) Deviations from the mean value of the current velocity for the East-West
and North-South components (including both tidal and residual velocity components) obey a non-Gaussian probability distribution with parameter A4 which is
associated with the kurtosis of the distribution.
(2) The correlation coefficient evaluated for the East-West and the North-South
current velocity time histories is extremely small; hence they are considered to be
statistically independent.
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(3) When the East-West and North-South velocity components are decomposed into high-frequency (tidal) and low-frequency (residual) components, the
tidal and residual components of the current velocity are found to be statistically
independent. Both the tidal and residual currents may be assumed to be Gaussian random processes. In particular, the residual component appears to be a
non-narrow-band Gaussian random process.
(4) Histograms of maxima (peak values) of fluctuating currents in all four directions (East, West, North, and South) indicate that the maxima (including both
tidal and residual components) can be marginally represented by the distribution
of the maxima for a narrow-band non-Gaussian random process. It appears that
the maxima obey the distribution applicable for a non-narrow-band non-Gaussian
random process.
(5) The area under the spectral density function agrees well with the variance
obtained from the time histories for both the East- West and North-South velocity
components.
(6) The statistical properties of current velocity obtained from analysis of
current data at deeper depths are nearly the same as those obtained from nearsurface current data. However, the non- Gaussian random process characteristics
stated in Item (1) are substantially less pronounced at deeper depths.
(7) The square-root of the current energy, which is proportional to the current
velocity decreases exponentially with an increase in water depth. The rate of
decrease is much larger for the residual current velocity than that for the tidal
current velocity.
(8) An approximate method for estimating the magnitude of extreme current
velocity is developed by applying order statistics to the probability distribution of
a non-Gaussian random process. The results of computations made for a 4-month
observation period show satisfactory agreement with observed data.
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APPENDIX: PROBABILITY DISTRIBUTION OF CURRENT
VELOCITY FOR AN ARBITRARY DIRECTION
The standardized non-Gaussian probability density function with the parameter A4 can be written as

/( ) =

* iexpH}

where H^z) = z4 - 6z2 + 3.

£*M

(A.l)
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mean, variance a2, and parameter A4 becomes
*.(*)= exp{-^}(l + ^<xV)

(A.3)

Next, let us consider two statistically independent non-Gaussian random variables ze and x„, representing the East-West current velocity and the North-South
current velocity, respectively. These are,
xe : non-Gaussian(0,cr2; A4e)
xn : non-Gaussian(0, cr2; A4„)

(A-4)

We may then write the current velocity for an arbitrary direction 8 as
x($) = xes'm8 + xncosd

(A. 5)

where 8 = angle measured from North to East.
Since xe and x„ are statistically independent, the characteristic function of
x{8) can be obtained by applying Eq.(A.3) as
*»(»)(*)

=

§ze(tsm8) • $xn(tcos8)
expij-^sin^
•
+ ^cos^lj
x [l + ^(A4e<74 sin4 8 + A4n<74cos40)i4]
exp < -(<r2sin20 + <r2cos20) — i
x[l +

1 A4e(74 sin4 8 + A4„<r4 cos4 8
4! {a2 sin2 8+al cos2 8)2

x(<j2sin20 + <72cos20)2t4]

(A.6)

From a comparison of Eqs.(A.3) and (A.6), it can be proved that the random
variable x(8) has approximately a non-Gaussian distribution with the following
variance, c2(0), and parameter, A4(0):
a2 {8)

= a% sin2 8 + al cos2 8

, (n

_
~

Xi{6)

A4eo-4sin4fl + A4Kg4cos4fl
(o2Sin28 + a2ncos26)2

(A 7)

'
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