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ABSTRACT

Based on the linear non-dispersive theory, the reflection of a
Converging Cylindrical long wave, of wave length L, onto a Cylindrical
shelf, of radius r = a and positive or negative height 4 h relative to
an otherwise flat bottom, is study analitically. It is found that these
Tinear approximation agrees well with the existing non-linear numerical
solution when the ratio a/L is targe enough. It is also found that these
two~dimensional reflection process is the contrary of the corresponding
one-dimensional case, since the solution of these problem gives a nega-
tive reflected wave for a positive step and a positive reflected wave
for a negative step.

1. INTRODUCTION

this paper we will discuss the reflection of Cylindrical Tong
waves by a submerged Cylindrical shelf of radius r = a. Solving, anali-
tically the linear nondispersive Cylindrical wave equation.

It is known that for infinitesimal wave on constant depth, water
motion in long waves is essentially horizontal, implying that the verti
cal variation is weak and the pressure is hydrostatic. If we consider a
vertical fluid columm of base section dr rd6 and height h + n , whe-
re h is the water depth and n is the wave amplitude measured from the
undisturbed water surface, the rate of change of fluid volume in the
columm is an[at rdrde . If, the vertical variation in the horizontal
velocity is ignored as is suggested above, the net rate of volume flux
into the columm is

__v-& (h+n ) rdrdo,
where V. denotes the horizontal gradient in polar coordinates
2,1 2.
°ar T © )
Mgss conservation is satisfied, if the two rates are equal,(incompres -
sible fluid) hence

8n + 9e ulh+n) 0,
9t B

(1)

*Profesor Agregado, Instituto de Mecdnica de Fluidos, U.C.V.

228



CYLINDRICAL LONG WAVE 229

For waves having a vertical axis of symmetry at all times, the
above equation can be written as

nt+%((h+n)ru)r=0, (2)

where u is the radial velocity considered constant in the entire depth.
In terms of the velocity potential, inviscid and irrotational flow, we
have, that the linear version of equation (2) is

n,t h (r ®r)r =0,

I r 4 (3)
n the momentum pa1ange, we only consider horizontal components
and neglect convective inertia (non-linear term), therefore

i,= -1 9p,
¢ P (8)
Assuming now, that the pressure is hydrostatic,
p = p (n-2)g,
The momentum equation becomes
U,=-g 9n.
' (s)
Introducing the velocity potential into equation (5), we obtain
n=-1 9 . (6)
g 3t

Substituting equation (6) into equation (3), we have

1 a% 2 1
ES =9 ¢+1 40,
2 T T {7)
The above equation_is the linear nondispersive Cylindrical wave equa -
tion, where C = Ygh is the shallow water phase velocity.

Chwang and Wu (1976) investigated the reflection and transmission
of a converging cylindrical solitary wave due to a circular step of -
positive height 4 h and radius r = a, based on a numerical solution of
the three dimensional Boussinesq equation (non-linear theory). Their
main conclusion was that after incident wave reaches the circular step,
the lTeading reflected wave takes the form of a negative wave propaga -
ting in the positive "r" direction (see figure {1)). Wu {1979) presen -
ted a comparative numerical study of the above problem, using different
theories of wave propagation. From Wu's work, it is possible to conclu-
de that when a/L is large enough, where L is the wave length, the re -
flected waves predicted by the Boussinesq theory and the 1linear nondis-
persive long wave model are in good agreement (compare figure 2 with fi
gure 1), just as the transmited waves predicted by the mentioned theo -
ries are differents, result that can be more appreciated when the waves
approach the origin (focusing process). A non-linear analytic solution
of this focusing process has been presented by Chwang and Power {1981),
based on the inner-outer expansions technique to the Cylindrical Boussi
nesq equation.
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The solution of such a problem in one dimension (reflexion of a
planar wave due to abrupt change in the water depth) is extremely easy,
owing to the simple general integral of the one-dimensional wave equa-
tion. As it is known in one dimension we have the deviations from the
mean water level as

nI= f(t + x = Xg ) . (8)
C1
for the incident wave,
n.= 17 %2 f (t - xax )
C1+ o Cl (9)
for the reflected wave, and
[o}
MR T
2 < fo(t+ ‘)
ne= Teytey <, (10)

for the transmitted wave, where the 1nc1dent _lransmitted and reflected
waves have the same shapes, and for (C} = Y ghy) > (Cp = gh,} the
reflected wave takes the form of a positive wave propagat1ng through in
finity. The above conclusion for one dimensional wave is totally diffe-
rent from the one found by Chwang and Wu numerical solution for a two
dimensional wave.

2. CYLINDRICAL LONG WAVES IN WATER OF CONSTANT DEPTH

In these section we are interested in studing the propagation
of cylindrical incoming lTong waves in water of constant depth, whose
maximum wave amplitude is located at r = rg, sufficiently far fromthe
or1g1n when t = 0. To do it, we will follow Lamb{1902) original paper,

‘on wave propagation in two d1mens1ons and Whithan (1974).

To find a general solution for incoming waves of equation 7,
we can use two different approaches, one consist on a Fourier superpo
sition of the periodic incoming solution of equation 7 and the other
technic consists on a uniform 1ine distribution on the z axis, of
three-dimensional point wave sources ,the total disturbance from this
line distribution is clearly a funct1on on]y of the distance r from
the z axis and the time t.

The wave eguation in spherical coordinates reduces to

1 % e r 2 e
2 9tZ arZ R oK

when R = Vr2¥z2 . The source solution of the above eguation producing
incoming wave whose maximum wave amplitude is located at R = To» is
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The total potential produced by a line distribution of the abo
ve source is

~ = 1 f (t+R- d
¢ (r-ro, t) li P (t+R-ry) dz (13)

Let z = r senh u, therefore R = r cosh u, and substituting this chan-
ge of variable in equation{13), we obtain

¢ =-1

2n

o 8

f(t- En_+ E‘ cosh u) du. (14)

To verify that the above equation is a solution of equation (7), subject
to certain condition, let us substitute equation (14) into equation (7).
Then

2 " 1

2n(c (o.0* %_ op) - o) = j°(cosh2 Lt o) %_cosh u f (&)
o]
- £'(£))du
2
= 2 3% f(e)d
4 FZ 8u2 ( )U
2o enhy £ (g)) T, (15)

r u=gp
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where £= {t-rg /c+(r/c)cosh u ) . Eguation (15) is identically equal
to zero, therefore (14) is a solution of (7), if and only if f' tends to
zero faster than senh u tends to infinit when u tends to infinite. Then

under the above condition, equation (14) is a two-dimensional source of

strength f (t - ro/c), producing cylindrical incoming waves, whose maxi

mum wave amplitude is Tocated at r = o when t = 0. Since

2n re, = - 7f(c) coshudu=-r7 (senhu+ e U)f (£)du
(o] C o

o)

== (7 2 fE)dutr T el (£ )du)
[¢]

3u C

(16)
= f(t-ro/c+ r/c) - r ? e f (€)du .
¢ (o]
Therefore, the following 1imit gives the source strength
Tim 2 = -
im 2n ro f(t ro/c), (17)

r >0
or in other words we have a two dimensional source of strength f(t'),
where t' = t - rg/c, whose initiation time is t' = - ro/c.

The corresponding wave profile to the above two-dimensional po
tential is found by substituting equation (14) into equation (6). Then

n {r-ra,t) = 7 f'(t-ro/c + r cosh u)du,
(r2to 2ng © ¢ (18)
Now at t = o we have

n(f;[o,o)=ﬂlh,7 f (r cosh u-rg) du. (19)
¢ ng ° c e

Therefore, the problem is reduced to solving the above inte -
gral equation of the first kind when the initial wave profile,

n{r- ro)/c,o)= ni((r-ro)/c),is known.
The solution of equation (19) is
o

o
rcoshu - rg )= -4g r cosh u f N, (r coshu cosh v ro)dv,
3 c T 6 1c T

(20)
provided that nj (= )= 0

To prove equation {20), let's substitute equation (20) into
equation (19)
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ni (r-ro)= - 2 £ » coshu/ ni(r cosh u cosh v -rp Jdv du (21)
T 7 0T ° < <

tet z = v /c cosh u cosh vandy = r/c cosh u senh v

so that J (u, v} = { r/c)¢ senh u cosh u

transforming the u and v independent variables in the double integral
of equation (21) to z and y variables, then we have

1/2
(22-(r/C)2)

ni(( r-ro)/C)=—§z
n (ZZ_yz_rZ/CZ)l/Z

7 ntj(z~r0/c) dy dz
/e 0 e e

1/2
1 (2242
=2 7 n%t (z-ro/c)(sen” Y ) dz
wr/c ) (22yyl72 0
:—Of;/c ny(z-ro/c)dz
=i (r=rol, (22)
3

Since n; (=) =0, and equation {20) has being proved .

3. THE REFLECTION OF A SOLITARY WAVE o
Consider a single cylindrical wave moving through the origin
in water of constant depth h . Due to a discontinuous change in the.depth
by a Cylindrical shelf of depth hy and radius r = a, son'xe.of the inco -
ming energy is transmitted beyond the step and the remaining part is re

flected backwards. Let the incident wave be

n = f g{t- ro + r cosh u ) du (23)
Cl €1
with €1 = Vg h} the wave celerity in the regionr> a, In this region,

ro>oa, besides the incident wave there must be a reflected wave propa -
gating through infinity that we may choose it to be

n.= R(t + ﬁ;/cl - r coshu ) du.

Cl (24)
In a similar way, in the region r < a we have a transmitted wave propa
pating through the origin with wave celerity C, = /gh, that we may
write it as 2 2
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n= gT(t- rt/cp + r cosh u ) du.

& (25)

The function g is known and R and T at r = a are to be found from the
matching of the pressure and volume flux at the edge of the cylinder
r =a, as is usually done. Then, we have

In this way, we get

R(t+ rp/cy- %1 cosh u ) = c7- ¢, 9 (t-rg/cy+ a/cy coshu ), (27)

and 1+ ¢y
T(t-ri/cp + a/cp cosh u) = 2c)  glt-rg *a coshu }, (28)
€] teo 1 <l

ghe prolongation of the relatjon (27) in the region r > a, can be given
Y
R (t+rp/cy- r cosh u ) = ¢17¢p g(t-ro -(r-2a) cosh u ). (29)
cl ”é’lj'c"e“ €1 ]
Substituting equation (19) into equation (24) for the reflected wave.
We get
Ny = cl-c2 é’ g(t-ro ~(r-2a) coshu ) du , (30)
c1te? cl €1

The above relation is not a solution of the cylindrical wave equation,
as can be seen by substituting the following potential

¢ = Z f(t-(r-r') cosh u) du (31)
c

into the cylindrical wave operator.Since

2 2 o
(Cz(%;'rw“ - *27)-*372) fof(t-(r—c—c)coshu) du =

1 " _ 2
j: ( —:f—f (t- (f——;«—r—) coshu) coshu - f ( t - (_r_c_r_) coshu)senhu)

2 2 1
- ¢ ® 9 _(r-r -
dwe —C e T Ay (f (t - (BT coshu)) du

(r-r")

r_ge f' (t _(L.Em’l) coshu) coshu du
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2
C ) ,
= - ; Lo 8 (t- =T coshu) coshu/c du
(r-r) r 0 c
C2 v 30
=- -7 oy B0 for 0>, (32)
(r-r") r

where we used the condition that f' tends to zero as u tends to infini
te. Therefore, these standard technique does not bring a solution of
the reflection of a general cylindrical long wave. The way around this
difficulty is a Fourier superposition of the reflection of a cylindri-
cal periodic wave , where the above technique gives the following solu
tion for the reflection and transmition of the incident periodic waves

_ ' iwt
np = Ap Hy (kpr)e
propagating through the origin, as: (33)
- 2 iwt
n.= AR (w) Ho (klr)e (34)
for the reflected wave and
= AI T(w) Hé (k?r) eiWt
i (35)

for the transmitted wave. The function R(w) and T(w), reflection and
transmission coefficient respectively, are determined by the matching
condition at r = a, and are found to be

ROW)= (] (ky2) - (7 h2 HY (kja) HE(kpa))/

(HE(Kya)H (Koa) VF3 - Ho(Kya) Hl(koa))
0 1(K2 Y_hi_ 1tk1a) Holky (36)

and

1

T(w)= (Ho(Kpa)+ R(w) K2 (kpa))/ Hi(kpa), (37)

where K, = w/ /g h and k, = w/ /gh, and w is the wave frecuency.
Therefore, the above equatmﬁs give g dependency of the reflection
and transm1ss1on coefficients with the wave frecuency.

By a Fourier superposition of the above problem, we have that an
incident wave

n= T Aw) H (kg r)e™ du, (38)

-
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will be reflected and transmitted as

iwt
(klr)e dw (39)
and
n=7 A Wy

w

(w) T{(w) Hé (kzr) e w. (40)

1
Then, the incident, reflect and transmitted waves have differents sha-
pes. Because the Fourier coefficients of the above integrals are diffe
rent functionsofw, this is a new property characteristic of the three
dimensional effect of the fluid motion (planar waves are reflected and
transmitted with the same shape as the incident waves)

The above technigue leads to integrals that must be solved nume
rically. For this reason in the remaing of the section we will present
the following approximate asymptotic analysis of this problem. To doit
we will look first for the reflection of aspherical wave due to the -
presence of a sphere of radius R = & of different density to that of -
the medium in which the incident wave is propagating.

@y= ~ 1 f(t + R-r ,
Uy El‘*O) (41)

Whose maximum is at R = ry when t = o, we will have a reflected wave po
tential
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o= - 1 Y (t- Rrp), (42)
47R =
€1
whose maximum is at R = e when t = 0, and a transmitted potential
o= - 1 _ h{t+ R-r¢ ), (43)

4nR o

whose maximum is at R = r_ when t = 0. wherer, and ry are to be found
t
later.
The functions yand h at R = a are determined by the matching -
condition at the surface of the SPhepe Of radius R=a. From the flux
condition, we have

3 (e+¢ )= 3 ¢ at R=a
R ) r 3R t
or : '
10 f (t+a-ro) - Y (t-a-rp ))- 1 (f (tta-rg)- Y (t-a-rp))
3 ¢ o C <l o
1 1 1 1
= Lh(trarg)- 1 n (t+arg), (44)
a ”c? C2 (o

If a is large enough, the above equation simplies to

1 (F (thamrg)- ¥ (t-a-rp ) = 1 h' {tra-ry), (25)
c] cl ’Acl' - C 2 "CAe“"

and from the pressure condition, we get

Fl (@I at R-=a
at

o )= 3 ¢
Y

or

f'(t+a-rp)+ Y'(t-a-rye) = h'( tta-r¢),
1 T 2 (46)

by combination of equation (45) and (46), we obtain

h'(trasry )= 2 Cp ' (ta-ry) (47)
RV a
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and

Yl(t‘a'rr‘)= - (51 "C_Z_) f! (t+ a_rO)' (48)

The prolongation of equation (47) and (48) in the region R < a
and R ® a respectively can be given by

h'(t4+R-ry ) = 2 Cp f' (t+ R+2a-2a-rg) . {49)
<2 ¥ €2 €1 €

Therefore re=at C2 (ro - a)/C] , and

YO (t-Rerp ) = - (e -c2 ) f' (t-R+ 22 -1rg ), (50)
T vy 1 951
Where r_ = - (ro - 2a), and a is sufficiently large compared to the wave

lenght.r

By a superposition of infinite sources on the z axis, line sour-
ces,as the ones given by equations {41) and (42), with the relation bet
ween y and f given by (50), we will have an outgoing wave

n.=-1 (cp-cp )T ft-(ro -2a)- r coshu )du

Zng (51)

g, ° a q

That will be the approximate reflected wave, from a cylinder of radius
r = a, of the incident wave

ng= 1 Ff' (trg +r coshu ) du. (52)
2ng © g ¢l

Since in the integration that we have to do in order to get the reflec
ted wave given by (51), the integrand is proportional to 1/R and there
fore the mayor contribution comes from the sources near the origin,whe
re the waves generated by that sources are the reflected waves by a -
surface almost cylindrical of radius r = a of the corresponding spheri
cal incoming waves, the above approximation tends to the exact solution
whe? the radius r goes to infinite (see the definition sketch given be
Tow).
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a/L>»1

e a

) Usjng the equation{20) of section 2, we get that f' in the above
equation is a function of the initial incoming wave profile, given by

1

f{r coshu - rp )=-4g r cosh u ¥ ny (r cosh u cosh v-ro)dv
c 53 G o ¢y €

(83)
or

f'(-r cosh u- (rg-2a )) = 4g r cosh.u 7 ni {~ r cosh u cosh v
c1 I~ cl o cl

~(ro-2a) gv . (54)
4
Therefore, when we have an initial incoming wave profile

. (r - ro)/C], t = 0), the reflected wave can be approximated, for
a ]grge r, by

"ro£ (il_;iZ__) ({ (t-r coshu) ¥ ni ({t-r_ cosh u ) cosh v
O

cl

ENNY

(55)



242 COASTAL ENGINEERING—1982

€+ c+

=

FI6. 4 3




CYLINDRICAL LONG WAVE 243




244 COASTAL ENGINEERING—1982

In particular a solitary wave, free of discontinuities, can be
obtained if Lamb's (1902) source strength is assumed as

2
fth)= /(6% %) with t'= t- (rg-2a),

2 (56)
where T is a parameter, the function f (t') has no definite beginning
or ending, but the range of time within which it is sensible can be ma
de as small as we please by diminishing t . With the above source =
strength, the asymptotic form of the reflected wave is

3/2
n=- 1 (cy-c2) /T 1 sen (1 -35)cos S,
r ay2 ¥z roogr 3 2
where -1
S= tam ( t- rg-?a- r 1), (57)

1
T Ei”' cl

Equation (57) is plotted in figure 3 for the case C > C,, consis
ting of a negat]ve main wave followed by a longer positive sma?l tail,
and 1t is in agreement with the numerical solut1ons for both cases

, where for a positive shelf, C] > the reflected wave is ne

gétive gnd for a negative shelf, C2 1 R tﬁe reflected wave is positi
ve (see figures 1, 2 and 4).
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