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ABSTRACT
When a small amplitude wave climbing along an arbitrvary

sloping beach from deep water toward the shove, the variation of
chavactevistics in the process of wave motion has been descvibed
in this paper. From the results of theovetical derivalion, z'i‘ is
found out that the variation of water surface and amplitude arve
function of beach slope(a) and dimensionless distance (kx) from
the shove. And under the condition of the beach slope is o =0
and o = oo that the solution will become a progressive wave and

a standing wave respectively.

L INTRODUCTION

Concerning the problems of water waves propagating on beaches
of arbitrary slope, E.T'. Hanson (1926) assumed the angle of
bottom with still water suvface to be of the form w/2q with
integral q, andconstructed a progressive wave devived from two
standing waves. Lewy, H. (1946) gave a contour integral vepresen-
tation for a progressive wave for all angles between bottom and
surface. Then, Stoker (1947) derived the exact linear theory and
obtained approximate solution for surface waves in variable
water depth. Biesel (1952) expressed the first-order approximation

of the free survface equations and the frajectory of surface
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particle by Lagrangian form. Carrier & Greenspan (1957)
presented the explict solutions based on the mon-linear shallow
water theory.

All the above investigations concentrated on the behavior of
wave motion in the region near the coast , however, they didn’t
include the entire process of wave motion. Therefore, in this
paper, the authors pay attention to the theoretical analysis on
the wvariation of the water surface and amplitude when the water
waves propagating on beaches of arbitrary slope under the condition

without breaking.

2 THEORETICAL CONSIDERATION
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Fig. =1

From the sketch diagram of water wave propagating Sfrom deep
water toward shallow water arvea as shown in Fig. 1, the governing
¢quations of wave motion in two dimensional incompressible Sfluid

are given by the follows:

Qe +Dyy =0 N(x, t)>2y>—n(x) (1)

1
®,+g77+?((1>f+®y2):c y=9(x,t) @
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O, =7, +D, 9, y=70(x,1t) 3
Oy, =— b, D y=—h{x @)

The subscripts of the above equations denote partial differe-
niiation, and O is velocity potential, ¥ is water surface variation,
h(x) is water depth which can be expressed as h(x) =x - tan@ = ax,
and C is Bernoulli’s constant, g is gravity acceleration.

From Cauchy’s integral theovem, theve is a counstant M
existence in the process of wave motion under the conditions

without breaking. that
[+ [ | <M for 0<x<o0, 9(x.8)>=y>=~ h(x) (B

where D™ denotes the n'* ovder’s partial derivatives of ® with
respect to x, y ov t. Furthermore, since the orviginal source of
wave motion comes from deep water, so that
gim O =g, ®)
X—00
According to the above consideration that seems rveasonable fo
coincide with physical grounds and there is not any singularity
taken place in the entive process of wave molion from deep water
toward the shorve. In the following devivation, it is convenient
to express the quantities evaluated for y=%9(x,y) by a bar,
" —", over the quantity, and for y =— h(x) by a bar under the
quantity. Thus we have
plzyt)

O,y dy =, -9, =, + he Qs @)

TRz

720z,
J Dy d.V:_J‘ D,. dy

—h(z) — rlz)

and
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From eq. (T)and eq. (8) , we get

) pCart)

D, D,dy + DYy
D, = 57 ) e y L/ ©)

Then the integral term of eq. Qwill be the following relation

through integration by parts

IETED] — plxyt)
f Qdy =70, + LD ~f yDydy i)

—h(z) -k <z )

and also the relation will be as

pCxy i) —
f h(x)Dydy = h(x)D — A (20D 1)

~r (z)

Eliminating O from eq. (Qand eq. () , and this in turn lead
through use of eq. (9) to

pCxr t) Pl _
(D!l __[h(x)q) f ) (y+h)®zydy]+7z®z~5;(7<l%)

plxst)

== (LD, >1+—f (y+h)Deydy — 1) Ouy )

~k (x>

From the kinematic condition at free suvface of eq.(2), taking

the partial derivative with respect to t, so that
1 — — - -
De :_?[(th + ( 0D, +DD,, ) ] (13)
Then substituting eq. (3 into eq. (3), we get
— 1 = —— —— - .
(Dy :*E[q)tt +((Dz®zt +(Dy(Dy/t ) J+‘R7x (14)

Thus, from eq. (12 and eq. (4) , we have



BEACHES OF ARBITRARY SLOPE

— — R —_—— a plxrt)
D, = ( ghq)x )x—<(Dx(Dxf +®yq)yt )—g[a_xj\ <\y+h>q)xydy)
—hC(x)
+g< V(Dx )x (15)

Up to now we have made no assumptions in addition to those made
in derviving the non — linear theory. In other words, water waves
propagat ing along an arbitrary sloping beach will be described
completely in eq. 1) . Unfortunately, since eq.(5) is a high
ordey non — linear partial differential equation, so that analy-
tical solution is not able to be obtained and the approximate
solution will be presented in this paper.

From eq. (6), we know that wave motion propagating along
an arbitrvary sloping beach comes from deep water. Accordingly,
it is reasonable to imagine that the velocity potential in deep
water, ¢_, is part of wave motion {n the propagating process.
In this case, the velocity potential would be proposed by the

following form,
D=¢+ ¢, (16)

The above equation makes a brief statement that the velocity
potential, © , existed in the propagating process is consisted
of the velocity potential in deep water, b and the velocity
potential due to shoaling and reflection, ¢ , .

After susbstituting ¢, into the last three terms of the
rvight side of eq. (5, then the first — order approximation of

wave motion will be given as

Bro = Cghd e —( D CFdor +C Ay (B Yot )
pCxs £) . —
~g[;—xj Coth) (g derdy I 4e CnCB)e )

—h(x)

()
Furthermove, expanding the integral term of eq. () and from the
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condition that ¢_ substituted in eq. (), we have
att:(gh6x>x”“[gh($oo)x jx'l"(aoo)tt (18)

Because ¢ is part of © , we know that ¢ is a particular
integral of wave motion. In other wordes, eq. (8 involves a part-
icular solution and a complementary function which will satisfy

the following homogeneous equation.
@i = (g hde ), )

Since the complementary function is due to shoaling and
reflection of sloping bottom boundary, that the velocity potent-
ial at water surface is well to be proposed as the following

form.
$ = e Frottd Z( 4 o)

where the exponential in eq. Q) represents the factor due to refl-
ection, k and ¢ are wave number and angulav frequency in deep
water respectively, € is the change in phasse as wave climbing
along beach. Z ( x) is the function of water surface elevation
vesulted from shoaling and veflection.

After substituting eq. Q) into eq. (9, and taking veal part,
that it is easy to trvansform the vesult into zero orvder of Bessel

Sfunction. And the solution will be given as

k
Z(x)zA/o(z,/7x> @)

where Jo is the Bessel function of the first kind of order zero,
and A is a function of a, which has to be detevmined by an
appropriate condition. Therefore, the velocity potential due
to shoaling and veflection will be

$:A]o(24/%)cos(kx—al+e) @
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Then the solution of wave motion can be expressed as

- — A %
S=pta =227, ¢ 2,/—}) cos (kx—ot+e)

[

+a—gcos(kx+ot) 3
o

The last term of the above equation is the solution of progress-

ive small amplitude wave at water surface, and a is the amplit-

[
ude, A is t0 be of Ap =——A .
g

From the theory of veflection as light —wave, the change of

phase, € , is function of bottom slope, a , will be found out, as
e=e(a)=2tan' a (4)

Combining eq. @) and eq. @4 then substituting in eq.(2),and take
the first — order approximation that we have the water surface
elevation

k
p(x, t)=A0Jo (2 1/—x) sin(kx—ot +2 tanla )+ asin( kxtot)
g

@9
Based on the energy conservation at the intersecting point
of mean water level and boitom boundary, where the potential
energy exists only, that we find
Ap(a)=a( cos( 2tanla)++/ cos?(2tana)+3 ) @)

The relationship between Ay and o has been shown in Fig, — 2
From this figure, it illustrvates that A, decreases with a increa-
ses, amd as a =o0, it becomes standing wave, a = 0 that it will

be a progressive wave.
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QI>
[<]

6 =ton'a

0° 30° 60° 90°

Fig.— 2

After substituting eq. @ into eq. ), the water surface elev-
ation, ( x, t), will be abtained. There are three examples

presented through Fig., — 3 to Fig. — 5

2.0 Q= 3o°

K 1 1 4 Kkx
'a— 0.0 1 7 8
-1.0r
-2.0-

Fig.- 3

Fuythermore, arvange the yvesult of the expansion of eq. @),
that the relationship among water surface elevation, wave ampl-
itude, wave number, bottom slope and dimensionless distance can

also be expressed as the following forms,
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8
- 3 ) N kx

-1.0p

-2.0-

Fig.— 4

1 1 kx
7 8

-2.0-

Fig.—5

k .
n(x,t)=[Ac]o (2 q/jx) sin( kx+e)+tasinkx Ycosat

(] .
+(acoskx—AoJo (2 /—;) cos(kx+e) ) sinat

=B(x,a)sin({m(x,a) xt+ot) @7
and

B(x,a)={(asinkx+AsJo (24 %) sin(kx+e) )?
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+(acoskx—As]o ( 2\/%‘) cos Ckax+e ) )? }1/2

@
asinkxtAsJo ( 2//’2) sin(kx+e)
m(x, a)={ tan~1{ 2 Yrux)/x
acoskx—ApJo( 2/{7}) cosChkx+te)
@9

where n is a positive integer.

From the expression of eq. @), the amplitude of wave motion
climbing along an arbitvary sloping beach has been abtained as
eq. @ and it is function of the dimensionless distance kx and
bottom slope a. That is to say, the amplitude varies along the
hovizontal distance due to shoaling and reflection as water waves
propagate from deep water foward the shorve. Several illustrai-
ions have been presented in Fig, —6 fora=0 ,1 /43,1,
V3 and oo

kx

0.0 I i ) 1 L 1 1 1 t 1 J
: 1.0 20 30 40 50 60 70 80 90 100 1.0 2.0

Fig.-6

Figure — 6 illustrates the solutions fov the bottom slope 0°
, 30° , 45° , 60° and 90° according to eq. @) . Andwe can see
that all the variation of water suvface will gradually decrease
and become small amplitude wave in deep water except fov the

case of, 8 = 90° , under that condition , it becomes a standing



BEACHES OF ARBITRARY SLOPE 821

wave.

3. DINCUSSION AND CONCLUSION
From the theoretical vesults as above metioned that the
variation of water surface and amplitute ave function of beach
slope and dimensionless distance from the shove. And the
results will be move veasonable than Stokers' (1947) which is

expressed in eq. B0
5(::, t)Y=A;(cos(ot—e; )Y ( 2«/%{)
(4
—l—sin(ot—ez)]o(zw/”f)] 60

where A; , €; ave the same significance as in this paper. But
Stoker's solution, because contains only the [inear terms so
that the solution for the deep water becomes a straight line.
Our solution, on the other hand, give a morve reasonable solution
which is a small amplitude wave when we include the potential

Junction in deep waler.,
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