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ABSTRACT

This paper describes a mechanism of breaking waves over sloping bot-
toms in terms of changes in integral quantities of the waves. Systemat-
ic computations are made of wave profiles of shoaling waves up to the
numerical unstable points by using the X-dV equation with variable coef-
ficients and internal properties such as horizontal and vertical water
particle velocities by a stream function method satisfying the conserva-
tion laws of mass and energy. Applicability of the numerical results
is examined and a relation between numerical unstable points and actual
breaker points is found. Characteristics of the integral quantities of
shoaling waves are investigated in relation to the existence of the ex-
tremum of the energy of the shoaling waves and their breaking inception.

INTRODUCTION

A sound knowledge on breaking waves is very important for coastal
engineering, as stated by Longuet-Higgins(1980) at the Sydney Conference.
However, theoretical elucidation on the mechanism of breaking waves on
sloping bottoms is not enough, although many prominent theoretical inves-
tigations have been carried out on this problem. A series of studies
by Longuet-Higgins et al. (1974 & 1975) obtained the very interesting con-
clusion that the integral guantities, such as the phase speed, momentum
and energy increase with wave-height initially, become maxima and then
decrease; that 1s, these quantities reach their extrema at a wave-height
preceding the highest wave. So, a great interest is now being taken in
the relation between the existence of the extrema of the integral guanti-
ties and breaking inception and in the derivation of the breaking incep-
tion from the behaviour of the integral quantities which reflect the
properties of the whole wave field, by regarding the wave breaking as an
instability of the field.

Because symmetrical wave formes were assumed in their calculation,
the conclusion obtained by Longuet-Higgins et al. indicates only that the
integral quantity of the highest wave is not usually maximum and does not
directly show that extrema arise in the integrals of shoaling waves on
sloping bottoms. Therefore, it is necessary to calculate the changes in
the integral quantities of shoaling waves in order to investigate the
mechanism of wave breaking on a sloping bottom which is important in
coastal engineering.
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Here, based on the results of the authors' studies (1979 & 1982) on
the transformation of shoaling waves over sloping bottoms, are made com-
putations on the wave profiles of shoaling waves up to the numerically
unstable points by using the K-dV equation with variable coefficients.

At the same time, the internal properties such as water particle veloc-
ities are computed for the given wave profiles at each water depth by the
stream function method, satisfying the conservation laws of mass and en-
ergy. The relation between numerically unstable points and the actual
breaker points defined by Goda(1980) are also examined, and investiga=-
tions are made of the characteristics of the integral guantities of

shoaling waves over sloping bottoms. It is then shown that whether the
energy of shoaling waves has extrema or not is a function of the surf-
similarity parameter (1974). Finally, examinations are made of the rela-

tion between the existence of the extrema of the energy of shoaling waves
and breaking inception or breaker type.

CALCULATION OF INTERNAL PROPERTIES OF SHOALING WAVES ON SLOPING BOTTOMS

z Woves
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By considering irrotational ; z’{x, 1)
wave motion over a uniformly slop- H, <<65<§<§#6§§
ing bottom and taking a Cartesian
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co-ordinate system as Shown in l l
Fig.l, the governing eguations are o) X
given as Fig. 1 Co-ordinate system and
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where, the subscripts denote partial differentiation, ¢ is the velocity
potential, z' the water surface displacement from the mean water level,

B the height of the sea bottom above the horizontal co-ordinate, h, the
depth of mean water at the origin and g the acceleration of gravity.

The above equations can be directly solved by a numerical method, such as
the MAC method. However, there arise the problems of the great effort
necessary for the computation and the insufficient accuracy of numerical
solutions in view of the labour expended, so that the following approach
is adopted here.

For our calculations the following four assumptions are made.
i) Bottom slopes are gentle and the water depth changes dependently on
X = exX in which € is a small parameter, and therefore,
ii}the wave reflection from the sloping bottom is negligible and mass
transport by waves is not bound by a sloping bottom. In addition,
according to the conclusion by Stiassnie et al.(1975) that the effect of
wave set-down is less than about one percent of the water depth, the
third assumption is
iii)the effect of wave set-down is negligible. and lastly,
iv) the effects of nonlinearity and frequency dispersion of waves and
bottom slope are of the same order.
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By developing Kakutani's approach(1971) to a higher order approxima-
tion on the basis of these assumptions, Eq.({(l) yields the following
tractable wave equation using a new expression of wave profile, n.

n. + 3 2¢ct + ¢ _ 2

T ¥ IMg/2e + congey - BXn/4c] = el~cingg,. /15
~3Ngn. . /2¢c, - 2nn -
gNgg/2¢, gge/3¢, 2c,Nge /3 + Bing, /2 - 3n2ng

72e§ = mgQe/el -3nng/cl - ./2c, - SBin? /8¢

+ BXa_/2¢,) + o(e?) (2)
where W

cy = VI-B* = VBF, £ = e’ (Jax*/c, ~ t*), T = xt,

B* = B/h,, x* = x/h,, 2z* = z/h,, t¥ = t/g/h,, h* = h/h,, (3)

e = (h, /L )?<<l, ¢ = 2z* - B*, en = z'/h,

L1 is the wave-length at the origin and a new expression of the velocity
potential, ©, has the following relations

QE -no= C(Congg/z + n%/2ct ) + ole?) (4)
[ Y2 € 2 1 2

e = € ( Q- — z*q s * — .

b /el 2% Sgg * ZEET Sppee ) (5)

The applicability of the numerical results of Eg.(2) has already
been examined in detail by comparing them with the results of the experi-
ment without the restriction on mass transport by waves due to a sloping
end wall of the wave flume and the influence of wave reflection from the
end wall. As a result, it was concluded by authors(1979) that the first
order solution, which is the numerical solution of the lowest order equa-
tion of Eq. (2) given by

Nyt g‘ canng ' o - %1‘ cf Bn =0 6)
is stable and applicable to shoaling waves over sloping bottoms. The
second order solution, which is the numerical solution of the second or-
der equatiO? of Eq.EZ), however, — Experiient ek -g42
because of its round-off errors -~ Ist approx H/h =012 ;
and secular terms, is not as appli- — 2ndapprox ) Bx = {720

cable. In Fig.2 is shown an ex-
ample of the comparisons between the
numerical and experimental results
of wave profiles of shoaling waves.
Here, the thin, broken and solid
lines indicate the results of the
first and second order solutions,
respectively, and the heavy lines
indicate the experimental results.
Therefore, based on the assumptions
i), ii), iii) and iv), and as far as
the wave profiles of shoaling waves
as concerned, it could be said that
the numerical solution of Eq. (6) can

be used instead of the direct solu=- 0 05 T 15
tion of Eg.(1). Hence, the present Fig.2 Comparison of wave profiles
problem is reduced to finding the determined from numerical solu-

velocity potential ¢ satisfying Eq. tions and from experimental data

deter
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(1) against the water surface displacement z' derived from Eq. (6). The
mathematical formulation of ¢ has already by the authors(1980) as:

b 1

/5% = en + e’ =5 n? o+ (z#7-1) Mg+ Bin } + o(e?) (7)

The characteristics of the horizontal water particle velocities were nu-
merically examined through Eq.{(7), and it was found that the accuracy of
the high-order differential quotients computed numerically became lower
with shoaling water. So, by paying attention to the physical signifi-
cance of Eq.{(7), i.e., that the velocity potential of shoaling waves is
mainly subject to the water surface displacement and suffers the direct
effect of bottom slope only in the second order, the following approach
is here adopted, where the effect of water surface displacement given by
Eg. (6) is evaluated as accurately as possible instead of ignoring the
direct effect of bottom slope as assessed in Eq. (7). Therefore, in or-
der to use the WKB method, a fifth assumption must be made:
v) Both water surface displacement and velocity potential depend oh two
variables, v and X, expressing the phase change and the gentle change
in water depth, respectively:

z (x,t)=z2"(v,X), d(x,z,t)=¢(v,X,z) (8)

1K
v :—f K(X)dx-uwt (92)
€l

K(X) is the wave-number dependent on the change in water depth and w,
the angular frequency, independent from the change according to the con~
servation law of wave-number.

25

This assumption can be sufficiently justified because the expression,

coz' B*
. £Le .
2z (£ ,1)=2 ({-(cdr), C= =" 4o tre T (10)

2ec) 3zé 4c?

can be derived by considering that the water surface displacement, z'=
(hy/e)n, is a solution of Eg.(6), and then

Ex/z 14

{
E-lcdr= w--—{JK(X)dx-—mt} (11)

I

can be obtained.

Application of the assumptions of 1) and v) to Eq.({(l) yields the
following equation, where the effect of the water depth change rate is
explicitly expressed by the small parameter, €.

K? ? =
Quu+¢zz+€<KX¢u+2K®uX)+e ¢XX o

—wé +£(K2¢Z+¢Z)+gz'+€K¢ ¢ +£:¢2—0 at z=h,+z’
v'2 vz viX2 xT -

(12)

- ’ 2 - - - 2 - _ -
sz+K ¢vzu ¢2+5(K¢XZU+K¢sz)+e ¢XzX_O at z=h,+z

_ 2 = =
¢z+€KBX¢v+€ BX¢X-O at z=B
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Here, a final assumption is made concerning the velocity potential ¢:
vi) The velocity potential ¢ can be expanded as a power series with re-
spect to the small parameter ¢ as:

¢(U,X,z):¢D(U,X,z)+5¢,(U,X,z)+"', (13)

Moreover, by exchanging v for a new variable 6 and defining the
stream function ¥, respectively, as:

3 3 52 232
ﬁ:KR ’ ﬁz:K 552 , f=x-c(X}t , (14)
'Uz=¢9_C ’ ‘b6=_¢z 4 (15)

the following equation, expressed with the stream function, is derived in
the lowest order O(1l) from Eq. (12).

724=0 ,
l 2 2y "l 3 _ .
Z(We+‘bz,+gz =53¢ at z=h,+z |
. (16)
Y=¢, at z=h,+z ,
y=0 at z=B ,

where ¥, is a constant denoting the total volume rate of flow underneath
the steady wave per unit length in a direction normal to the x plane.

As mentioned above, the water depth change rate is of the order e
and from the assumption i) the value of & could be considered small
enough that the velocity potential ¢ can be sufficiently evaluated by the
lowest order term ¢, that is, the stream function defined in Eq.(14).
Thus, under assumptions i)-v), although ¥ is an explicit function of 8
and z alone because all terms dependent on the change of water depth,
such as bottom slope, are neglected, and although ¢ is indirectly affect-
ed by water depth change through the conservation laws, the mathematical
formulation satisfying both Eqg.(15) and the conservation laws against the
water surface displacement z' given numerically from Eq. (6) is synonymous
with Eq. (1).

2. Examination on Conservation Laws

The effect of wave set-down is ignored by the assumption iii), so
that the conservation laws to be satisfied become those of mass and en-
ergy alone. They can be expressed in a two-dimensional wave field of
steady state, shown in Fig.1l, as:

T
g—i{[ *oudz) -0 an
B
” CR
g;[[h‘+pu{—;—(uz+wz)+%+q(z—h, )Ydz | +egng g—x{[ 1TPhaz) =0 (18)
B B

where the bar -— indicates averaging over one period, and Ng is wave set-
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down. It is found from Eq. (18) that the uniformity of energy flux by
waves is satisfied independently from the evaluation of wave set-down
when the conservation law of mass is satisfied. Substitution of Eg.(15)

into Eq. (17) yields

d hﬁz'
ETX{EB Kéoydz } + o(e?) = @ (19)

The conservation law of mass is satisfied unconditionally in the same
order O(l) as in Eqg.(16), so that it can be considered in the order of e.
Hence, the law is expressed as

I:E’h‘+Z(wz+c)dz:s{wu+c(h,—8)):const. (20)
B
where I is the mass flux by waves.

By similar examination on the conservation law of energy, the law
can be written in the order of ¢ independently from wave set-down as:

Lo btz L e, ly2 B,
WJIB o(b_+c)iz(¥ +c) +2\l)e+p+g(z h)ldz

:%pc{(3C+G)1—cﬁ(hl—5)—Zgz’l}:const. (21)

where W is the energy fiux by waves.

3. Catculation of the Stream Function of Shoaling Waves

By considering the theoretical result(1980) that mass transport ve-
locity U is given in Eulerian co-ordinate due to a nonlinear effect when
the phase of z' is assumed to agree with that of ¢, a generalized mathe-
matical formulation of the stream function is assumed as

v, 1 _—G—) . N N;l sinh(n—2)nX(2)L
hy'gh x(l)x(z) vgh n=4,6COSh(n_2)“X(2)
[X(n)cos{(n—2)wx)+x(n+1)sin((n—z)nx}] (22)

where T=(z-B)/h, X=(x-ct)/L, X(n) is the n-th coefficient, especially
X(l)=TVg/h, X(2)=h/L, X(3)=wo/h gh and T wave-period. The dynamic
boundary condition at free surface shown in Eg. (16) can be rewritten with
respect G as:

- - 1 - -
éu2+(uw—c)u+§(u;+wz)—CUW+EZ =0 at z=h,+z (23)

where u, and w are the periodic component of the horizontal and vertical
water particle velocities respectively. They are in the following rela-
tion with the stream function.

‘PX:—W Y =0 +u -c (24)
Z w
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Hence, uy and w are expressed by Eq.(22) and (24), respectively, as:

N-1 (n-2) X(Z)cosh((n—Z)ﬂX(Z)K}
u = 3 {X cos(n-2)my
YW o-4. 6 COSh{(n—z)ﬂX(2)} (n)
n=a, +X(n+1)sin(n—2)wx}
N-1 (n-2)nsinh(n-2)nX 4 25)
w= -Z cosh(n_2)7x (2) {X( 1)cos(n—2)‘"X
n=4,6 Rt (2 nr

—X(n)sin(n-2)wx}

Moreover, the mathematical formulation of water surface displace-
ment using the stream function is derived through the kinematic boundary
condition at free surface:

. - x<l)x(2) x N;l sinh((n—2)ﬂX(2)(l+Yi)}
i - (37 h -
1—(u//§H)X(1)X(2) ned,6 cosh{(n 2)ﬂX(2)}
{X(n)cos(n—z)nxi+x(n+l)sin(n—2)nxi)]—l (26)

Hence, as long as the above exXpression is used, the conditions to be
satisfied by Egq.(22) become a binding condition, i.e., the wave profile
expressed by Eq. (26) must agree with both the numerical solution given by
Eqg. (6) and the conservation laws mentioned above. Although these condi-
tions determine the coefficients X(n).uniquely, some of them are subject
to nonlinear equations with respect to X(p). S0, the determination of
the stream function satisfying the above conditions is carried out by a
method similar to that used by Rienecker et al.(1981). The unknown co-
efficients to be determined are X(2)+ X(3)~~~X(n), their total number
being N-1 guantities.

The conditions to be satisfied by them can be expressed as follows:
Firstly, as to the wave profile conditions, the numerical solutions of
Eg.(6) and z! must agree with the expression shown in Eq. (26}, so the
conditions written as

fi = 2¢i/h - ¥y = 0, i=1,2, - - -, N-3 (27)
must be satisfied. Here, i indicates the i-th phase during one period
divided impartially by N-3. Secondly, the conservation laws of mass

and energy expressed in the order of e are, respectively,

Ty = €I-1) £y ) = e(W-y) (28)

where the subscript o denotes the quantity in deep water and I is written
by the expression shown in Eq.(22) as:

N-1
1=1uh+h/ER I tanh{(n-2)rx X _
n=g ( Y (2)}( <n)cos(n 2)nxi
* Rqerysin(o-2)y; 3 (29)
Here, the subscript i denotes the pahse giving Y; = 0. The N-1 numbers

of equations shown above are solved by Newton-Raphson's method so that
the internal properties of shoaling waves can be calculated under the
six assumptions mentioned above.
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4. Examination of the applicability of Numerical Solutions

An examination by Iwagaki et al.(1974) has already been made of the

applicability of Dean's stream function method (1965) to the waves on

sloping bottoms.

results at each water depth with normal wave flumes, and
ity was determined for shoaling waves with deformed wave
Their conclusion was that the stream function method can
waves with asymmetrical wave profiles on sloping bottoms
wave profiles can be accurately calculated, although the

Water surface displacement was given by experimental

its applicabil-
profiles.

be applied to
as long as the
method should

be primarily developed for uniform waves with symmetrical profiles.
Hence, it is thought to be possible to apply the present approach, as

well as the calculation by Iwagaki et al.(1974).

However, the present

approach is different in that the satisfying of the conservation laws,

is not required in the usual methods

So, an examination is here made

of the applicability of the horizontal water particle velocity computed

by the present approach.
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Fig. 3 Comparison between numerical solution and experiment by
Iwagaki et al. of vertical distributions of horizontal water particl

particle velocities

Fig.3 shows the comparisons
between the numerical results
obtained by the present approach
where the measured wave profile
at h/Lg 0.069 was given as
initial value and experimental
results by Iwagaki et al. of ver-
tical distribution of horizontal
water particle velocities of
shoaling waves. And Fig.4 shows
comparisons of their corresponding
wave profiles up to the breaker
point noted by h/Lg 0.028 in the
figure. Here, the solid line shows
the numerical results determined by
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Fig. 2 Comparison of wave
profiles determined from
numerical solutions and from
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the present approach and both of circles and broken lines show the ex-
perimental results. It might be said from the figures that the present
approach is applicable for the calculation of the internal properties of
shoaling waves up to a breaker point, although the examination was made
only of the water particle velocities and wave profiles and although
their numerical results seem to give larger values at the breaker point
than the experimental ones which probably suffered from the effect of
back currents from the end wall of wave flume.

CALCULATION OF INTEGRAL QUANTITIES OF SHOALING WAVES
1. Definition of Integral Quantities

The method used by Longuet-Higgins(1975) can be applied to the pres-
ent approach, and the expression of the various integrals can be derived
as in the following, if the integralsgs are evaluated in the same order,
0(1l), as the terms in the equations mentioned above. The potential en-
ergy E, at arbitrary water depth is defined as:

1 -
E = 2
p =7 f8z (30)
and the kinetic energy Ex is defined as:
Sh,+z‘1
= = _ 2 2
Ep = B 5 D{(‘vz c)® + ¥g tdx (31)

By applying the expression defined by Longuet-Higgins, Eq.(32) can
be rewritten as:

By =5 ole®h - (T + o)D) (32)
In the same way, the radiation stress S can be expressed as:
h, +z' \ 1 R
S = &B (p + pu?ldz - §-cgh
= 2cl - 3Ep (33)
Then, the energy flux W shown in Eq.(29) can be expressed as:
W=%oc ((3c+G)I—Gch-4Ep; (34)

Therefore, the integral quantities of shoaling waves can easily be
calculated within the limits of O(l), as long as the values of the wave
celerity, the potential energy and the mass transport velocity can be
given at an arbitrary water depth.

2. Definition of Breaker Point

In order to carry out the computation of the integral quantities of
shoaling waves up to the breaker point, the breaker points must be rea-
sonably and accurately defined and the computation of the stream func-
tion with sufficient accuracy must be possible. The former must be in-
vestigated here because the definition of breaker points has not yet
been established theoretically, although the latter is satisfied by com-
parison with experiments including the actual breaker points. So, some
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examinations must be made of the breaker points to be used here.

Although the theoretical breaker point is thought to be defined by
the singular point of Eqg. (6) in the lowest order, the equation has not
been yet analytically solved, so the condition for the singularity can-
not be obtained theoretically. Therefore, the breaker point is conjec-—
tured from the behaviour of the results computed numerically under the
conditions of the wave steepness H,/L, and bottom slope By described in
Table 1, where the values of the well-known
swfsimilarity parameter y = Bx/ YH,/L, are
also shown. The computations start from
the point of h/L, = 0.08 and the values of

Table 1 Conditions of
wave parameters coemputed

L/Ls and H/H, at the point are computed by Ho/Ly | Bx Ly
the energy flux method(1977). 0.004 ! 1/10 1.58°
0.008 1 1/10 1.12
Fig.5 depicts the changes in wave- 0.01 1/10 1.00
heights of shoaling waves computed from Eq. 0.00411/20 0.79
(6) as a function of the surf-similarity 0.008 | 1/20 0.55
parameter. Here, the solid circles indi- 0.01 1/20 0.50
cate the breaker points defined by Goda and 0.01 1/50 0.20
expressed as 0.02 1/50 0.14
0.04 1/100 0.05

H
n

—13=o.17[1-e><p{-1.5n(—, )

L, fao

w/3

(1+15 By V] (35) 24 =

It can be found from the figure that
the extrema always exist in the 22 A
changes in wave-height. The occur-

ence of the extrema is conjectured

to be caused by a kind of instabil- 20
ity in the numerical solutions, H
which can be attributed to the ex~ Ho
cessive value of the curvature of .81
the wave profile at crest. So, the
relation between the existence of
the extremum noted in the figure and 161

the upper limit of a curvature of \\
water surface displacement at crest

of the numerical solution of Eq. (6} 14
were examined to discover the reason

for such an extremum. In Fig.6

white circles shows the values of |2 -
the curvatures at the point of max-
imum wave-height of the numerical

\
\
\
s
8102 2

solution, and the points defined [Xe} Ongd breaking inception

by Goda's breaking inception are {

indicated by solid circles for 4 6 4,6 80!
every value of the surf-similarity

parameter. It can be noticed that Fig., 5 Changes in wave-height

the upper limit of the curvature
exists in the vicinity of the val-
ues of 10% for every value of the
parameter, and the maximum value

of shoaling waves as a func-
tion of the surf-similarity
parameter
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for wave-height computed by Eg.(6) depends on the upper limit of the cur-
vature of the numerical solution. Therefore, it is assumed that the
theoretical breaker point in the numerical simulation generated by Eq. (6)
is given by the upper limit.

Fig.7 shows the relation between the theoretical breaker indices,
i.e., the ratio of wave-height to water depth at the breaker points, Hy/
hy, and the actual indices defined by Eq.(35). Here, the sclid lines

G T T P
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4 i i
(o] i | |
2 i ! ’ : |
| i ;
I ] OQJ J g
8 ? Pe,e |4 4
6|, i . :
et ‘
2% i [ ' —
co P o
o s - /50 or less "
6| , Numerical breaking inception ® Baltom slope=1/10
4 A ; ¢ 4
e Goda's breaking inception : 051 - R
2 i ! » P
. . \ ‘ i o ” vioo| ||
© 02 04 06 08 | 41z i4 16 ST i 66 .2 ¢
H 103 102 %o/, © 8
Fig. 6 Curvatures of the heighest Fig. 7 Comparison between the
waves and the surf-similarity theoretical breaker indices and
parameter the actual ones defined by Goda's

breaking inception

describe the breaker indices
given by Eq.(35), and circles

I e S o

TTTT T
Goda's breaking inception

indicate the theoretical 08 _ +747 ~
indices for all bottom slope
conditions. It could be .- )

considered from the results
shown in the figure that most
of the theoretical breaker
indices exceed the actual
ones and that the numerical
solutions are stable and con-
tinue to maintain sufficient
accuracy in the shallower
water beyond the actual break-
er points. And, it is found
that the dependency of the
theoretical breaker indices
on bottom slopes reasonably

i
corresponds to that of the fo
actual breaker indices, al- Fig. 8 Changes in the ratio u,/c of
though there are a few dif- shoaling waves with the surf- similar-

ference with regard to the ity parameter
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absolute values between them. Thug, the definition of the breaker
points as being dependent on the upper limit of the courvature is regard-
ed as reasonable. So, an investigation is made on the relation between
the theoretical breaker point and Rankine-Stokes' condition of greatest
wave-height.

Fig.8 shows the change in the ratio of the horizontal water parti-
cle velocity at crest, u., to the wave-celerity, c, of the shoaling waves
computed by the present approach up to the theoretical breaker points.

It is noticed that all the values of the maximum ratio uc/c do not exceed
1, although the ratios at the breaker points approach one as the value of
the surf-similarity parameter increases. This result means that shoal-
ing waves on sloping bottoms become unstable and begin to break down be-
fore Rankine-Stokes' condition is satisfied and that the breaking incep-
tion of shoaling waves is controlled by another condition besides
Rankine-Stokes' condition.

Fig.9 ghows the change in
the small parameter ¢ with the
ratio uc/c definded by Longuet-

e Goda's breaking inception

Higgins (1975) as: 08
- - 2 - 2
o =k (U ~¢)“(ug ~¢) (36) T
c2c%
o2}

It is found that the parameter

0 has a tendency similar to the

ratio uc/c and that any given 04
value of ¢ does not exceed 1

because of the similarity of

the parameter ¢ to the ratio

uc/c, although the value ¢ of 02
the highest wave becomes 1 in

the calculations by Longuet-

Higgins et al.. o T
Therefore, it is to be expected 4 6 8 92 2 .t 8 B
that results considerably dif-
ferent from his will be obtain-
ed from the changes in the in-
tegral quantities of shoaling
waves computed by the present
approach.

Fig. 9 Changes in the ratio u./c of
shoaling waves with the surf-gimi~
larity parameter

CHANGES IN INTEGRAL QUNATITIES WITH SHOALING WATER

Fig.10 shows the changes in the potential energy of shoaling waves
with the surf-similarity parameter up to the theoretical breaker point
computed by the present approach. It is found that the extrema of
potential energy always exist before both the breaker points are attain-
ed and that the integral quantities of the highest wave are not always
maxima. This agrees with the result shown by Longuet-Higgins et al.(
1974), although the effect of the surf-similarity parameter is not taken
into account in their calculation. It is thought that the existence of
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such extrema is due to the sharpening of the wave crest caused by the
tendency of the competition between the nonlinear effect and the disper-
sive effect to deform the wave profile which is strengthened with shoal-~
ing water.

Fig.1ll shows the change in the kinetic energy of shoaling waves
obtained by the same computation continued to the breaker points. It
is found that the extrema of kinetic energy do not always exist before
the breaker points are attained, in contrast to the case of potential
energy and that the existence of the extrema depends on the value of the

surf-similarity parameter. This is very different from the results of
Longuet-Higgins (1975) which state that these extrema are always found in
both the potential and the kinetic energies. This result indicates

that there is a difference in the existence of the extrema of kinetic
energy between shoaling waves with asymmetrical wave profiles on a sloping
bottom and uniform waves with symmetrical wave profiles on a flat bottom.
Therefore, it could be said that there is a difference in the internal
properties, such as water particle velocities, between these wave types
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and that the conclusion obtained for one cannot be directly applied to
the explanation of the wave breaking for the other.

Fig.12 shows the change in the
total energy Ey of the same
shoaling waves. Several mat-
ters are clear from this figure.
The existence of the extremum
of total energy depends on the
value of the surf-similarity
parameter Jjust as that of the
kinetic energy does. The ex-
trema arise with the value of
the parameter p under 1.12 be-
fore the theoretical breaker
points are attained and under
0.79 before the actual breaker
points are attained. The
critical value of the parameter
controlling the existence of the
extremum seems to be between 1.
12 and 1.58 where the theoreti-
cal breaker points are applied
and between 0.79 and 1 where the
actual breaker points are appli-
ed. It is well-known from the
experiments by Galvin (1969) that
the breaker type depends on the
value of the surf-similarity
parameter and that a spilling
breaker occurs when the value of

1T [T

® Goda's brecking inception 1

i
\

Ep/(pgHZ/8)

1

| | J L

h/le 4 6

i
|

| !
I

8 o7

Fig. 12 <Changes in the total
energy of shoaling waves with
the surf-similarity parameter

the parameter is less than 0.5.

Hence, it could be judged that

the existence of the extremum closely
relates to the breaker type and that a
spilling breaker occurs due to the in-
stability of the transfer of wave en-
ergy when the value of the parameter u
is less than the critical value men-
tioned above. The extremum exists
because the conservation law of en-
ergy is satisfied in the present ap-
proach, the decreasing of the total
energy with shoaling water requiring
the increasing of the energy transport
velocity of shoaling waves.

Fig.13 describes the change in
the ratio of the energy transport
velocity to the wave-celerity, c_/c,
of shoaling waves continued to tge
theoretical breaker point. It can
be noticed that there is a tendency
for the ratios cg/c at both breaker
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points to decrease away from 1 as the value of the surf-similarity param-
eter increases, although the computed results scatter considerably of
numerical errors in the computed value of wave-celerity. As it is
judged that the energy transport velocity cannot physically exceed wave-
celerity, instability with regard to energy transfer is considered to
occur when the ratio ¢, /c exceeds 1. Accordingly, this instability of
energy transfer occurs dependently on the parameter and becomes liable
to occur as the value of the ratio approaches 1. This instability could
be conjectured to be closely related to the mechanism of wave breaking,
and, in particular, to the mechanism of the occurence of a spilling
breaker, where excess energy not transported by stable waves is exhaust-
ed by partial wave breaking. The approach of the ratio to 1 depends on
the parameter, as mentioned above, and the instability of energy trans-
fer occurs dependently on the value of the parameter, becoming liable to
arise with the approach of the ratio to 1. Thus, it might be said that
the instability of energy transfer is closely related to the spilling
breaker and that the beginning of the instability is the breaking incep-
tion of a spilling breaker.

CONCLUSION

Integral quantities of shoaling waves have been calculated by using
the X-dV equation with variable coefficients and the stream function
method satisfying the conservation laws of mass and energy, and some in-
vestigations have been made on their characteristics. The most signif-
icant conclusions of this paper are summarized as follows.

The maximum wave-height of shoaling waves computed by the K-dv equa-
tion is controlled by the upper limit of the curvature of wave profiles,
where numerical instability arises. Thus, the theoretical breaker paint
is defined by the limit, and it corresponds reasonably to the actual
breaker point defined by Goda's breaking inception. However, Rankine-
Stokes' condition of greatest wave-height is not satisfied at the theo-
retical breaker point of the computed shoaling waves and the wave break-
ing of shoaling waves seems to occur independently from the condition.

Although the extrema are always found in the potential enexgy of
shoaling waves before the theoretical and actual breaker points are at-
tained and the potential energy of the highest waves is not maximum just
as in the results shown by Longuet-Higgins et al., the extrema of the
kinetic and total energies are not always found in the shoaling waves
with asymmetrical wave profiles before both the breaker points are at-
tained, in contrast to the case of potential energy. In addition, the
existence of the extrema depends on the value of the surf-similarity
parameter and the extrema occur in the value of the parameter under the
critical value controlling the existence. It is found by comparison
with the experimental results of Galvin and his examination of the change
in the ratio of energy transport velocity to wave-celerity that the ex-
istence of the extrema of total energy closely relates to the breaking
inception and breaker type, especially to those of the spilling breaker,
because it causes the instability of energy transfer of shoaling waves
vwhich is conjectured to be the cause of the wave breaking of the spill-
ing type.



SHOALING WAVES 37

REFERENCES

Battjes, J.A.: Surf-similarity, Proc. 1l4th Intl. Conf. on Coastal Eng.,
pp.466-480, 1974,

Dean, R.G.: Stream function representation of non-linear ocean waves,
Jour. Geophys. Res., Vol.70, pp.4561-4572, 1965.

Galvin, C.J.Jr.: Breaker type classification on three laboratory beaches,
Jour. Geophys. Res., Vol.73, No.1l2, pp.3651-3659, 1968.

Goda, Y.:Deformation of irregular waves due to depth-controlled wave
breaking, Rep. Port & Harb. Res. Inst., Vol.l4, No.3, pp.59-106,
1975.

Iwagaki, Y. and T. Sakai: Expression of water particle velocity of break-
ing waves on a sloping bottom using stream function method, Proc.
21st Conf. on Coastal Eng., JSCE, pp.27-32, 1974.

Kakutani, T.: Effect of an uneven bottom on gravity waves, Jour. Phys.
Soc. Japan, Vol.30, No.l, pp.272-276, 1971.

Longuet-Higgins, M.S. and J.D. Fenton: On the mass, momentum, energy and
circulation of a solitary wave. II., Proc. Roy. Soc. London, Ser.
A340, pp.471-493, 1974.

Longuet-Higgins, M.S.: Integral properties of periodic gravity waves of
finite amplitude, Proc. Roy. Soc. London, Ser. A342, pp.157-174,
1975.

Longuet-Higgins, M.S.: The unsolved problem of breaking waves, Proc. 17
th Intl. Conf. on Coastal Eng., pp.l1-27, 1980.

Rienecker, M.M. and J.D. Fenton: A fourier approximation method for
steady water waves, Jour. Fluid Mech., Vo0l1l.104, pp.119-137, 198l.

Stiassnie, }M.,andPeregrine, D.H.: Shoaling of finite-amplitude surface
waves on water of slowly-varying depth, Jour. Fluid Mech., Vol.97,
pPp.783-805, 1980.

Tsuchiya, Y., T. Yasuda and T. Yamashita: Mass transport in progressive
waves of permanent type, Proc. 17th Intl. Conf. on Coastal Eng.,
pp.70-80, 1980.

Yasuda, T. and Y. Tsuchiya: On wave shoaling by finite amplitude wave
theories, Annuals of Disas. Prev. Res. Inst., Kyoto Univ., No.20B-
2, pp.483-491, 1977.

Yasuda, T., T. Yamashita, S. Goto and Y. Tsuchiya: Wave transformation
on a sloping beach by K-dV simulation, Proc. 26th Conf. on Coastal
Eng., JSCE, pp.21-25, 1979.

Yasuda, T., S. Goto and Y. Tsuchiya: Water particle velocities of waves
on sloping bottoms, Proc. 27th Conf. on Coastal Eng., JSCE, pp.ll-
15, 1980.

Yasuda, T., T. Yamashita, S. Goto and Y. Tsuchiya: Numerical calculation
for wave shoaling on a sloping bottom by the K-dV equation, Coastal
Eng. in Japan, JSCE, Vol.25, 1982 (in printing).





