
CHAPTER 26 

Applications on Non-linear Wave Combination 

J.T. Juang* 

Due to the special bathymetry in Taiwan Strait, the 
waves off the western coast of Taiwan are considered to be 
composed of two-source wave system.  One propagates from the 
central part of the Strait named main wave, and the other is 
generated by the local wind known as local wave which occurs 
along the shore.  After the combination and the transforma- 
tion procedure from these two-nonlinear-source wave system, 
the wave height distribution in Taiwan Strait should be 
modified.  A comparison of the wave height distributions 
based on the present proposed method with the field data 
indicates that the present method yields a better result 
than other theorems.  Furthermore, the result of application 
of two non-linear wave theorem to wave prediction are also 
presented. 

Introduction 

In a previous paper111-, the author proposed a theoret- 
ical expression for the wave height distribution, which was 
combined by using two linear source-wave system.  At about 
the same time, Chen et.al. C1) investigated the effect of 
nonlinearity on the distributions of surface elevation and 
wave heights of random sea.  In that study, it was found 
that the wave height distribution is effected by wave steep- 
ness and the tendencies biased toward the left and peaked 
toward the middle from Rayleigh distribution (<5r=0) as the 
value of nonlinear factor dr   increases.  Longuet-Higgins'

75 

also proposed a wave height distribution which was based on 
the joint distribution of wave periods and amplitudes in a 
random wave field.  His wave height distribution was affect- 
ed by the well-known spectral width parameter.  Both of 
their approaches are based on single non-linear wave theorem. 
However, for the case where the sea wave is composed of 
different source-wave system, its wave height distribution 
should be changed.  Therefore, following the same procedures 
as described in00 , a two non-linear wave combination theo- 
rem was proposed. 

Ion-linear waves combination 

According to the single non-linear wave theorem C1)» 
the wave height distribution can be calculated by the foll- 
owing formula: 
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P(HJ = -|D.'.H.Cl+^.H» + {-|jD4+^)H' + ii5DJ)<.H' 

+ThD<*-n^-•^-f^ }  (1) 

In the above formula, the values of the coefficients D( , 
which are functions of the root-mean-sguare of the wave 
steepness dT ,   are: 

3    (2) n    1  1--I+1  3 + 8Q3, )'C !-(**, )2)2 
"  V 2^P L 8  8 ' { H-(JT3, )* C1-(*A )02}; 

6fS -f- (*a, K 1 - («a,r) + j (ga, )3 c i - (*Sr yy 
•D, =—^rpr*      3 + 8(^:3, )'Ci-(^,)']' 

s + {1 + OS, )»Cl-(ff3, 7D2}2 

'   { l + (7r5r )2 C l-(7r5r )2 Cl-T^r )2D2}3/2  (3) 

D2 =--|f • O5' )2 Cl-(t3r )2]2 {2-3 {red, y ci-(ffa,. r )2} 

/C5+ {l + CsaO'Cl-C^)^'}*1'*     (     °  C1-c   3,) 3^     " (4) 

Da ~      3U  (5) 

D   --9t <_6C2  (6) 

From the  above  eguation,   it  can  be  found  that  as  soon 
as   8,   approaches  to  zero,   the  distribution of the wave 
height will  become  Rayleigh's. 

However,   when  the   combination of  two non-linear waves 
are  considered,   the  above  equation can be  modified as 

P(H) = u„, -H-exp(-—) + u„, -H' • exp(-—) 

+ u„, •H" • exp (——) + u<), . H? • exp(-^H-) 

+ u„.  • H9 • exp (--^-0  (7) 
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u„. =f-DJ,4  (8) 

11    , - — D* •  . u    •  (9) 

4 

•U.,. = C-£D,„+§*-)•«,,,  ao 

u.,i=-5JjD.,i   • D„,   • ui>(  M 

u-=ilfl8D<-   """  ^ 

u„, = 8c7  as 

In the above formulas, Ui. >  , U2. i,...., Us, t are the 
coefficients and U«,i are the wave energy of these two-sour 
-ce waves where i=1 stands for the refracted wave and i=2 
represents the local wave. 

Since the wave energy is proportional to the square of 
the wave height, we have 

Y=H2 • dy = 2HdH      >      "^=-517 dy  2H 

After transformation from eq.(7),the distribution of 
wave energy becomes 

P(y)=gp(H)=rL=.P(H) 

^exp(.-L^reXp(-i)^.y' 

.exp(-f) + ^-y-exp(-i)+^-y-exp(-JL)- 

Under the assumption that the total energy of the 
combined wave is the sum of the energy of the wave associ- 
ated with each source, that is, 

z = y,  + y2 12  = z - y, 

the Jacoblan of this transformation is 
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I J I = 

dy2 
dz 

dy, 
dz 

dy2 
3y, 

dy, 

The energy distribution for the refracted and the local 
wave can then be found, respectively, as 

~~T+~2~y' + ~    y'   2  y' + 2 P(y,) = C^ +^y,+^ • y/+^±-y/+^ -y/0 • «p(--f*-)-a9 yj 

u«, 

P(y,)=C^^ + ^-y2+^-y/+^-y/+^-y20-exp(-^-) a<5 
4 6 £ U6t2 2 + 2 

Since both distributions are mutually independent, we 
can obtain 

P(z , y, )=P(y, ,y2)-|J|=P(y,)-P(y2)=P(y,)-P(z-y,) 

P(z) = f*P(z , y, )dy,= f'p(y, )-P(z-y, )• dy,      07) 
Jo Jo 

Substituting equs.(15) and   (16)  into   eq.(17)  ,  we 
have 

p(z)=I„cJTi+Hr,y'+£2ii*yj2+H2ii'y/+H2ui-y/] 

. exp(;__Zi___Z£_] . dyi 
U«,l Us, 

= J„AJ 'A° exp ( ) • exp ( u • y, ) • dy, 

.       _",,,     ,    U2), ,    Uj|l 2    ,     U1W 2    .    Us,, „ Aj-^+^-,y'+^--y'  +-Y--y'   + ~'y' 

A2 = B, -B, • y, +B2 • y,2-B„ • y,° +BS • y," 

_ Us,, - U„,2 

Us,,   •  u«,2 

B, = y(u,,2 + u2,2 • z + u2>2 • z2 + u4)2 • zJ + u5)2 • z' ) 
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B2 =y(u2)2 + 2u3)2 • z + 3u<)2 • z* + 4u5,2 • z3 ) 

B3 = y ( Us,« + 3u<)2 • z + 6u5)2 • z2 ) 

B4 -— ( u<)2 + 4u5)2  • z ) 

Bs    =-»• US,2 

A, 'A»=yC "I,I+UI,! "yi+usw -yZ+u,,, 'yZ+Us,, -y,¥D 

• C B, -B2 • y, +B3 • y/ -B< • y/ +BS • y/ ) 

- c, + Cj • y, + c, • y,* + c< • y7* + c, • y,' + cs • y/ 

+ Cfy,* + c,-yZ + c,'y,* 

Cj =y ( u,,,  • B,  ) 

C2=Y^ U2>' *B' — u>>' *B* ) 

c3 = Y ( u'i' • B, — u2)J -B,+ u„i • B3 ) 

c, =Y^ u<'' ' B'_ u*" • B2 + u2), -Bj-u,,, • B,  ) 

c5 
=Y^ Us" ' B' — u-"' "B2 + u2)J • B2 — u2l, • B« + u,,, -Bs ) 

cs = - y ( Us,i • B2 —u<,i 'BJ + UJ,, • B¥ —u2l, -Bs  ) 

Cr  - Y ^   Us"   • B> -u<>'   •£< + Us,i   • Bs  ) 

c8 = — Y ( us,' • B4 — u4,, -Bs ) 

C,   = Y (   Us,;   • Bs    ) 

Substituting  eq.(27) into eq.(18),  we  have 

P(z) = e<-^"5-2)-{ c,  f' e'-';' dyj + cj^-e'"-"' • dy, 

+ c2 j" y,' • e< -"5 • dy, + c4 J'^ y,3 • e(""' • dy, 
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« . -<>•»»). + c5 TyZ-e'"-"' -dy; + c6f y,« • e( "•"> -dy, + c? \   y, 
Jo Jo Jo 

+ c8 fyZ-e'"-"' -dy, + csf y/ • e"""' • dy, }   
Jo Jo 

Je""       1 

f"y,.e("-">dy, = -£- ( uz - 1 ) +-L 
Jo u u 

f'y/-e(""' -dy, =-^- (u2z2-2uz + 2 ) —^ 
Jo U U 

ry/3-e<""i'dyJ=-^-(uIz'-3uJ-zJ + 6uz-6 )+-^r 
Jo u u 

(y/ ^"•"'•dy^-S^-Cu*' •z'-4uI • z3 + 12u2 • z2-24u-z + 24 )      24 

dy, 

u* u° 

yj5.e(.->/).dyj=_-(u
s-z3-5u'-z' + 20u3z3-60u2-z2 + 120uz-120)+i^r 0 u u 

y/ . ec""^ dy,- -T-(u6 'z'-Bu' • z3 + 30u" • z' - 120u3 • z3 + 360u2 • z2 

,      720 
-720uz + 720 ) - 

Je" 
y/ -e'""' -dy, =—r ( u? • z'-7 u"zs+42u5zs - 210u4 • z' + 840u3 

<? u 

J> 
•2520u2 • z2 + 5040 uz- 5040 )+-^^- 

•ec"-'>> -dy, =—r ( u" -zs-8u? -z7+56us -z'-SSGu5 

+ 1680u" • z" -6720 u3 • z3 + 2016 u2 • z2-40320 uz + 40320 ) 

40320 
ua 

In the other hand, substituting equs.(22)to(26)into 

eq.(28), it becomes 

c   =i~UjlI ( u„2 + u2,2-z + u.,,2 •z' + \X4,l'z'+U5,„ -z' ) 
4 

C2 =— { U2),   (U/,2 + U2)2'Z + U3,2'Z
2 + U4,2

,Z3 + Us,2-Z4  ) 
4 

-u,„ ( u2)2 + 2u3,2-z + 3u,,2-z
2 + 4uS)2>z3 )} 
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Cs=—   {u3>,   (u,,2 + U2,2'Z + U3>2-Z
2 + U,(,2-Z

2 + Us,2
,Z4  ) 

— u2)J (u2,2 + 2u2,2'Z + 3u<,2'Z
jr + 4uS)2'z'! ) 

+ u,,, ( u3)2 +3u¥)2 • z + 6uS)2 *z2 )} 

c4 =—• {u<(, ( u,,2 +u2)2 • z + u2>2 • z2 + u4>2 • z3 +u5)2 • z4 ) 
4 

— u2,i ( u2>2 + 2u3)2 • z+ 3u4l2 • z2 + 4u5)2 • z3 ) 

+ u2)i • ( u3„ + 3u4,2 -z + 6u5,2 • z2 ) — u,,j ( u<)2 + 4u5,2 -z )} 

C5 "— (Us,,  ( U,,2 + U2,2 • Z + U3)2 • Z2+U4)2 'Z
3 + us,2 • z" ) 

4 

-u,,,2 ( u2)2 + 2u3l2 • z + 3u.,,2 • z2 +4u5)2 • z2 ) 

+u3>, (u2>2+3u<)2 • z+6u5)2 • z2 )-u2,i (uJ)2+4u5,2 • z)+u,,, (u5)2)} 

cs = -—{us,j ( u2>2 + 2u3)2 • z + 3u.,,2 • z2 + 4u3)2 • z3 ) 

— u4>, (u3)2 + 3u<,2 • z+6us,j • z2 )+u3ji (u4,2+4 Us,2 • z)—u2)J • u5)2} 

c?-— {u5), (u3,2 + 3uJl2-z-h6u5,2'z
2)—u<,j (u4,2+4u5,2 • z)+u3), • u5I2  } 

c» =—-{us,, (u<)2 + 4u5)2-z) — u4), • u5)2 } 

C»   --(   Us,J   •  Us,2    )   

Then, after certain mathematical manipulation, the 
energy distribution of the combined wave can be found as 

P(z)=T— {(E«,+E, -z + E2-z
2+E3 •z

2+E4 -z'+Es • z5+ES-z
5 + E7-z

7 

4u 

+ E,.z* ) • ec-"/"<v> - (E„+FI-z+F2-z
2+F3-z

2+F<1-z
<>e(-/"s,^}   -6 

E„ = UJ,J'U,,2 ( u2l, • u,,2 — U/,i -U^B ) 

2 fi 
H J ( U3,j • U J)2 — U2,j -Uin + U,,, -UJ.J ) J ( U,,,, -u,^ 

•v 24    , 
— U3,7 'Um+Ui,, 'UIII-UI,! 'Uj,! J H—r (. Ui„ • u1(J — U<,i • U»,j 

120 
+ U3), -UJU-UJ,, •U<!2+Ui>, 'Ui,,  ) H j-( U3,j'U2)2 — U4,i'U3)2 

,      720 , 
+ U3,j-U4,2 — U2li'U5,2  ) H — (. U5!, 

-U3,2 — \14,, • U*,. + UJ,J 'US,, ) 
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5040 , .  ,   40320 
(Uj.i'U,,,- Uoi'Ul,! J -I i~ t Us,, "Ul,! J 

u' ' '  u" 

1 2 
E, = u„,'Ui„H ( u2,,-u2,2 — 2uJ,,

,u,,2 )H j- ( u2>, -Ui,! 

— 2uj,, '112,2 + 311.,,, -Ujjj ) -I—— ( u2,,'U4,2 —2u3,j-u3,2 

24 
+ 3u4,, •u2,2•4U5,i 'U,,, ) H—7- (u!w-ti„2-2u,,,-u.,j + 

120 
+ 3u«,, •Uj,i-4u,„ 'Un, ) — ( 2u2), •u1|j-3u<,i • u^,2 

,      720   .                            ,                      .     20160 ._ 
+ 4uj,, • u3t2 )H — ( 3u4,, •Ui„-4ui,I -UJU J — us,, • u5I, •-&} 

1 2 
F, = Ui,i 'U,,, ( u2), • u2,2 — 2u,,i • u3t:! ) + ~r C u3), -\x2,2 — 2u2,,'Uj,2 

+ 3u,,, • u¥>2 ) — ( u<,, •u,„-2U)„ • u,,, + 3u2), •u4,2+4u,,,-u5)2) 

+ —r ( "su •u,„-2u„/ •u3l2 + 3u2,, •u„,-4u„, -Us,2 ) 

120                                                                                          720 
H — ( 2u5,,-uj,2 —3u4,,-u4,2 + 4u3,,-Us,2 )H — ( 3u5), • u<>2 

,      20160 
-4U),,'UJ,!JH r    Hi.!'"!,! 

1                                                                   2 
E2 = U3,,-u,,2H (UJU-U,,,- 3u4,,-u,,2 )-I j-( u3l, • u2)2 

— 3u4,, •U2,2 + 6u5), -u,,2 ) H 3- ( u3), 'U,,, — 3u4l, -uj^t 

+ 6u5,, • u2,2 )H r (-"'U • u5,j — 3u4)J -U4J2 + 6U5,, 'Uj,, ) 

360 . , „ ,     15840  , , 

20160    . 
H J—     (   "5,,   "Us,2   ) 

1                                                              2 
F2 = u,,, 'Uj„ (uin 'U,,,- 3u,,, 'U,,, ) H j-( u3), 'UJ.J 

-3u2!, ^4,2+ 6u,,, 'Uj,, )  (u4,,'U3,2-3u3,,'U4,2 + 
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H — (us,)-u„2-2u„I'Us,2 + 12us,i,Ui,J)   
u' 

1 2 
E3=u.,,,'U,,2H (u<,,>u2l2 —4us,,*u,,2 )+"~7 ("<II'«»IJ 

_2_ 

u       — -"       — u2 

6 24 
-4u,.,'U,„) H—~ C u*,, •u„i-4us,, 'u3,i ) +77" ( u<,, "Us.z 

UJ u 

,      6240 6720 m 
-4Uj,,'U„, )H ruii''u'i!~   u?    "•>i'u'»   u' 

1                                                                 2 
Fj = u,,, • u,,,2 ( u2,, • u4,2 — 4u,,, 'U,,, ) H j- ( Ui,, • u4,z 

6                                                             24 
- 4u2>, • u5)2 ) 3- (u<,,-u„2-4uj],-ui,2 >H — (us,,'U<„ 

480 
-4u(,i'UJll )+—r Ui„'U„,  08 

E,, = u5,, • u,,2 H ( u5), 'Uj,, ) H—- ( uS), • u2l2 ) — ( u5, , • u4)2 ) 
u u u 

1656 r                     , ,   1680 /  — ( Us,, 'Us,, )H — ( Hsu 'Ui,! )  ffl) 

1 2 fi 
F,   =   U,,,  'Hi,! (  U2>,  -U5,2   )H J (v.3,1  'Ui,;   ) ;-( U(],'Us,i) 

24 
+ —r ( "I,, -us.^ )  (W 

„        336 336 , 
E5 =—j-  • us,i • Us,2 y Us,, • us„  141) 

u u 

p            56                        J- 
56 ttfli E6 = J Us,,  • Us,2 -I 7 Us,, • u5>2  (43 

Q Q 

E7 =— us,, • u5)2 j u5j, • Uj„  (43) 

E, = — Us,, • uS)2H—7 Us,, • u5)2  (44) 

Since Z=H2 and dZ=2HdH, the combined wave height dis- 
tribution is proposed as 

P(H)=-§P(o 
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= —  {(E<,+E,-H2+E2-H'+E3-H
S+E<-H

>+ES.H"' 
2u 

+ E„ -H'*+E7 -H" +E„ -H" ) • e(-"^"«,^ - ( E„+F, -H1 

+ F2-H
<+F3-H

s+F<1-H" ) • e1'"'^";^}  &9 

Comparison with the measured data and the other theorems 

In a study of non-linear wave height distribution, 
Longuet-Higginst7) proposed a probability density function 
from the joint distribution of wave periods and amplitudes 
in a random wave field as 

P ( x ) = 2x • exp ( - x2 ) • N ( * ) • F ( x / * ) 

F (x/" ) = 7rfr j '" exp (-(32 ) d0 ( error function ) 

Where x=H/Hr, v is a spectral width parameter; N(v  ) is a 
normalization factor. 

In a similar study, Chen et. al/0  applied non-linear 
effect wave theory to obtain a dimensionless wave height 
distribution. 

Comparison between the wave height distributions 
computed from the above-mentioned formulas and the field 
data is shown in Fig.1. It indicates that the present 
proposed method yields a better result. 

'-Application 

In order to apply the non-linear wave combination 
theorem to the prediction of wave in Taiwan Strait, the 
weather forecasting data, such as the weather chart, wind 
velocity and its direction must be available.  Then, the 
prediction of wave can be completed using the following 
steps. 

1. Waves from the East China Sea and Taiwan Strait are 
evaluated by Liang's C4)  element wave prediction 
model. 

2. The local wave height is computed by Tang's 9   sha- 
llow water wave prediction formula. 

3. Since the wave steepness of two-source wave system 
can be calculated independently, the distribution of 
wave height of the combined wave using two non-linear 
wave combination theorem could be obtained. 

The preliminary result of this prediction model is 
shown in i'ig.2.  It can be found that the results obtained 
by the non-linear two-source wave system are in agreement 
with those obtained by the two-linear source-wave system 
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including the energy loss effect.  This implies that the 
higher-order terms in the non-linear two-source wave system 
are related to the energy loss. 

Conclusion 

In this study, the distribution of wave-height for two 
nonlinear source wave system is proposed, which yields the 
same result as those of two linear source-wave system as 
the wave steepness approaches zero. 

From the field data, it was found that due to wave- 
wave interaction, some of the short-period wave will dis- 
appear which causes the mean wave height to increase and 
the maximum wave height to decrease.  The proposed distrib- 
ution can describe such a phenomenum. 

Finally, it should be pointed out that although the 
proposed model is slightly complicated, as compared with 
that proposed by Chen et. al., the model is still simple to 
use and the computational effort does not increase signifi- 
cantly. 
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