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ABSTRACT 

A   nonlinear solution of wave profile equation directly deriv- 

ed from stream function is submitted.    In stead of expressing 

by trigonometric  series  to approach the  real  solution,   implicit 

function is adopted.     In the era of electronic computer, Such an 

expression wi11  be convenient for practical utilization. 

Equations in either deep water or in finite water depth are 

worked out.    They are proved more reasonable in graphical  shape 

of wave profile and consistant in the continuity of wave celerity 

in various depth in comparison with Stokes theory. 

INTRODUCTION 

For more  than 100 years,  Stokes' wave  theory has been applied 

to various engineering problems.    However,   the  theory is an app- 

roximate  solution strictly.    Furthermore, we all  have  the expe- 

rience  that  the ( »+1 ) th solution is not guaranteed to be.better 
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than nth.    The only merit  is that  the equation is expressed expl- 

icitly.     In the eva of electronic computer,   implicit equation 

can be solved promptly.    It is not necessary to be stuck on expl- 

icit equation.    Reasonable solutions of wave profiles in deep 

and intermediate water area are worked out directly from stream 

function in following sections.    Their validity and consistancy 

are examined closely. 

FUNDAMENTAL   EQUATIONS 

(A)Governing equations 

Water is supposed to be incompressible and irrotational, 

then the governing equations of wave motion are as follows  '. 

V*<4 = 0 ,       V2(4 = 0 (1) 

32        d2 

V2 = ( + —-) 
d x2      d y 

x ; abscissa along the water surface,  being   positive  toward 

the wave direction, 

y  : ordinate vertical to the water surface,  being positive 

upward 

</> = if> ( x ,   y ,   t )  :   stream function 

(p — (/> ( x ,   y ,   t  )   :  velocity potential 

t  :  time 

(^Boundary condition equations on free surface 

{^Dynamical equation 

d<f> 1 dtb dcp 

dt 2 dx d y 

g : gravitational acceleration 
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•q = 7j ( x , t )   : fluctuation of water surface  elevation 

with respect  to x ~ axis 

dip d<j> 3<b      d(j> 

d X d y d y      dx 

u ,   v  '.  horizontal and vertical  velocity of water particle 

0(0  : Bernoull i' s number varys with time  only 

(b)Kinematic equation 

(— ),=? =-f +-^(-^-),=, (3) 
o jy Si       o*       Si 

(QBoundary condition in bottom 

(_),=_, = (-Jl),=_, = 0 (4) 

d  •  vertical distance from x — axis  £o £/ze bottom 

^Assumptions of solution 

The solutions of above mentioned Laplace equation i.e.   equ- 

ation (1) are to be assumed as follows  '. 

oo 

oo 

^(i,3'.0=   I   Cn e-nkd ( e«*<*+>> +e-«ftcd+,> ) sinnk(x-ct) 
n-l 

(5) 

77ie stream function of free surface is  '. 

</> ( X   ,    7)    ,     0 = 0 

So that 
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1    C„ 
y(x,t)=   £   — e-"hd C   e »*<<'+?>-e-»*<'i+?> ) cosnk(x-c t ) 

»=j   c 

C„   '.  constants to be worked out 

1,2,   3  

exponential 

wave number,   k = 2 TT/Z 

£ : wave length 

c  : wave celerity 

The motion is   altered   to be steady flow by adding an oppo- 

site velocity c,   (x — ct ) in above equations will  be replaced by 

x,   then 

<p{x,y)~cy~   £   C,c""" ( e"»«+»>-e-»»«+J> ) cosuiti: 

>(x,y)=cx +   2   C„e~nkd C e"t(d+1'> + e-»s<<^+J', ] sinnkx 

(6) 

NEW EQUATION   IN DEEP  WATER 

In above equations  ,  d —>oo ,  n = 1  ,  we get 

<fi(x , y) = cy — C1e
kycoskx 

9 (x) = — e*» coskx 
c 

(7) 

(8) 

i?«.o/t <zrcd v»..» are fAe elevation of crest and trough of wave 

profile. 

Cz 
1)max   =   Vl   =       e 

C 
(9) 
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-M. = V2=- «"' (10) 
c 

Invoke a parameter w which is defined as the ratio of maxi - 

man particle velocity at the wave crest,  qc,  to wave celerity, c, 

namely 

dtp 
co = qc /c =- ( —-)„=,, /c (11) 

ay 

m is to be 0 when wave is breaking,  and will  be — 1 on calm 

water surface  i.e. 

-1<«)<0      or     0 < 1 + to < 1 

Substitute (7)  to (11) 

(   l+co ) / k- — e"*' (12) 
c 

From equation (9) 

/^ 
(  l+<o)/k = Vl= — e""1 (13) 

c 

c (  1 + co ) 
C=—  (14) 

is obtained. 

Consequently '. 

c (  1 +<o ) 
)((i,v)=n ekycoskx (15) 

1  + (U 
n(*)=  e^coskx (16) 

From equations (9) ,   (10) aw? (13) 
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e""2     e""'      kecl+"> 
 = '=  (17) 

1)2 Vl 1   + m 

H denotes the wave height     H— i)i — r/2 ° 

Accordingly 

£ecr+.)       e       ' \ + a> 
   = = e(1+">e~iH /(H ) 

1 + cu H — r/j k 

i.e.       kH = (  1 + a> ) (  1 + e-"H ) (18) 

Let    d =H/L namely the wave steepness,  equation (18)  is 

altered to be 

2nd 
l+<y =  = 6 (19) 

1 + e~2's 

cd 
<p(x, y) = cy - —j e*ycoskx (20) 

J?(X) =—-e*'coskx (21) 
ke" 

are obtained.    Equation (21)  is an implicit equation,  however, 

it  is to be solved by Newton — Raphson' s method promptly through 

computer. 

The curve is  to be depicted for a critical case  i.e.   8 = 0.142 

and compared with Rayleigh's solution. 

Wave celerity c  is worked out by following procedure. 

In steady flow, ( d<f>/dt ) vanishes andQ(t) becomes cons- 

tant Q in dynamic boundary condition of free surface. Substitute 

the new wave profile equation (21)  to equation (2) 

e    t l e c2e2    ,  ,   Q 
—-e*' coskx H { c2 -2 c2 — e"i coskx-A — e2kr> } = — = h 
ke1 2g e° e2> !     g 
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Wave profile in deep water 

20 
Put e2l"> == 1 + 2ki) — 1 H — ekvcoskx,   this equation becomes 

e 

cs$2        2d    s c262 

e2 e       k e2 (22) 

Q is a constant,  the coefficient of variable term e1"1 coskx 

must be zero.    So we can get 

2JTC 
c2 = T(1-^rJ = TCl"(

1 + e— Y/expi . 4*')r' 
l + e~ 

(23) 

According to this equation, wave celerity increases with 

wave steepness exponentially in stead of linearly with the square 

of wave steepness in Rayleigh's theory,  however, while d  is 

small 
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k 1 + e 2's 1+e 2" 

£ H 
= ^{ 1 + ** (-)* } 

k 2 
(24) 

Wiwe celerity calculated by the  two theories are almost 

identical. 

Following diagram shows the comparison of the wave celerit- 

ies calculated by these two theories. 

1.09 - 

1.08 
c /Co* 

1.07 

1.06 

1.05 
Co* = M 

*** 

1.04 

1.03 

1.02 S?' 

1.01 

1.00 H 

099 «      1 i          i          i 
L 

—i ». 
0 0.02        0.04        0.06 0.08        0.10        0.12 0.142 

Comparison of wave celerity in deep water 

The mean level  of wave profile  is worked out by the following 

equation 

W\vdx 

Let v == (  1 + krj ) coskx 
ke" 

Acoskx 

1 —A k cos kx ke" 
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Substitute this expression to the  integration 

f =^c 
k     V 1 - A2k- 

•— i D 

k CVT 2ft 

2^ 

4JT<5 

\ + e~ 

While the  steepness  is small   i.e.   S —> 0 

4n252      KH
2 

S =• 
2k 

(25) 

coinciding to Rayleigh' s theory. 

To check the relative error,  substitute the value of c i.e. 

equation (23) to the following equation to calculate the differ- 

ence of total water head due  to adopting l-\-2krj   in stead of e2kr> 

1    e*l 

2g   e2 ( e* 1 - 2kv ) (26) 

The result is shown in following figure,   the relative error 

of total water head in the case of extreme heigh wave  is about 

10%. 

h 
1.0 r 46 

0.8 
4t/« 

Aft 

^ / 
0.6 

0.4 

0? 
L = 

H 
2*  Y" 0.142    h = 0.6647 

, bh/k 

on ^              i                                          , 

Relative accuracy in deep water wave 
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ENW  EQUATION   IN  FINITE 

WATER   DEPTH 

Set n = 1  in equations of number (6) 

t/>{x, y) = cy~C1e->"> ( e*<*+i" _e-*<i+,) ] cos£* (27) 

?(*) = — e~kd C e4"^ _«-»<*+?> ] cosAx (28) 

92 = V—' =— e        C e        '2   - e '*    } (29) 

72 = >?..<» =  e*<*[e        '2   - e '2    ) (30) 
c 

Parameter a> is also invoked 

i + „ = ££«-". * C«*t'+?i> + «"'t'+'J>D (3D e 

0 < 1 + a» < 1 

From equation (29) 

(  l+»)/*(« 2+e '2 ] = — e-« 

= Vi /I e '   ~ e '    J 

1 + <u = &]?i co£/z { d + tj!  ) (32) 

«s abtained. 

From the following relationship and equation  (31) 

k(Vl+d) = tanh-'{JlL-)=-enQl + ml + k7>1 (33) 
l + (u 2 (1 +oi ) — &J5>i 

,,               *., ,    /l+(U+A^i         pl+at — knT^ 
(1 + a,^ c/k-de^" (_   / -+   / -^] 

Ci  is found to be 

C^-L^VC1+«>'-*'»' (34) 
A 2 
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From equation (32) 

l-( k2
v

2 )/( \ + u>y = \-tanh2k (d + Vl ) = seeh2k {d + Vi ) 

V(l+ffl)^-^Y^ = ( 1 + ffl ) sechk ( d + Vl ) (35) 

Conseqently 

sink k ( d + y ) 
</>{x, y) = cy - an, ————-—^-  cos&* (36) 

S2»/z k { d + r/j) 

sink k { d + r/ ) 
v(x) = TJ!     .  cos kx (37) 

s i nh k ( a + •n1) 

>7i  should be  expressed by wave height,   length and water 

depth.    From equations (30) (34) and (35) 

-V2=H-Vi=  j^  O -e J 

( l+a>) ,   ,   ,  J N r 
e e      • e -, =  sechk (d + y, ) [ — ) 

2k ' 2ehH 2 

(38) 

Substitute (33)  /o (38) 

V(  l+tt))2-^)?,2 ,.   V( l+O) )+*)?, 
#- i?i = —, C 

2k e"'V( 1+a) ~)-ki)! 

ekH V (  1 +<w ) - *Vi 

V ( l+<u  ) + *1?7 

1       ( l+a>)( 1-e**" )+£?1 ( 1 + e***) 

~~2k^ ekH J 

= — [ krj, cosh kH — (   1 + o) )  sink kH ~) 
k 

From equation (32) 

kH= kvu ( ( 1 + coshkH) ~coth k (d + yj ) sinh kH } (39) 
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g =^L=
71±  f ( \ + cosh2nS )-cothk(d + Vl ) sinh2n$ ) (40) 

r}t can also be computed by Newton — Raphson's method,  then 

the stream function and wave profile are to be worked out, The 

curve of the new theory is shown in following figure,   it  is 

much reasonable in comparison with Stokes 3rd approximate 

curve. 

- 0.7 
L=tx     —= 0.H2 

0.6 

0.3 " 
d 
—= 0.166M9 i    ^ , New 

0.4 

0.3 - t 
\     / Stokes    3rd approxtmat ion 

O.Z / 
O.I 

0 
"2/ 

*    1 
1 

\      \ w 
\            \2 

-IT 0 \               \                                       w 

O.I 

O.Z 

/ 
s^-* 

0.3 

04 

-*"• — "* —• 

Wave profile in finite water depth 

The wave celerity can be calculated by adopting the same 

method in deep water.    Substitute equation (37) to the dynamic 

boundary condition of free surface, 

Vlsinhk(d + V) 1,2    o  2u       coshkjd + yj-) 
  coskx-i { c2 — 2c2kr)1     .  coskx 

sink k (rf + >?i) 2g sinhk(d + T}!) 

,  ,    , sinh2k (d + y) + cos2kx       Q 
-C2k2rn2   ,  }=—: 

smh2k ( d + i)i ) g 
(41) 
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Put  the coefficient  of variable  term to be zero,   the wave 

celerity is worked out  to be 

e sink2 kd 
cz =J-tanhkd/{ l-«V     ••„..., -} (42) 

k sink* k ( d + rjj ) 

For theoretical consistancy, wave celerity formulas  in deep 

and shallow water must be continuous.    Set d —>oo   in equation 

(42) 

(**)*-*x>=4-C i-( k'Vl>/e'"') y 
k 

Substitute equations  (13) and  (19) to this equation 

(     2^        )* 

(c^^oo^-fci ^— r1 (43) 
exp (  —- ) 

1 + e~2'" 

The reality shows  that  the new theory is superior to the 

Rayleigh1 s and Stokes. 

The wave celerities  in various relative depth are shown  in 

following figure. 

In this figure we also see that the new theory is better 

than Stokes which is unreasonable that the wave celerities incre- 

ase more  rapidly in shallow water area. 

The relative accuracy of water head  is estimated as follows. 

1    , cosh k ( d + r> ) — cosh kd 
bh = —{~2c2ki)i ~ coskx + c2k2

Vl
2 • 

2g sink k ( d + -TJ2 ) 

sink2 k ( d + rj ) — sinh2kd — ki) sink 2kd + cos2kx     , 

sink2 k ( d + y]x ) 

sink k ( d + y ) — sink kd 
+ rjt  .   ,  , ,   , , cos kx (44) 

sinh k C d + rj! ) 
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= 0.20CS*okes) 

/ //  —= 0.25(S(oi«s) 

— £0.50 (New) 

A 
0.25(New') 

0 0.02        0.04       0.06       0.08       0.10        0.12        0.142 

Comparison of wave celerity in finite water depth 
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The result of calculation is depicted in the following diag 

ram,   for very high waves,   the relative errors are up to  20 % • 

* 
1.0 r A* 

0.8 
Ad/* 

0.6 

0.4 • 

0.2 

00 

Relative accuracy in finite water depth 

The mean level  in 

ated as follows. 

waves in this case is to be calcu 

1  CL 2f'/2 
f =— I      ydx =— \       njdx 

L- J  o L J  o 

Equation (37) can be expressed approximately by '. 

r/,sinh k ( d + r/ ) 
V = 

V 

sink k ( d + r/t } 

y]i sinhkde' 

sinhk (d+i^j) 

B cosk x 

coskx = B (  \ + kr) ) coskx 

iji sink kd 

1 — B k cos kx 

'L'2    B coskx 

B - 
sinh k ( d + r)! ) 

-JLf    _: 
L)   0        1 -Bk coskx 

lx=~{ 
1 

k     V 1 - B2k2 1 ] (45) 

It can be proved thad while d—>co , B = A= 0/ke° 

Finally the significant range of this theory is shown in the 

next figure. 
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1.06 

c/c* 

d 
T 
d 

>0.50 ^>d 

= 0.30. ^/>^_ d 

c* = 
L 
d 
T 

1.0b 
J~ tanhkd 

dy/S             Breaking limit 

1.04 Deep water tva ve limit 

1.03 0/ s     * '    / / 
'         d 
  —= 0.10 

1.02 4WS? 

1.01 

100 —--n **^^^ 
£.=  —= 0.05 

i                i                i 

H 
L 

ii                   i 
0.02 0.04 0.06 0.08 0.10 0.12 

Significant range of the new wave theory 

CONCLUSION 

L The  new wave profile equation describes the wave motion by 

an implicit function,  can be seid to be an exact solution 

because no approximation approach is adopted. 

2. In the procedure of calculating wave celerity, some approxim- 

ate expressions are used, so that some errors will be acknow- 

ledged in total water head calculation.   However,   the wave 

celerity equation has been   proved to be continuous,   such a 

fact shows the new theory is superior to the    Rayleigh' s and 

Stoke's. 

3. The relationship between wave celerity and relative depth d/L 

in Stokes  theory  is unreasonable.     It  is more consistant and 
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will coincide with the reality in the new theory. 

4. In the era of electronic computer,   the new wave profile equat- 

ion is suggested to be adopted in practical  use after some 

complement such as the exact position of x — axis  is made. 
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