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ABSTRACT 

Conventional wave diffraction diagrams often yield erroneous 
estimation of wave heights behind breakwaters in the sea, because 
they are prepared for monochromatic waves while actual waves in 
the sea are random with directional  spectral  characteristics. 
A proposal  is made for the standard form of directional wave 
spectrum on the basis of Mitsuyasu's formula for directional 
spreading function.    A new set of diffraction diagrams have been 
constructed for random waves with the proposed directional 
spectrum.    Problems of multi-diffraction and multi-reflection 
within a harbour can also be solved with serial  applications 
of random wave diffraction. 

INTRODUCTION 

Since the proof by Penny and Price [1] that the diffraction of 
water waves by breakwaters can be analyzed with Sommerfeld's solution, 
wave heights behind breakwaters have been estimated with the aid of 
several diffraction diagrams [2^6]. The phenomenon of wave diffraction 
is a typical problem for which the solution of velocity potential can 
be applied with accuracy. Published as well as unpublished laboratory 
investigations have provided the proof of the validity of wave diffract- 
ion theory. Disagreement between the theory and experiment if any is 
usually attributed to inaccuracy in laboratory measurements. The only 
exception is the appearance of secondary waves around the tip of a 
breakwater owing to an excessive gradient of wave energy density there 
[7]. 

Such a success of theory, however, should be accepted with a 
caution when the theory is applied for sea waves characterized with 
irregularity. Most of diffraction diagrams currently available are 
those prepared for monochromatic waves with a single period from 
a single direction. The irregularity of sea waves especially of direct- 
ional spreading produces the pattern of wave diffraction quite different 
from conventional diffraction diagrams. An experimental study by 
Mobarek and Wiegel [8] seems to be the first in demonstrating the appli- 
cation of directional wave spectrum to diffraction problems, though 
they did not present general diffraction diagrams for engieers' usage. 

Being aware of these facts, Nagai [9,10] constructed diffraction 
diagrams for sea waves in 1972, which have been utilized by harbour 
engineers in Japan. Figure 1 is one of his diagrams, which shows the 
diffraction diagram for sinusoidal (monochromatic) waves in the left 
half and that for spectral waves in the right half for the opening width 
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of five times the wavelength; the difference between them is very  clear. 
The directional wave spectrum employed for computation was of SWOP type 
[11], which is primarily for wind waves. In the present paper, recal- 
culation is made of diffraction diagrams of random waves with a new 
proposal of directional wave spectrum, which is a modification of the 
spectrum originally formulated by Mitsuyasu et al.[12]. Though these 
diagrams were previously published in Japanese [13], slight corrections 
have been found necessary and they are duely corrected hereon. 
The present paper also discusses the behaviour of waves reflected by 
breakwaters, which can be deduced from Sommerfeld's solution as proved 
by one of the authors [14]. With the above knowledge, the problem of 
multi-diffraction and multi-reflection within a harbour can be solved 
numerically. 

SPECTRAL CALCULATION OF WAVE DIFFRACTION 

Random waves in the sea are described with a directional wave 
spectrum under the presumption that random wave profiles are the result 
of linear superposition of infinite number of infinitesimal wavelets 
with various frequencies and directions. According to this presumption, 
the spectrum of diffracted waves at a point (x,y) is calculated as 

Cemax 
Sd(f[x,y) =    S^f.e) Kd

2(f,e|x,y) de ,        (1) 
J min 

where S-j(f,e) denotes the directional spectrum of incident waves and 
Kd(fj6|x,y) is the diffraction coefficient at a point (x,y) for waves 
with the frequency f and the direction e. The spectrum of diffracted 
waves is given here in the form of frequency spectrum only, because 
the directional spreading of diffracted waves is limited by the aperture 
of the breakwater gap looked from the point (x,y). 

The representative heights of incident and diffracted waves are 
derived from the zeroth moment of spectrum by the theory of Longuet- 
Higgins [15]. For example, the significant heights are given by 

(H1/3)i = 4.0/Ti^T , (2) 

(H1/3)d = 4.0/[i^ , (3) 

where, 
«Yemax 
nL  Si(f,e) de df, (4) 
°Jemin 

K)d = j0 
sd(f) df . (5) 

Though the constant of 4.0 in Eqs. 2 and 3 is better replaced by that 
of 3.8 for waves observed in the sea on the average, it does not affect 
the coefficient of diffraction for random waves, which is defined as 

(Kd)eff = CHl/3)d
/ <Hl/3>i= •/("'o)d/(mo)i •        (6) 

The representative periods of diffracted waves are not necessarily 
the same with those of incident waves. The change of wave period by 
diffraction can be estimated by the theory of Rice [16] as 
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KdT " /(m0)./(m2). ' <7> 

where, 

(m2)d = | f2 Sd(f) df , (8) 

/•» cemax 
(m2), =       f2 S (f,e) de df. (9) 

J0 Jemin   ' 
The effect of the wave spectrum upon diffraction coefficient is 

demonstrated in Fig. 2, which shows the diffraciton diagrams of a break- 
water gap with the relative opening of B = 3L for oblique incident waves 
with the angle of approach of 60°. The diffraction coefficient is cal- 
culated with the approximate method by superposition of Sommerfeld's 
solutions for two semi-infinite breakwaters. The upper diagram is for 
monochromatic waves and uni-directional irregular waves (with frequency 
spectrum only). The difference between them is small, thus indicating 
unimportance of frequency-wise irregulariry. The lower diagram is for 
uni-frequency random waves with directional spreading and very random 
waves with a directional spectrum, which corresponds to the case of 
Smax = 10 to be discussed in the next chapter. The difference between 
them is small, but the both are quite different from those in the upper 
diagram. Thus, Fig. 2 indicates that the directional spreading rather 
than the frequency-wise irregularity is important in the diffraction 
of random waves. 

PROPOSAL OF DIRECTIONAL WAVE SPECTRUM 

Functional  Fo-tm 

The directional wave spectrum is generally expressed as the product 
of a frequency spectrum S(f) and a directional spreading function G(f,e), 
that is, 

S(f,e) = S(f) G(f,e). (10) 

The frequency spectrum S(f) is given the unit of m2-sec or its equivalent 
one, while G(f,e) is normalized so as to yield the unit value without 
a dimension when integrated over the full range of wave direction. 

The functional form of S(f) can be taken as Bretschneider's spectrum 
[17] modified by Mitsuyasu [18] to satisfy the condition of Eq. 2. Thus, 

S(f) = 0.257 H1/32 T1/3-
4 f"5 exp[-1.03 (T1/3f)-

1*].   (11) 

This is a type of two-parameter spectrum designated by an arbitrary 
combination of significant wave height and period, H1/3 and T1/3. 
The modal frequency or the frequency at spectral peak is set to satisfy 
the following relation: 
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This relation was proposed by Mitsuyasu [18] and has been confirmed to 
be representative of sea waves [19]. Spectral forms other than Eq. 11 
are also eligible as the standard spectrum, but the change of frequency- 
wise spectral form will affect little the diffraction of random waves 
as suggested by Fig. 2. 

As to the directional spreading function, the formula proposed by 
Mitsuyasu et al. [12] on the basis of their detailed observations seems 
most reliable at present. In a slightly modified form, it is written as 

G(f,e) = Gc cos2S(f) 

where, 

Go = 
max 

nnn 
cos2S(f) 

Jsmax-(f/fp); 

Is (f/fr 
\-2.5 

-1 

fifP 

(13) 

(14) 

(15) 

The term of G0 is so introduced to normalize G(f,e). The directional 
concentration parameter S has the maximum value at f = fp and decreases 
at the both sides of spectral peak. 

max Stltation o{,  S, 

Figure 3 is a demonstration of wave patterns, which shows the 
contours of surface elevations above the mean water level; the portion 
of wave troughs is left as blank. This figure is a result of numerical 
simulation by the principle of linear superposition with the spectrum 
of Eqs. 10 to 15. The maximum directional concentration parameter Smax 
is subjectively chosen as 10 and 75, respectively. It will be seen 
that Smax = 10 yields the wave pattern quite random and somewhat resem- 
bling that of wind waves, while Smax 

= 75 may corresponds to the wave 
pattern of swell. 

The original proposal of Mitsuyasu et al.[12] for Smax is to relate 
it with the nondimensional frequency parameter as 

Smax =11.5 (2wfpU/g) -2.5 (16) 

where U denotes th 
Equation 16 is not 
the design wave he 
to the wind speed 
method suggests th 
associated with th 
can be assumed to 
tion is supported 

e wind speed and g is the acceleration of gravity, 
readily applicable for engineering problems because 

ight and period are often designated without reference 
The knowledge of wave growth depicted in the SMB 

at the increase of the parameter 2irfpU/g ( = U/Cn) is 
e decrease in the wave steepness H0/L0. Thus, Smax 
increase as the wave steepness decreases. The assump- 
by the example of Fig. 3 discussed in the above. 

From the above discussions, the authors propose the following 
values of Smax for engineering applications: 

->max 
MO : for wind waves, 
\25 : for swell with short to medium decay distance, 
[75 : for swell with medium to long decay distance. 

(17) 
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Though the above proposal is somewhat subjective, Smax = 10 for 
wind waves is not without ground because it yields the overall direct- 
ional distribution almost the same with the law of (2/ir)cos2e and the 
formula of SWOP. Figure 4 shows the nondimensional cumulative curves 
of wave energy calculated for the directional wave spectrum of Eqs. 10 
to 15. The term of PE(S) is calculated by 

P
E(
0
) 

=^r fe  f s<f>e) df de • O8) m0 J-TT/2 JO 

The diagram can be utilized to allocate the relative wave energy to 
several wave directions such as expressed in sixteen points bearings. 
Calculation of P|r(9) also yields the approximate relation of 

I =  0.11 Smax : I 1 2 , (19) 

for the type of G(f,e) of the following: 

G(f,e) E G(e) = ^-i)!! cos2£e, (20) 

where 2n!! = 2n-(2n-2)••-4-2 and (2n-l)!! = (2n-l)-(2n-3)• • -3-1. 

When applying the above spectrum in shallow water, some correction 
to Smax is necessary because the phenomenon of wave refraction makes 
the directional spreading to lessen. Calculation of wave refraction 
in the water of parallel straight bathmetry has yielded the diagram for 
the change of Smax in shallow water as shown in Fig. 5. The angle 
(ap)0 denotes the incident wave angle to the boundary of deep to shallow 
waters. As the effect of (ap)0 is small, the diagram may be utilized 
for waters of general bathmetry. 

RANDOM WAVE DIFFRACTION BY A SEMI-INFINITE BREAKWATER 

With the directional wave spectrum specified in the above, the 
computation of random wave diffraction is straightforward so long as 
the value of diffraction coefficient for monochromatic waves correspond- 
ing to spectral components are computable. The integrals in Eqs. 1, 4, 
and others are to be evaluated in the form of finite series. 
The number of frequency components does not need to be great, but the 
number of directional components should be carefully selected in consi- 
deration of the trade-off between the accuracy and computation time. 
When the diffraction coefficient in the area far distant from the break- 
water is to be calculated, a large number of directional components are 
required. 

Examples of the diffraction diagrams of semi-infinite breakwater 
are shown in Fig. 6 for the case of normal incidence for waves with Smax 
= 10 and 75. The diffraction coefficient of wave heights, or (Kd)?ff, 
is shown with contours of solid lines, while the ratio of wave period 
is shown with contours of dashed lines. A characteristic feature of 
Fig. 6 is that the diffraction coefficient takes the value of about 0.7 
along the boundary of geometric shadow. This value is about 1.4 times 
the coefficient of monochromatic wave diffraction. In the sheltered 
area, the random wave diffraction yields the coefficient far larger 
than that of monochromatic waves. 
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An verification of the superiority of random diffraction analysis 
has been provided by Irie [20] with the wave data at Akita Port. Two 
wave recorders of inverted echo sounder type were set outside and inside 
a long breakwater as shown in Fig. 7, and the simultaneous observation 
was carried out in November and December, 1973. The principal direct- 
ion of waves incident to the breakwater were read from the images of 
a radar with the wavelength of 8.6 mm, which is commonly employed in 
Japan for detection of wave direction since around 1962. During the 
period of observation, the principal wave direction varied in a narrow 
range of N85°W to N110°W and the direction of N106°w was employed in 
the calculation of diffraction coefficient. The result of analysis is 
summarized in Fig. 8. The observed data were classified by Irie into 
three categories of dispersive, median, and concentrated wave patterns 
as judged on the radar image. In the computation of random wave dif- 
fraction, the maximum directional concentration parameter of Eq. 17 was 
subjectively applied for these wave categories with the correction of 
shallow water effect by Fig. 5. Though the scatter of data makes 
difficult the assessment of the accuracy of random diffraction analysis, 
it yields quite reasonable estimates of wave heights behind the break- 
water. The monochromatic wave anlysis, on the other hand, yields 
the diffraction coefficient being one half to one quarter of the observed 
value, thus revealing its inapplicability to the problem of sea wave 
diffraction. 

RANDOM WAVE DIFFRACTION THROUGH A GAP OF BREAKWATERS 

Another example of the effectiveness of random diffraction analysis 
has been given by one of the authors [21]. Wave observation were carried 
out at three stations in Nagoya Port from 1967 to 1970, which is located 
at the recess of Ise Bay, Japan. As indicated on the inset of Fig. 9, 
the stations A and B were positioned outside and inside of a long mole 
of caisson type. The diffraction coefficient for monochromatic waves at 
the station B is plotted in this figure for predominant wave period of 
T = 3 sec. The waves diffracted from the east entrance penetrate to 
the station only when the incident wave direction is from SSSW to SSE, 
and the waves from the west entrance is appreciable for the incident 
direction of NW to WNW only. Thus the diffraction coefficient for mono- 
chromatic waves is very  sensitive to the incident wave direction. 

Observed wave records did not exhibit such a directionality, as 
shown in the example of Fig. 10, where the wave spectra at the stations 
A and B are compared. The wave direction is estimated as SW from the 
wind record. As the diffraction coefficient for monochromatic waves is 
about 0.07, the spectral density of the station B would have been about 
1/200 of the density of the station A if the diffraction were to be 
calculated for monochromatic waves. The observed spectrum at B had the 
density of about 1/10 to 1/20 of the spectrum at A, and it was nearly 
in agreement with the spectrum calculated as the random wave diffraction 
phenomenon although the directional spreading funcion of (2/w)cos2e was 
employed in the calculation for the sake of simplicity. The agreement 
of observed and calculated spectra is an evidence of the necessity of 
introducing random wave analysis in diffraction problems. 

Figures 11 to 14 are the result of the computation of random wave 
diffraction with the directional spectrum described by Eqs. 10 to 15. 
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The left half of each diagram is for the change of wave period, while 
the right half is for the wave height ratio. The abscissa and ordinate 
are normalized with the opening width B instead of the wave length L. 
In applying these diagrams, appropriate selection of Smax is to be made 
and interpolation of the diffraction coefficient from the diagrams for 
Smax = 10 anc' 75 will be required. 

C0NBINATI0N OF WAVE REFLECTION AND DIFFRACTION 

In the analysis of wave tranquility in a harbour, wave reflections 
from quaywalls and other solid structures often become the source of 
troubles. Breakwaters with vertical faces may also cause additional 
agitation in the area outside the breakwaters. The height of waves 
reflected by a semi-infinite rigid breakwater can be estimated by means 
of the well known Sommerfeld's solution. To illustrate the applicabi- 
lity of the solution, it is rewritten in the following form: 

Fd(r,a,f,e) = Fid(r,a,f,e) + Frd(r,a,f,e) (21) 

where F(r,a,f,e) denotes the dimensionless complex wave amplitude at 
the point P with the distance r and the angle a  from the tip of a semi- 
infinite breakwater for the incident wave with the frequency f and the 
direction e (see Fig. 15). The complex amplitudes F-jd and Frd are 
expressed respectively as 

Fid =^exp[i{krcos(a-6)+|}]x[{C(Yl)+l} - i{S(Yl)+|}] 

= exp[i{ kr cos(a-e)}] 

+ 7=-exp[i{krcos(a-e)+|}]x[{C(Yi)-|-} - i{S(Yi) - jjf}]. 
(22) 

Frd =^exp[i{krcos(a+e)+i}]x[{C(Y2)+l} - i{S(T2)+J-}] 

= exp[i{ kr cos(a+e)}] 

+ ^exp[i{ krcos(a+e)+f}]x[{C(Y2)-|} - i{S(Y2) - J}], 

(23) 

where, 

Yl /i£r  cOS<!§i, 1 C(Y)   =   /"c0sfx2dX, 
(24) 0        ' f      (25). 

Y2 = ;— cos—, j S(Y) = fQ sin^ 

In the derivation of the second expressions from the first ones of Eqs. 
22 and 23, the following equality is employed: 

{C + l} - i{S+l} = [{C-l} - i{S-l}] + [1- i] 

[{C-l} - i{S-•}•}] + /2 exp[-i£].      (26) 

As the distance r increases infinitely, the Fresnel  integrals 
defined by Eq.  25 converge to the values listed in Table 1 depending on 
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the regions in question. Referring to Table 1, it will be readily 
understood that F^ represents the sum of the incident waves and the 
associated scattered waves, while Frcj represents the sum of the reflected 
waves and the associated scattered waves. Moreover, the primary 
reflected waves exist only in the region I, whereas the region III is 
primarily occupied by scattered waves. 

Table 1. Behaviour of Fresnel Integrals at r = •» 

Region C(Yi) S(Tl) C(Y2) S(Y2) Primary Waves 

I 

II 

III 

1/2 

1/2 

-1/2 

1/2 

1/2 

-1/2 

1/2 

-1/2 

-1/2 

1/2 

-1/2 

-1/2 

incident, reflected, and 
scattered waves 
incident and scattered waves 

scattered waves 

The above decomposition of Sommerfeld's solution leads to the cal- 
culation of reflected waves by means of Frcj. If the reflective boundary 
is finite in its extension, the amplitudes of reflected waves can be 
approximately calculated by superimposing the two solutions of Frc) for 
the both tips of the reflective boundary as in the technique of calcu- 
lating wave diffraction through a gap of two semi-infinite breakwaters. 
For a partially reflective boundary, the coefficient of wave reflection 
is introduced to linearly reduce the amplitudes of reflected waves. 
For example, wave pattern around a semi-infinite breakwater with 
partial wave reflectivity can be calculated by 

Fd(r,a,f,e) = Fid(r,a,f,e) + Kr Frd(r,a,f,e),       (27) 

where Kr denotes the reflection coefficient. Equation 27 remains as 
an approximation because Kr usually does not carry the information of 
phase relation except for the cases of Kr = 1 and 0. 

An experimental verification of the above analysis [14] has been 
done for the layout of model breakwaters shown in Fig. 16. The break- 
waters are made of vertical walls. Incident waves are diffracted by 
the right breakwater, but some of them are reflected by the rear face 
of the left breakwater. Experiments were carried out with uni-direct- 
ional irregular waves, which had the significant height and period of 
H-|/3 = 1.8 cm and T]/3 = 1.08 sec; their spectrum could be approximately 
expressed by Eq. 11. The result of measurements are shown in Fig. 17 
for comparison with the theoretical calculation. Good agreement between 
them is observed except along the line of x = 8 m. The difference is 
due to an assumption employed in the calculation that the source area 
of wave reflection can be specified by the principle of geometric optics 
in order to simplify the procedure of calculation. The error due to 
such simplification is expected to decrease when the directional 
spreading characteristic of sea waves is introduced. 

The analysis of the reflection of diffracted waves can be proceeded 
for much complicated harbour layout, even though the algorithm needs to 
be carefully established. Wave diffraction by overlapping breakwaters 
can also be solved with the knowledge of decomposed Sommerfeld's sol- 
ution of Eqs. 21 to 23. An example of wave tranquility analysis for 
a complicated harbour layout is shown in Fig. 18, which represents 
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the Port of Yokohama in a slightly simplified form. Wind waves with 
the significant period of T]/3 = 6.0 sec are considered to come from 
the direction of SSE. The maximum directional concentration parameter 
°f Smax = ^° is employed in the computation. The specification of wave 
reflectivity of the boundaries is made somewhat subjectively in order 
to simplify the process of analysis of multi-reflection and multi- 
diffraction. Though the field data to verify the calculation is not 
available yet, Fig. 18 demonstrates the capacity of analyzing wave 
tranquility in a real harbour. It should be noted that the present 
analysis has no upper bound of application with regards to the size of 
harbour relative to wavelengths because of the nature of the theory of 
wave diffraction. 

SUMMARY 

The present paper has discussed the diffraction of sea waves with 
directional spectral characteristics. Major conclusions are as follows: 

1. The inapplicability of diffraction analysis by monochromatic 
wave approach has been demonstrated by two examples of field 
observation data, which at the same time have proved the 
effectiveness of random diffraction analysis. 

2. A standard form of directional wave spectrum is derived on 
the basis of the directional spreading function proposed by 
Mitsuyasu et al. Though the selection of directional concent- 
ration parameter is left to somewhat subjective judgement of 
engineers, it can deal with various stages of wind waves to 
swell. 

3. Several diffraction diagrams are presented for a semi-infinite 
breakwaters and a breakwater gap for the case of normal 
incidence of directional random waves. The technique can be 
extended to the case of oblique incidence as well. 

4. Sommerfeld's solution of diffracted wave amplitudes is decom- 
posed into the terms of incident, reflected, and scattered 
waves. The decomposed solutions can be employed for analyzing 
the behaviour of waves reflected by rigid breakwaters and 
other reflective structures. 

5. Wave tranquility in a harbour of large dimension can be analyzed 
by serial calculations of random wave diffraction and reflection. 

It is mentioned here that the above technique of random wave dif- 
fraction analysis is daily utilized by harbour engineers in Japan with 
the aid of computer program operatable at the Computation Center of 
the-Port and Harbour Research Institute, Ministry of Transport. 
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spectral  wave 

B/L=5.0 

Fig. 1 Comparison of Monochromatic and Random Diffraction 
Diagrams for the Case of B/L=5.0 (after Nagai [9]) 
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(a) monochromatic waves and uni-directional irregular waves 

(b) uni-frequency directional waves and directional random waves 

Fig. 2 Effect of Directional Spreading Characteristic upon Wave Dif- 
fraction through a Breakwater Gap 
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a)   Sm„ = 10 

Wave Direction 
0     L1/3 2ii. 

(b)  Sma» = 75 

«S3SD0<7/Hi/3<0.2 
«^0.2<»?/HI/3<0.4 

«« 0A<n/Hui 

>A 

Wave  Direction 

1 I I 

0     L1/3   2Li/3 

Fig. 3   Surface Elevation Contours of Random Waves 
by Numerical Simulation 



DIAGRAMS FOR WAVES 641 

100 

80 

60 

-90" -60" -30° 30° 60° 90° 

°H      40 

20 

5-st*: i 1 - 
^ y ̂  

Vs s. 
5 m„=5v<C ̂

 ̂
 7 f'W 

^ 1 

100 

80 

60 

40 

20 

-90° -60° -30° 30 60° 90° 

Fig. 4 Cumulative Curves of Relative Wave Energy with Respect 
to Azimuth from the Principal Wave Direction 

100 
90 
80 

3 70 
c/? 60 

50 

40 

30 

20 

10 

A \ ^ > V <v. _ 1 
\ \ \ \ \ ::-5i---i _' ^>m^K)o = 75 

\ \ N V 

s\ > 
N 

<\ , v 
\ S, 

\ \ 
N <o 

) 
£'u — 4b 

^ ^ (a,X=0°  
30° 
60° - ^ 

c£2 
0.02 0.05 0.1 0.2 

h/Lo 

0.5 1.0 
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Sm=„> Due to Wave Refraction in Shallow Water max 
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AKITA  PORT 
(1973) 
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Wave Recorder 
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Fig. 7 Sketch of Akita Port in 1973 
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Fig. 8 Diffraction Coefficient Observed at Akita Port 
in Comparison with Calculation 
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Fig. 9 Diffraction Coefficient by Monochromatic Wave 
Analysis for the Station B in Nagoya Port 
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A and B in Nagoya Port 
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REGION   I 

REGION   III 

Fig. 15   Definition Sketch 

Dig. 16   Experimental Setup for Measurements of 
Wave Diffraction and Reflection 
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Fig. 17 Measured and Calculated Coefficients of Diffraction 
by Model Breakwaters 
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Fig. 18   Estimated Equi-Contours of Wave Height Ratio in Yokohama 
Port for Wind Waves with T1/3 = 6.0 sec from SSE 


