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CALCULATIONS OF WAVES FORMED FROM SURFACE CAVITIES 
Charles L. Mader* 

ABSTRACT 

The wave motion resulting from cavities in the ocean surface was 
investigated using both the long wave, shallow water model and the in- 
compressible Navier-Stokes equations. The fluid flow resulting from 
the calculated collapse of the cavities is significantly different for 
the two models. The experimentally observed flow resulting from explo- 
sively formed cavities is in better agreement with the flow calculated 
using the incompressible Navier-Stokes model. The resulting wave mo- 
tions decay rapidly to deep water waves. Large cavities located under 
the surface of the ocean will be more likely to result in Tsunami waves 
than cavities on the surface. This is contrary to what has been sug- 
gested by the upper critical depth phenomenon. 

I. INTRODUCTION 

The prediction of water waves generated by large-yield explosions 
has been based on extrapolation of empirical correlations of small - 
yield experimental data, usually assuming the waves were shallow water 
waves. Because the accuracy of such predictions is questionable, the 
need exists for a detailed description of the mechanism by which waves 
are generated by explosions. In particular the "upper critical depth" 
phenomenon needs to be understood. The upper critical depth phenomenon 
is an experimentally observed wave height maximum that occurs when an 
explosive charge is approximately two-thirds submerged. The observed 
height at the upper critical depth is twice that observed for complete- 
ly submerged explosive charges. If the waves formed are shallow water 
waves capable of forming Tsunamis, then the upper critical depth phe- 
nomenon is important to evaluating the probability of a Tsunami event 
from other than tectonic events. 

Theoretical evaluation of the early interaction of the detonation 
products of an explosive charge with the water and air interfaces and 
the resulting wave profile near the detonation has been performed by 
Mader1 using the multicomponent reactive compressible hydrodynamic code 
2DE.2 The pressure and velocity contours for the early interaction of 
the explosive with the water and air are shown in Fig. 1. The initial 
formation of the lip or splash wave on the water cavity is also numeri- 
cally described and it has been suggested that the concentration of mo- 
mentum near the water surface in the splash wave is a contributing 
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factor in the upper critical depth phenomenon, resulting in a bubble 
cavity radius about the same as if the explosive bubble was completely 
confined by water. The high velocity present in the splash wave is a 
result of the initial water shock being quickly rarefied and permitting 
a second shock to be delivered from the explosive products. Subsequent 
shocks and rarefactions occur while the detonation products have high 
pressure. Each reverberation increases the particle velocity of the 
splash wave by an increment that decreases as the pressure of the driv- 
ing detonation products decreases. The particle velocity of the re- 
mainder of the water cannot be increased by reverberations during the 
early high pressure motion because a free interface is not present. 
The consequence of this complicated interaction is that the maximum 
bubble radius achieved by a partially submerged explosive charge is 
slightly larger than one would expect to observe if the explosive sphere 
and its bubble was confined by water at one bar. 

The bubble is observed to increase to a maximum radius of about 0.5 
meter in 0.2 second and then take about 0.3 second to collapse as de- 
scribed in Refs. I1 and 3 for a 1.27-cm radius 9404 explosive sphere ini- 
tiated at the center and immersed to a depth of 1.59 cm. 

In this paper we shall describe an investigation of the flow after 
the cavity reaches its maximum dimensions. We assume that the flow is 
essentially incompressible at the times of interest and that the sur- 
rounding fluid is approximately at rest at maximum bubble radius. 

The waves observed by Craig3 from the collapse of the bubble re- 
sulted in a train of waves moving at about 1.25 meters/second with a 
one-meter wavelength. Mass markers located one meter below the water 
surface and markers located half a meter below the surface and one meter 
from the explosive did not show any appreciable movement compared with 
those located nearer the surface or explosive charge. This result sug- 
gests that the fluid flow will not be well described by the usual shal- 
low water-long wave model. 

We have calculated the fluid dynamics of a cavity initially 0.5 
meter in radius with and without a lip, using a shallow water long wave 
model and a model based upon the incompressible Navier-Stokes equations. 

II. SHALLOW WATER, LONG WAVE MODEL 

The long wave theory applies when the depth relative to the wave- 
length is small, and when the vertical component of the motion does not 
influence the pressure distribution, which is assumed to be hydrostatic. 
It is appropriate for Tsunami wave formation, propagation and early 
shoaling behavior as described in Ref, 4. The SWAN code described in 
Ref. 4 was modified to solve the long wave equations using an improved 
numerical difference technique. 

The long wave equations solved by the SWAN code are: 
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3H  3(D + H - R)U   3(D + H - R)V  3R  n 
3t      3X 3Y     " 3t " u 

where U = velocity in X direction (i index) 
V = velocity in Y direction (j index) 
g = gravitational acceleration 
t = time (n index) 
H = wave height above mean water level 
R = bottom motion 
F = Coriolis force parameter 
C = coefficient of DeChezy for bottom stress 

P , F"' = forcing functions of wind stress and barometric 
pressure in X and Y direction 

D = depth . 

To obtain stable numerical solutions, the finite difference equa- 
tions must not have negative diffusion. The following difference 
equations are stable but require that the time step be kept near the 
maximum or the numerical results will become smeared. C. W. Hirt5 sug- 
gested this approach when the difference equations described in Ref. 4 
were found to be unstable in certain directions of the flow. 

The wave height H and depth D are taken as cell centered and the 
velocities are centered at cell boundaries. The difference equations 
at each time step are in order: 

HU •• Hu -AtNn- (TDI) - V (TD2)+V1 (m) - V (TV2) 

Rn+1      Rn 

TD1=Di+l>j 
+ H?+l,j-

R?+l)j(
Ui+l,j<°) 
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TD2 = Di)j+H^.  -R^.   (Uis.<0) 

•-D1.J+l+H1.j+l-R1.J+l   (Vi,j+1<°) 

TV2 = DiJ+H^j-R^j(Vi>j<0) 

TD1=Di,j+Hi,j-Ri,j(ui+iJ>o) 

TO2-D1-l.j+H1-l-R1-l.J   (Ui,J>0) 

ui:] = ui,j-At[V(Tui)+KYH-g^CTHu] 

•-°-25<vu + \j+l 
+ v1-l,J+l+w 

•-U1+i.J-U1.j<Ul.j<°> 

TU2 = Ui,j+1-
Ui,j(TV<0) 

TU1-ul.J-u1-l.j«uU>0) 

TU2 = U.   . - U.   , ,   (TV > 0) 
1  S J '  »J" ' 

• = Hi,j-Hi-U 
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v.. , 

and 

vu-v?.j-At[S{7V1,+T*i(TV2,]"g^,:•v3 

TU = 0.25(Uu + Ui+1J H,^^,,,^, 

TV1-VI.J-VI.J(TU<°J 

TV2 = vi,j+i-
vi,a(vi,j<0) 

Tvl=vi,j-vi-i,j(TU>0) 

TVZ-vi.j"vi.j-i (vi.o>0) 

THV = H. . - H, , , 
1»J   l.J-1 

^•^(^•OV^*1^ 
The calculations were performed with 69 cells in the X direction and 
130 cells in the Y direction. The cells were .06 meters square and the 
time step was 0.001 seconds. The gravity constant was -9.8 m sec"2. 
Although the problem described in this report was symmetrical and re- 
quired only one direction, the calculations described were performed 
with the two dimensional SWAN code. 

The computed wave profiles using the shallow water equations in 
the SWAN code for the collapse of a 0.5-meter radius hole are shown in 
Fig. 2 and for the collapse of a 0.5-meter radius hole with a 0.25- 
meter high and 0.50-meter wide triangular lip (which approximates the 
experimentally observed bubble profile) are shown in Figs. 2 and 4. 
Figure 4 also shows the velocity in the Y direction. The initial water 
depth was three meters. 

III. INCOMPRESSIBLE NAVIER-ST0KES MODEL 

The Marker and Cell (MAC) method of Harlow and Welch6 is a numeri- 
cal technique for calculation of viscous, incompressible flow with a 
free surface. 
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The method uses a finite-difference technique for solving the time- 
dependent Navier-Stokes equations. 

These equations for two-dimensional flows are 

3U . 3V _ n 
3X     3Y " u 

3U 
3t 

31 + 
3t 

3U1+MV = _3±+a    +v/3lU + 3!u) 
3X        3Y 3X      gX      V \WT     W*l      ' 

3UV . 3Vf,_  3&+ „  . , /32V . 32V\ 
3X   3Y ~ ~ 3Y  9Y  v \3X2 W/       ' 

where <|> is the ratio of pressure to constant density, gv and gY are the 
X and Y components of body acceleration, and v is the kinematic viscos- 
ity coefficient. The MAC method is based on an Eulerian network of 
rectangular cells, with velocities centered at cell boundaries and the 
pressure cell-centered. Just as the differential equations of motion 
are statements of the conservation of mass and momentum, the MAC 
finite-difference equations express these conservation principles for 
each cell, or combination of cells, in the computing mesh. 

After the introduction of MAC, much attention was given to devis- 
ing more accurate treatments of the free surface boundary conditions. 
Chan and Street7 developed a technique for more accurate delineation of 
the free surface. This permitted the free surface pressure to be spec- 
ified at the surface itself, rather than at the center of the surface 
cell. Nichols and Hirt8 modified the Chan and Street procedure, devis- 
ing a technique for defining the fluid surface by a set of surface 
marker particles that move with local fluid velocity. These particles 
allow surface-cell pressures in MAC to be accurately specified by means 
of linear interpolation or extrapolation between the known values of 
pressure in the nearest full cell and the desired fluid surface. 

A Simplified MAC (SMAC) has been described by Harlow and Amsden.9 

The SMAC technique has been modified to include the Nichols and Hirt 
free surface treatment. The computing program used for the calcula- 
tions is called ZUNI and is described by Amsden.10 The calculations 
were performed with 100 cells in the X direction and 60 cells in the Y 
direction. The cells were 0.05 meters square and the time step incre- 
ment was 0.0003 seconds. The convergence criterion is the maximum per- 
mitted change in pressure from hydrostatic pressure in any cell between 
iteration steps divided by the sum of the changes at two iteration steps 
and was 0.01. Three or more surface particles were used in each cell. 
The gravity constant was -9.8 m  sec"2. The viscosity coefficient was 
0.01 gm sec"1 irr1. Preliminary calculations showed that the results 
were independent of whether the water depth was 3.0 or 1.5 meters; 
therefore in the calculations presented in this paper the cavity was in 
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water initially 1.5 meters deep. The wave amplitude at late times and 
the details of the bubble collapse after first collapse and jetting 
were sensitive to the amount of viscosity used in the calculation so 
the value chosen was the smallest that would also permit numerically 
stable results. The computed wave profiles using the ZUNI code to 
solve the incompressible Navier-Stokes equations for the collapse of a 
0.5-meter radius hole with a 0.25-meter high and 0.5-meter wide trian- 
gular lip are shown in Fig. 5. 

IV. COMPARISONS 

The experimental and calculated wave parameters are summarized in 
Table I. The experimental wave parameters are given for the first three 
waves after four meters of travel from the center of the explosive 
charge. The calculated wave parameters for the Airy wave were calcu- 
lated using the WAVE code" for a depth of three meters and using the 
experimentally observed wave height and wave length. Since the group 
velocity is almost exactly half the wave velocity, the Airy wave is a 
deep water wave. The deep water Airy wave is a good approximation to 
the experimentally observed wave. 

The collapse of the cavity is quite different between the SWAN and 
ZUNI calculation as shown in Figs. 3 and 5. The shallow water cavity 
calculation collapses from the side in less than 0.1 second while the 
Navier-Stokes cavity calculation collapses from the bottom in about 0.5 
seconds. The experimentally observed bubble collapses approximately 
symmetrically from the bottom in about 0.3 seconds, so the Navier- 
Stokes calculation is a more realistic description of the observed flow. 

As shown in Table I the Navier-Stokes calculation results in wave 
parameters more closely approximating those observed experimentally than 
those calculated using the shallow water theory. The waves calculated 
using the incompressible Navier-Stokes equations have complicated wave 
patterns and the waves quickly decay into deep water waves with the 
particle motion rapidly decreasing with increasing depth below the water 
surface. This is also in agreement with the experimental observations 
of mass markers described in the introduction. 

TABLE I 

CALCULATED AND EXPERIMENTAL WAVE PARAMETERS 

Experimental*  Airy Wave Suall°w Navier-Stokes 

Wave Velocity (m/s) 1.25 + 0.1 1.2489 5.42 1.50 + 0.50 

Amplitude (cm) 1,1.8,2.5 2.5 (input) 10.1 < 4.0 

Wave Length (m) 1.5, 1.0, 1.0 1.0 (input) 1.0 1.0 

Period (s) 1.2,0.8,0.8 0.8007 0.18 °-66-0.2 
Group Velocity (m/s) 0.6244 

*First three waves observed. 
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V.  CONCLUSIONS 

The experimentally observed waves from the cavities formed by ex- 
plosions near the water surface are better reproduced by models solving 
the incompressible Navier-Stokes equations than by models solving the 
shallow water, long wave equations. The experimentally observed waves 
are deep water waves and the observed upper critical depth phenomenon 
is apparently a result of a partition of energy near the water surface 
which results in high amplitude deep water waves (of high potential and 
low kinetic energy) and not the shallow water waves required for 
Tsunamis. As the explosive is detonated under the water surface, more 
of the energy is imparted to the water resulting in waves that have 
smaller amplitude but more of the energy is present in the water as 
kinetic energy rather than potential energy. The waves formed will more 
closely resemble shallow water waves and will not disperse as rapidly 
as waves formed from surface detonation. 

The upper critical depth phenomenon is apparently not important to 
the formation of Tsunami waves. Large cavities located under the sur- 
face of the ocean will be more likely to result in shallow water Tsunami 
waves than cavities on the surface. A cavity would have to be quite 
large and reach very deep into the ocean before it could be an effective 
agent for forming significant Tsunami waves. 

To obtain a more realistic solution to the problem of wave forma- 
tion from explosions one would need to follow the hydrodynamics from 
the early compressible to late incompressible stages with one of the 
implicit continuous fluid methods currently under development. Of 
particular interest would be to determine the source and significance 
for wave formation of the water jet and root experimentally' observed 
before the explosive bubble reaches maximum radius at depths similar to 
the upper critical depth. 
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Fig. 1. Two-dimensional Eulen'an 
compressible hydrodynamic 
calculations of a 1.27-cm 
radius 9404 explosive sphere 
initiated at its center and 
immersed to a depth of 1.59 
cm. The pressure contour 
interval is 20 kilobars and 
the velocity contour inter- 
val is 0.05 cm/psecond. 
The position of mixed cells 
(9404-water, 9404-air, 
water-air, or 9404-water- 
air) is shown with an "X" 
plotting symbol. 
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Fig. 2. The computed surface height vs radius at various times of the 
collapse of a 50-cm radius hole in three meters of water using 
the shallow water-long wave model and the SWAN code. 
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Fig. 3. The calculated surface height vs radius at various times of the 
collapse of a 50-cm radius hole with a triangular lip using 
the shallow water-long wave model and the SWAN code. 



WAVES FROM SURFACE CAVITIES 1091 
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Fig. 4. Picture plots in three dimensions of the surface profiles and 
the velocity in the Y direction profiles at 0.3 and 0.5 seconds 
for the calculation described in Fig. 3. 
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Fig. 5. The calculated surface height vs radius at various times of the 
collapse of a 50-cm radius hole with a triangular lip using the 
incompressible Navier-Stokes model and the ZUNI code. 


