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ABSTRACT

A new wave equation has been derived for the full nonlinear dispersive
waves propagating over an arbitrarily shaped sea bed. The method of the
derivation of the equation uses a conformal mapping technique by which the
original domain can be transformed onto a domain with a uniform depth to
make the basic equation easily integrable vertically. By taking an inverse
Fourier transform, the velocity potential obtained by the integration can
be expregsed in the form which can construct the exact wave equation from
the water surface boundary conditions. An algorithm for the numerical in-
tegration of the equation is presented with some examples of the solution.

1. INTRODUCTION

Nearshore wave deformation is characterized mainly by the effects of
nonlinearity and dispersivity of waves, and non-uniformity of bottom topo-

graphy. So far there have been many studies on the wave deformation by
using the well known KdV equation or Boussinesq equation ( e.g., Peregrine,
(1967), Madsen and Mei(1969) ). Although these equations have been modi-~

fied to include the bottom effect by Kakutani(1972), Shuto(1974), Peregrine
(1967) and others, their applicability is limitted to slowly varying bottom
topography. Furthermore, these wave equations can describe only weak non-
linearity and dispersivity of waves.

The present study derives a new wave equation which may be applied to
full nonlinear-dispersive waves propagating over a sea bottom with an arbi-
trary topography. The method of the derivation of the equation uses a
conformal mapping technique by which the original domain can be transformed
onto a uniform depth region. The mapping does not change the form of the
basic equation, i.e,, Laplace's equation on a velocity potential, and sym-
plifies bottom boundary condition so that the basic equation becomes eapily
integrable. The velocity potential function obtained by the dintegration
includes all components of a time-varying wave number gpectrum. Further,
the velocity potential function so obtained may be expressed as a function
with a convolutional integral by an inverse Fourier transform technique.
Hence, the water surface boundary conditions can yield the exact wave
equation by using the representation of the velocity potential at the water
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surface. An algorithm of the numerical integration of the equation 1is
presented with some examples of the soluion. In the appendixes, some
descriptions on an analytical method to obtain an approximate solution by
using a WKB perturbation technique are presented with a method to estimate
wave reflection coefficients.

2. FORMULATION OF EQUATIONS

2.1 Basic Equation and Boundary Conditions in a Mapped Space

Physical plane denoted by z = x+iy may be transformed conformally onto
a r-plane by an analytical complex function,

r = f(z). (1)

The function f can be chosen as that which transforms the domain D with an
arbitrarily shaped bottom topography in the z-plane onto the domain D' with
a uniform depth By in the gz-plane as shown in Fig.l. If we denote r-plane
as ¢ = g¢+if, Eq.(1) can be

written as ; Z=xX+iy
o = ¢ (x,¥), 0 - x
(2) D
B = d2(x,¥), M
or inversely, i:L
x =y {a,B), conformal
(3) mapping P )
y = Pola,B). 1 §=d+ip
hvd
0 = o
The function f defines the o
curvilinear coordinates system
(¢,R) in the original domain. - S - Y-
From another point of view, it
can be said that the function Fig.l Conformal mapping of wave field

f is just a complex velocity

potential function so that the

constant ¢ and R lines correspond to equi-potential lines and stream lines,
respectively. Therefore, we can utilize the usual potential flow theory
to construct the function f in which one of the stream 1lines forms the
bottom boundary and another stream line coincides with the still water
surface. For example, the region over a uniformly sloping beach can be
transformed into a constant depth region by the complex function

z = 1n z. (4)

This 1is a velocity potential function for the flow due to a point source
with a wunit strength located at the intersection of bottom line and the
still water surface (Fig.2). For the more general case of the bottom
topography, we can use a numerical method poroposed by, e.g., Chenin and
Schwartz (1982).
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Fig. 2 Orthogonal curvilinear grid system for uniformly sloping beach

The basic equation and the boundary conditions in the z-plane may be
written as follows.

%;g + %;g =0, X (5)
g% - - %%-32, y = -h(x) (6)
E% + g%.%% - %% =0, v = nix,t) (7)
g% +_;_.[(g%)2 + (3—5)2] +gn = 0, ¥y = nix,t) (8)

where ¢ is a velocity potential, h is a water depth, n is a water surface
elevation, and g is the gravitational acceleration.

In the g-plane, the boundary conditions become

99 -

38 o, B = ~Bo (9)
9, (2,792,070 _ 30, _ o=

st S5y ) T O B = fifa,t) (10)
90

2
5t * %'[(‘g%)z * <§—§)21 + gz {a,fi) = 0, B = fila,t) (11)
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where 8 1s a scale factor related with the mapping defined as

s = |25, (12)

In the water surface boundary conditions (10) and (11), the scale factor s
is coupled with the nonlinear terms. Hence it can be said that the scale
factor 8 directly affects the nonlinearity of waves. Further, the scale
factor s represents nonuniformity of the gravity as will be shown later.

In contrast with the boundary conditions, the basic equation remains
its form unchanged through the mapping by the nature of the conformal
transform, i.e.,

320 . 3%
WJr-a—BZ._O. (13)

Therefore, the basic equation can be easily integrable vertically on the
z-plane with the simplified bottom boundary condition (9).

2.2 General Solution of the Basic Equation

The Fourier transform of Eq.(13) with regard to ¢ becomes
2
3 9 25
+ k%3 = 0 14
'Z_)EZ' q) » ( )
where @ is the Fourier transform of & with respect to ¢ defined as

06,8, = 52f7 a(a,8,t) e e aq. (15)

Eq.(14) can be integrated with the bottom boundary condition

to yield
coshk(B+Byp)

®(k,B,t) = A(k,t)> coshkB, (16)
Therefore, & is represented by the inverse Fourier transform of @
coshk(B+ ik
0a,8,t) = [° A(k,t).SoSRE BBo), ke, gy (17)

coshkf,

where A(k,t) 1s a time varing wave number spectrum to be determined by the
water surface boundary conditions, Egs.(10) and (11).
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From Eq.(17), Qa, $_  and Qt can be represented as

8

3% _ i [° e ,coshk(B+Bo ), ika,
5& = i keA(k,t) ——EEEEEE;—— e dk, (18)
39 _ . ,8inhk(B+Bo), ika,
3 " keA(k,t) ~eosnkB, dk, (19)
39 _ rn 9 _coshk(8+80). ika,
e —watA(k’t) coshkfBy € dk. (20)

To execute the inverse Fourier transform of the right hand side of the
above equations, we may introduce a new variable y(q,t) defined as

x(a,t) = fw_mA(k,t)-eik“-dk, (21)

and use the following inverse Fourier transform formula ( e.g., Erdélyi,
1954 ),

-1 sin(ﬂg)-cosh(ﬂg)

coshk(B+8¢), _ _ 2T 28B4 2B¢ = K 22
[ coshkB, ] Bo' cosn(™®) - cos(TB) 1(a,8), (22)
Bo Bo ( ~Bo<B<0 )
T8 . i (1L
polp8inhk(B+go)y _ ; 2m 0% apy " s } =ik (a,8),  (23)
coshk@y Bo cosh (2% - cos(ﬂg) '
Bo Bo ( -By<B<O )
where F_l[-] is the operator to take inverse Fourier transform. From the

above equations and the convolution formula (24) on the inverse Fourier
transform,

PR (k) F, ()] = 5[ £1(E) £ (a-E) v ek (24)

we can express the velocity potential &(a,B,t) and its partial derivatives
with respects to ¢, 8 and t as follows.

O(a8,t) = 5of7 Ky (E,8) X (@-E,b) et (25)
i = 7 K 8 5 aE by, (26)
B - AT (6.8 g (aE ) 21)
B 2 K8 sy (a-E ). (28)
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Hence the water particle velocity in the Z-plane can be calculated through
these equations by prescribing the value of Y. However it should be noted
that the region in which the above equations are valid is -Bo < B < O.

2,3 Derivation of Linear Full Dispersive Wave Equation

For linear waves, the water surface boundary condition on ® becomes

2
%?. + g'So(G)'% =0, B = 0. (29)

where go(a) is the scale factor at 8 = 0, In the above equation, the grav-
itational acceleration g is coupled with the scale factor sg(a). Hence,
it can be said that, for the linear waves, the mapping replaces the effect
of the water depth variation in the z-plane with that of non-uniformity of

the gravity in the Z-plane.

The 1limit values of @B and @t represented as Eqs.(26) and (27) when
B + -0 are

30 1 3
lim o= = =) _K(E)s=x(a-E,t)ak,
B»—OBB 2Bg” — da
3¢ 3
lim 5= = 5x(a,t),
B*_Oat at

where K(§) is a kernal function defined as

K(E) = cosech(leo{). (30)

Substituting these equations into Eq.(29) and using the relation x,_ = g°m,
we can obtain the following linear wave equation to describe evolution of
water surface elevation 1.

3z 3
Fern(e,t) + gh=rso(a) [T K(E)gin(a-E,t)aE = 0. (31)

In the second term of the above equation, the non-uniformity of the graVity
expressed as gesg(a) represents the effect of bottom topography in the
original z-plane and the convolutional integral includes the effect of wave
dispersivity. For long waves, Eq.{31) becomes

2 2
E%Yﬂ(d,t) - g'so(a)'Bo'ggyﬂ(d,t) = 0. (32)
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2.4 Derivation of Pull Nonlinear-Dispersive Wave Equation

Nonlinear wave equation may be derived by the almost same manner as the
case of linear waves. In this case, however, Egs.(26) to (28) on ¢4, @B
and §_are not applicable in the region of 8§ > 0O as already mentioned. This
limitation is originated from the formula (22) and (23) on the kernal func-
tions K; and K,. Therefore, alternative methods must be developed to
evaluate the value of those kernel functions at the water surface boundary.

The one method is to reevaluate K, and K; by replacing the denominator
of Eq.(16) with coshk(ag+R,) where a, is a parameter chosen as 2, > Tpax-
The other method is to take Taylor expansion of the functions to be trans-
formed in Egs.(22) and (23) around B = 0. The results by the latter
method become as follows.

© 2n
n (2n)
faa,g) = ar ] (<) Bt )
(33)
bl n (2n+1)
v g JTR(E) 2 (-1) (§n+l), (a-£)dE
o 2n
- o™ B ) ey
K2(a,8) = g “”K(E)nZo( Y Gayrd T (ae)dg
o 2n+1 (34)
- 2n Z (~ )UT%;ITTT‘G(2H+1)(G),

where G(n)(a) is the n-th 'derivative of Dirac's delta function. From Egs.

(33) and (34), @a, @B and @t can be expressed as

3 _ (1) 3 o (@) cieeees

55 = X (a,t) + T K(g)ey “'(a-£,t)ag + ) (35)
® 1

B - k@M e 00 - g P an e (36)
3¢ _ 3 B NSO coees

5— = ﬁx(d,t) + 280 ::K(E) 3tX (a g’t)dg + 4 (37)

where the superscripts (n) for ¥x indicate the n-th order partial derivative
with respect to g.

Substitution of Eqs.(35) to (37) into the surface boudary conditions

(10) and (11) leads to the following integro-differential equations on §
and y.
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il 1 - ~y 0 il
thl + Tﬂ-sz(u,n)'[fm_le (E,n)—ﬁx(u—g,t)dﬁ'gg

- [7 K (B kg (g, )aE] = 0, (38)

[, 50 (€ g am )k
+ s (L) L7 K (6T (0, £)ag )2
+ {7 R8s (g, £)aE} 2] + 2mgeis (o) - O (39)

Since the equations are derived without any assumptions and constraints,
they constitute a set of exact wave equations on ¥ and y. Therefore they
can essentially express arbitrary degree of nonlinearity, dispersivity and
the effect of non-uniformity of the water depth.

Fenton & Rienecker (1980) proposed a numerical method for the accurate
solution of nonlinear equations for water waves over a horizontal bed.
The method uses the finite Fourier series approximation on the velocity
potential ¢ and predicts the evolution of water surface elevation n with
that of the Fourier coefficients. On the contrary, the wave equations
(38) and (39) include all components of the continuocus wave number spectrum
A(k,t), and they can describe directly the evolution of fj and x in the
physical space.

3. NUMERICAL SOLUTION OF WAVE EQUATIONS

3.1 Algorithm of the Numerical Integration of the Equations

The kernel function K(§) included in the linear wave eguation (31) and
the nonlinear wave equations (38) and (39) has a singularity at § = 0 such
as

1im K(E) = + o,
>0

To avoid this singularity the following procedure has been developed.
If the interval of integaration of a convolutional integral I(g,t) for
K(a) and a continuous function f(q,t) is divided into the three parts as

I(a,t) = [° K(E)+£(a-E,t)dE
-AEAF w

=(f "+ f 4 )eRE)fla-E,t)dE
- -Ag Ag

I, + I, + Iy, (40)
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then the gingularity is included in the second integral I,. Substitution
of the Taylor expansion of f(q-%,t) around § = O into the second integral
I, leads to

ng" n
Iy (a,t) = E f ( 1) -%Tcosech(-—{)dg-———f(a t).
n=0 -Af da

When n is an even number, the value of the integral becomes zero in the
sense of Cauchy principal value because the kernel function K(§) is an odd
function. Thus, if Af is taken to be enough small to neglect the higher
order terms, I,(g,t) can be evaluated by

Ag
-f g-cosech(-—g)dg 5o f(a,t)

Iz((!yt) =
-2 <26°>2-sm (————AE)-aaf(a t), (41)
where * x © (2—22 )sz 142K
shi (x) = [7 oyeerde =kzo(l+2k)(2k)!

x3 . 7x5 _ 31x7 . 127x?
3e37 T 1587 T ZIe7r T I591
C[x] <7)

~ eeess (u2)

>

= X -

and Bn is Bernoulli numbers.

Using the above procedure, we can obtain an alternative representaion
of the linear wave equation.

2 it

som(a,t) = ~—2-B——so<a) i K(g)a—z-n(a—g,t)dg

2 * 92
+ (2)?Bog*s0 () Shi (-ég—o-Ag)-Wn(a,t)

- S 528, (a) f K(g)—nm £,t)dE. (43)

Since the above equation has no singularity, it may be easily solved by a
usual finite difference scheme.

For the nonlinear wave equation, the almost same procedure as the linear
case can be used except that the nonlinear wave equation includes higher
order derivatives of the unknown variable y.
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3.2 Examples of Numerical Solutions

(1) Linear waves

As an example of the numerical solution for the linear wave equation
(43), a calculation has been made for waves propagating over a stepped sea
bed with a slope of arbitrary inclination as shown in Fig.3. The scale
factor sy(a) for this case becomes

s¢la) = %oeel/(280)_[ COSh(%%g - tanh(g%g°sinh(g%g ]_e/ﬂ, (4n)
where
1 =—g—°-ln(%). (45)

The above equation may be obtained by using the Poisson-Schwartz's integral
formula. The solid lines in Fig.3 represent the constant g and 8 lines.
The initial conditions for the integration adopted here are

n(a,0) = asexp{-(a-ao)?/(2R¢)?}, (46)

with a

1.5m, B¢ ( =h ) = 10m,

and 3
ggn(a,o) =0,

The inclination of the slope 6§ and the water depth ratio b/h are chosen as
the value of 45° and 1/4, respectively. The upper figure in Fig.3 shows
the scale factor s, as a function of x. From the meaning of the =scale
factor as previously mentioned, we can say that, in the (g-plane, the
gravitational accerelation for the shallower region is four times as great
as that for the large depth region.

The result of the computation is shown in Fig.4 where the full 1lines
represent the solution for the linear full-dispersive wave equation (31},
while the broken lines show the solution for the linear long wave equation
(32). The full-dispersive wave solution shows that, in contrast with the
non-dispersive wave solution, the longer waves propagate faster than the
shoter waves. This is a direct manifestation of the wave dispersivity.

The figure also shows that the right going waves divide into reflected
waves and transmitted waves on the slope.

(2) Nonlinear waves

Nonlinear wave solution has been obtained for the same stepped bottom
topography as the above. For the reason of simplicity, only the first
terms in the power series of Egs.(35) to (37) are taken for the calculation
here. The initial condition for fj is chosen as the same as Eq.(46) but
with a = 2.0 m. The initial condition for y is taken as x(¢,0) = O which
means that there is no fluid motion at the initial stage.
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Fig.3 Orthogonal curvilinear grid system and scale factor sg(a)
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Fig.4 Linear wave evolution over a stepped sea bed.
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Fig.6 Nonlinear wave evolution over a uniformly sloping beach.
( tanBgy = 1/30 )
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Figure 5 shows the result of the computaion and indicates that the
dispersion and reflection of waves take place as in the case of linear
waves. The figure also reveals that the right going waves steepen their
front face as they propagate over the slope and give rise to fission into
the several solitons on the step. This phenomena of solitons has been
already reported by Madsen and Mei (1969) and is considered to be due to
the combined effects of nonlineariity and dispersivity of waves and bottom
topography. Figure 6 shows another example for waves on a uniformly
sloping beach for which the mapping function f is difined as Eq.(4).

From these examples, it may be concluded that the wave equation derived
in the present study is effective to describe the wave evolution under the
combined effects of nonlinearity and dispersivity of waves and nonuniform-
ity of the water depth.

REFERENCES

Bellman, R, and Kalaba, R.: Functional equations, wave propagation and in-
variant imbedding, Jour. Math. Mech., Vol.8, No.5, pp.683 ~ 704, 1959.

Chenin, M.I, and Schwartz, S.: Generation of an orthogonal curvilinear com-
putational grid for a finite difference method, International Symposium
on Refined Modelling of flows, sponsored by IAHR, Paris, 1982.

Chu, V.H. and Mei, C.C.: On slowly-varying Stokes waves, Jour. Fluid Mech.,
Vol.41, part 4, pp.873 ~ 887, 1970.

Erdélyi, A, (ed.): Tables of integral transforms, Vol.l, McGraw-Hill, New
York, 1954,

Fenton, JF.D. and Rienecker, M.M.: Accurate numerical solutions for non-
linear waves, Proc. 17th Conf. on Coastal Eng., pp.50 & 69, 1980.

Hamanaka, K. and Kato, K.: Perturbation analysis of finite amplitude waves
with slowly varying depth, Proc. 29th Japanese Conf. on Coastal Eng.,
pp.65 A 69, 1982 (in Japanese).

Ijima, T. and Sakai, T.: Theoretical study on the effects of submerged
breakwater, Proc. 18th Conf. on Coastal Eng., pp.l141 ~n 147, 1971 (in
Japanese) .

Kakutani, T,: Effect of an uneven bottom on gravity waves, Jour. Phys. Soc.
Japan, Vol. 30, No.l, pp. 272 ~ 275, 1972,

Madsen, 0.S. and Mei, C.C.: The transformation of a solitary wave over an
uneven bottom, Jour. Fluid Mech., Vol.39, part 4, pp.781 ~ 791, 1969,

Peregrine, D.H.: Long waves on a beach, Jour. Fluid Mech., Vol.27, part &4,
pp.813 ~ 827, 1967.

Shuto, N.: Non-linear long waves in a channel of variable section, Coastal
Eng. in Japan, Vol.17, pp.l v 12, 1974,



WAVE FIELD SOLUTION 1205

APPENDIX A. WKB Solution for Progressive Waves over a Gradually Varing
Bottom

If the bottom variation is gradual, the use of the conformal mapping
technique becomes not so essential and an approximate solution can be
obtained by a usual WKB method {( e.g., Chu and Mei, 1970 ). However, for
the problems such as sediment transport, conformal mapping solutions gives
more usefull estimation of bottom velocity field compared with other
methods because the conformal mapping solution satisfies exactly the bottom
boundary condition.

This appendix describes an approximate method to obtain an analytical
conformal mapping solution. The method uses a WKB perturbation technique
developed by Hamanaka and Kato (1982).

Introducing a small parameter § which characterizes the horizontal scale
of the bottom variation, we can normalize the variables as

w2
(Ca'sB') = ( Sa,B )=, t' = wt,
g s (A-1)
o o W ' w
CA'580) = ( fHBo) s ' = Qe
g g
For convenience the primes will be dropped from here on. From this

normalization the linearized governing equations become

28%0 320

57 557 = O -2
_gft_]_sg(a)..g;g:o, g =0 (A-3)
ﬁ+so(u)'—§%=0, g=0 (A-1)
80 _ - .
58 - % B = -Bo- (A-5)

In the next step, let us introduce a local wave number k and transform
the independent variables as

(0,8,t) > (a,B8,E), £ =68 {kag - t. (A-6)
Then Eqs.(A-2) to (A-5) become

920 . 3% 9%0 9k 9% 929

2 = = 2 — ———® [ i, _—
ST A T A N Tl T T T h-n

2,700 90 _ - -
s?(a) 5t - O g =0 (A-8)
o 30 _ -
fi - %<a)-5g =0, g =0 (A-9)
%9 -0, 8 = —Bo- (A-10)
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The unknown variables &, fj, and k may be expanded by § as

b =Dy + 8Dy + 2, + secevces |

fi = fo + 6f1 + 8%z + soveeces (A-11)

W

k = kg + 8k; + §2ky + sevecece

#

Substituting (A-11) into Eqs. (A-~7) to (A-10) and separating the orders we
obtain a set of systematically solvable equations. The solutions can be
summarized as follows.

At 0(8%):
dy = ascoshky{B+Bo)*sing,
flo = asgla)*coshkeBg*cost, (A-12)
so (@) e ko tanhkeBy = O.

At 0(8Y):
& = - {—a(B+Bo)2 Ycoshko (B+B9) + ——(B+Bo)Slnhko(B+Bo)}'C°SE7
fir = sla)e {—aﬁza °coshk030 + 5aﬁosinhkoﬁo}°sin§, (A-13)
ky = O.

For nonlinear waves, the solution can be obtained by the almost same
manner as the above by introducing another small parameter ¢ which charact-
erizes nonlinearity of waves and by representing the unknown variables in
the form of double perturbation with respect to § and g.

APPENDIX B. Reflection Coefficients for Linear Steady Wwaves

For the case of the steady waves with angular frequency w, the 1linear
wave equation (31) becomes

@) = gimreso (@) J7K(E) gofi(a-E) &, (B-1)

where fi(q) is an amplitude of the water surface fluctuation and defined as

i(wt-n1/2) (B-2)

nla,t) = fila)-e
Although Eq.(B-1) can be used to calculate reflection coefficients for
linear steady waves, a simpler and more direct method can be developed with
an approximation on . At first, the assumption is made on the velocity
function ¢ such as
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cosh{k(a)(B+Bo)} LWt

cosh{k(a)Bq) ] ’ (B-3)

¢ = F(g)

which satisfies the bottom boundary condition (9). This equation is valid
for the case of Qyq << @ g In particular Eq.(B-3) becomes exact for long
waves. k(¢) in the above equation must hold the following relation from
the surface boundary condition (29) on .

w? = gesoa) k(a) tann{k(a)Bo} - (B-4)

From the linearized boundary condition and Laplace's equation on ¢, Eq.
(B-3) yields the following differential equation on fi(a).

a2, ~
E&yﬂ(d) + kz(d)’n(d) = 0. (B-5)
The reflection coefficient Ir(a)[ for the wave field expressed by the above

equation can be calculated from the following Riccati's equation derived by
the invariant imbedding method ( Bellman and Kalaba,1959 ).

S(a) = - 2ik(a)er(e) - S4Q g 2 -
= (@ = - 2ik(@)erla) - gyl - PPl (B-6)

The reflection coefficient to be obtained is the value of [r(a)| at @ = -w.
Therefore, it is more convenient to change the independent variable from ¢
to § by the function § = tanh q. From this transform, the domain of the
independent variable becomes [—l< £ <1 ].

The reflection coefficient can be obtained by a numerical integration
using a usual integration scheme such as Runge-Kutta-Gill method. The
integration is to be performed backward from § = 1 to £ = -1 under the ini-
tial condition, r = 0 at § = 1.

As an example, the calculation was carried out for the stepped bottom
shown in Fig.3. Figure Bl shows the results for the case of 6 = n/2. In
this special case, the reflection coefficient can be also estimated
accurately by, e.g., Ijima's method (1971) in which the velocity potential

is found by matching conditions at the junction of sea bed. The full
lines in the figure indicate the result by the present method, while the
broken lines show the result by the Ijima's method. It is shown that, for

the case of wzh/g = 0.5 corresponding to shallow water waves, the result by
the present method shows fairly good agreement with the Ijima's result, and
even for the case of wzh/g = 2.0 corresponding to almost deep water waves,
the present method gives still good results.

The effect of the inclination of the slope has been investigated by the
present method., The results are shown in Figs. B2 (a) and (b). From these
figures, it is found that the effect of the inclination on the reflection
coefficients is more significant for the case of the large value of wzh/g.
This is considered to be due to the difference of the ratio of the horizon-
tal scale of the slope to the wave length.





