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ABSTRACT

A solution of finite amplitude long waves on constant sloping beaches is
obtained by solving the equations of the shallow water theory of the lowest
order. Non-linearity of this theory is taken into account, using the perturb-
ation method. Bessel functions involved in the solution are approximated with
trigonometric functions. The applicable range of this theory is determined
from the two limit conditions caused by the hydrostatic pressure assumption
and the trigonometric function approximation of Bessel functions.

The shoaling of this finite amplitude long waves on constant sloping
beaches is discussed. Especially, the effects of the beach slope on the wave
height change and the asymmetric wave profile near the breaking point are
examined, which can not be explained by the concept of constancy of wave
energy flux based on the theory of progressive waves in uniform depth. These
theoretical results are presented graphically, and compared with curves of
wave shoaling based on finite amplitude wave theories,.

On the other hand, the experiments are conducted with respect to the
transformation of waves progressing on beaches of three kinds of slopes ( 1/30,
1/20 and 1/10 ). The experimental results are compared with the theoretical
curves to confirm the validity of the theory.

INTRODUCTION

As waves progress in shallow water, wave transformations occur due to the
presence of the sea bottom. Especially, the changes of wave height, celerity
and length in shoaling water are generally explained by using the assumption
that the wave energy flux based on the theory of progressive waves in uniform
depth is kept constant in shoaling waterl)szg. On the other hand, some
investigator »*) have attempted to obtain a solution of wave transformation
on the sloping beach considering the change of water depth as the bottom
condition. The existing results of observations and experiments show that the
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348 COASTAL ENGINEERING

change of wave height, celerity and length are well explained by the concept
of constancy of energy flux based on theories of finite amplitude wave in
uniform depthz).

However, on sloping beaches, not only the wave height increases but also
the wave profile becomes asymmetric>). Further, as Goda®) pointed out
recently, it is obvious that the beach slope affects the breaking wave height.
Similarily, the beach slope will affect the wave transformations before
breaking. These two problems, i.e. the asymmetry of wave profile and the
effect of beach slope, can not be explained by using the approximate method of
energy flux of waves in uniform depth. They will be explained by the solution
of progressive waves on the beach mentioned above. However, none of existing
theoretical investigations has_given any solution to clarify these problems,
except Biesel's investigation7 which proposed a quantity representing the
asymmetry of wave profile.

This paper treats analytically the two-dimensional wave transformation on
constant sloping beaches in order to explain the asymmetry of wave profile and
the beach slope effect on wave transformation. As the method to obtain the
solution of progressive waves on the beach, two approximate methdds exist,
which are the small amplitude approximation and the shallow yater approximation.
In this paper, the shallow water theory of the lowest order®’ is used as the
basic equations. These equations are non-linear, and the linear solution was
already obtained”?’. It is seems that two problems mentioned above can be ex-
plained by taking this non-linearity into account. Carrier and Greenspanlo)
and Ichiyell) solved this non-linear shallow water theory already, but did not
make clear these problems.

The non-linearity of this shallow water theory is taken into account
herein by using the perturbation method as Ichiye did. Further, by using the
asymptotic expansion of Bessel functions with trigonometric functions, the
general solution of finite amplitude long waves progressing on the beach of a
uniform slope is obtained. Based on this solution, the graphs showing the
effects of beach slope on the wave height change and the asymmetry of wave
profile are presented. On the other hand, the experiments with respect to wave
shoaling on beaches of three kinds of slopes ( 1/30, 1/20 and 1/10 ) are con-
ducted. The expverimental results are compared with the theoretical ones in
order to confirm the validity of this theory.

DERIVATION OF SOLUTION

BASIC EQUATIONS
The equations of two-
dimensional shallow water

theory of lowest order are as
follows ( see Fig.l ) :

u,+u-uz+g.7x=0’$
(1
2, +{e(m+h)} =0 3

Fig.1l Sketch of waves on sloping beach
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where h = h(x) is the water depth, n = n(x,t) the height of water surface
above still water level and u = u(x,t) the water particle velocity in the x-
direction which is not dependent on the vertical coordinate. This implies that
the pressure distribution is approximated with the hydrostatic distribution.
Suffixes t and x denote the differentiations with t and x respectively. Eq.(1)
is non-linear and frequently solved numerically with the method of character-
istics. In this paper, the perturbation method is used in order to represent
the non-linear effect analytically. That is, n and u are assumed to be ex-—
pressed as the power series of a small quantity a as follows :

7=a. 70 ya2. 9(2 4 , u=a. ufl) pa2. 4@ 4 [T (2)

Substituting Eq.(2) into Eq.(l) and rearranging with respect to o and a2, the
coefficients of o and a” lead respectively

uV wg- g0 =p , 2,4 (e R ), =0 e 3)
and

A A O S LY S 1B (AL 0 APLC Ny A S

1

SOLUTTON OF nfl) ANp u(1)
Eliminating uw(l) in Eq.(3), the following equation is derived :
’7(1)15"5‘{”(1),'}’} S () eeeeseesessesreressiesisasitit ettt et et (5)

z .

If the beach slope i is constant and the water depth h is ixx ( see Fig.l ),
Eq.(5) is further reduced as follows :

20, —g (2 i car g i} =0 (6)
n(l) is assumed to be expressed as
AN, £)=7(2) 1008 0 £ eremeresssmeimeesss e ¢))
Therefore, from Egqs.(6) and (7), the equation of n{1) is obtained as follows :
LR BT A O S S RO (8)
When the variable x is replaced with w through the relationship12),
x=(gi/402).w2’ ...................................................... 9
Eq.(8) is modified as
T gy T (L W) 0 7+ =0 et (10)
It is evident that Eq.(10) posesses a solution consisting of Bessel

function Jp(w) and Neumann function No(w). A similar result is obtained when
n{l) is assumed as
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7/(1)(,,' £) =8I O 1, o (11)

When x ( therefore w ) approaches infinite, Bessel and Neumann functions are
expanded asymptotically as follows :

J,0)~V2 [ Tw 008 (w—va /2—7 /4) R
N, (w)~v2 /7w S0 (w— VT [2—T [4),

Accordingly the solution n(l) corresponding to the waves progressing in the
negative x-direction ( see Fig.l ) is given as®

x ‘ x
74, t) =a -{c08 0 ¢ . I (20 /g—i)- sinor . N (20 /;) | JR— (13)

where a is a constant related to the wave height. Using the relationships,
Zol(w) = _Z1(w) s Z, “(w) = Zo(w)_w-1 - Zy(w) , e (14)

and Eq.(3), ull) is obtained as

[ % (g / [
) (% H=q =x ’.[mnat-J1(za f?)+msat'N1(20 _é)]. ................... (15)

1.0 -

Eqs.(13) and (15) are the solutions of Eq. "M exoarimental ) \\\ h=1480cm

(1) when the non-linearity is neglected. Due to profile /’ \H= 1.90cm
/ \

the natures of Jg and Njy, the amplitude of n D 0.5

increases with decrease in x. Therefore the //\C"v‘;ia‘ffe' \
solution n¢!) can explain the fact of wave e profile \\
height increase in ghoaling water. However, the 1.0 t=£== ,7'\ =
wave profile of n(1) with time has the form of / ‘\ h= 910cm
sine function, and can not explain the experimen- AN H= 237cm
tal fact of asymmetric and forward inclined wave 0.5 + \
profile on the sloping beach ( see Fig.23)). // N
\
/ A\,
SOLUTION OF n{(2) AND u(2) 1.0 SO (e
IV h=660cm
! 1 =
When u(2) is eliminated and the relation DY H=284cm
h = ixx is used in Eq.(4), the following equation 0.5 7'\ ;
is obtained. J \
)4 AN
) A N I @ . 1.0 - >
7@ g (0 i ) {1 h= 425cm
S U R0} S P B B N AU U ; |} h= 3%Bam
...................... e © e
After substituting Egs.(13) and (15) into \/‘\ |
Eq.(16), rearranging by using the relation of Eq. 0 / N
(14), the right sidé of Eq.(16) bécomes as 05 o /T 05

follows :
Fig.2 Asymmetric wave
profile on

38 297 4
C0s20¢t. [— et (JO-.J12— N02+ N9 sloping beach)
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5 / =3
* g9 %"" ey 3 = NNy 1.0R [ At
N *'°W){ o - asymptotic, Eq.(12)
_ 2 .
~at g RN X
'// %, \‘x 0/0/0\‘)}‘5
2 L N, 50 e
v zar (382 1 &L (JoN N o 7 = oY KW
; + UgNog— Iy Np i . R
7 N ger® X
T
~ 2.2 /8 0 M (g N 4T N) /
2 i 1000 70 1 i N [ O
1.0} ) x : asymptatic.Eq.(12)
1
+2a?.g. 272 N, ] '
5 Fig.3 Approximate values by asympto-
1,9 -1 2 2 2 tic expansion of Bessel and
- —_— — J =N+ N,
+ 2% T F e i Neumann functions
3 -3
_ ;,ﬂ /%. 0.5, Uy I, = NN +a? g-x"2. F T 7 T SR ¢ & 5|
In Fig.3, the approximate values of Jq and Ny based on Eq.(12) are com—
pared with the exact ones. It is seen that the approximate values are accurate

enough for the large value of w. When Bessel and Neumann functions in Eq. (17)
are approximated with the trigonometric functions of Eq.(12), Eq.(17) becomes

&Ll ws(2 a0/ 2~ D))
gt 4
Wr TR cos[z(zm/—-gxi _’:’) H

i
g

008 20 ¢+ [~ 3 o =
5 - . x T
+2a? i sin{a(a0 /= = 2y 4a?
2 z gi 4 o

. g - .
+8in 204 .[ 34 7—t~/§-x %-sm[z(za,/fi—- :ﬂ)}

+ 202 42 om (2020 /= - 5y} a2 £
2 z gi no
+[a2 U/‘f:,x'%.eos[z(za /-gx_i_;)}
~ 22 B2 VS W S % jx I
o 2. sin(z (20 4)} at = Jgi - x 2. 008[2(20 '_Z)]]-
.................. (18)
- (19)

2
The solution of nu) is assumed to be expressed as
7@, 1) =cos20s . 4(x)+ 8 202 « B(R)+ (),

Substituting Eq.(19) into the left side of Eq.(16), it becomes
008 20t « (—402. A(x)—geiox-A"(x)~gei. A (x))

+8I20¢.(—402.B(x)~g.i-x- B(x)—g-i-B' (%)}
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4 [mge i CT(x)—geiCT()Y

U JUE RIS Y [x _F_ 3 21 & .-%, o /X _I
A(x)=—a et gin {2 (20 pr 4)} 5 me iR 08 (2 (2 i 4)},

............ (21)
21y JE om0 3 o1 JB N g = _Z

B(x)=—a el < cos{z(20 ELT——Z))'F 0% o 0 F Sm(Z(Zu‘/;;: 4>}’

............ (22)

1 1 g -3 ¥ _ T L g -2, s /£ _Z

C __2__ 2., 2, o INYV D e g2 . 2, —— -
(=5 o5 [5-x o8 2(20 p ) o @ T sin{2(z0 pr 4)}_

.............. (23)

Substituting Egs.(21),- (22) and (23) intd Eq.(20), the left side of Eq.
(16) becomes

coszdz-[—SaZE,/é.-x'%-ws{z(ztn/—x.——-”—)}

T i I:42 4
542 84240 Jx=_F 27 2 8 ol H = T
+ 5 0? Za7lsin(z (20 pr 4)}+ o 2= Vgl - x e s (2(20 pr 4)}]
+Sil120l-[3a "«/. Sm[z(zo/x_—.})}
14
54282, [ 2B\ _ 2T 2 8 oY VAT
e cos {2 (20 gi-z)}— 0w Vgt . .sin (2 (20 pr ))]
+[a2-;-‘/%’-x—%.OOﬂ[Z(ZU,,/—;?--)}._%aQ%.x'z.sin[z(zo«/-g?--Z-)}

-5 x 2 . 4
_aZ_;%JF. % eoa{2(20 ) - i -; 1+ -i-az ”52 ci. x's.sm[z(zu,/é__ - .;)} ].
-« (24)
From the comparison between Eqs.(18) and (24), it is found that the
difference exists between the constants in the third terms of coefficients of
cos20t and sin2ct. Further, the forth term in the last part ( independent on
t ) exists only in Eq.(24). Three terms in the coefficients of cos2ot
and sin2ot involve x~3 N x2 and x~5/2 in turn, and the forth term in the
last part of Eq.(24) involves x~3. Using the relatiomships of T = 27/c and
h = i+x, the ratios of the second, third and forth terms to the first term
become :

2nd/lst term~ ((gT/27)/Vgh}.i, 3rd/lst texrm ~ [ [(gT/27)/¥gh} i 1%,

and 4th/lst term ~ [ [(gT /2m)/Vgh}-i]®,

5

Therefore the higher term becomes smaller in proportion to i.

The third terms in the coefficients of cos2ot and sin2ot have cos{2(20
Vx/gi-n/4)} and sin{2(20vx/gi-n/4)} respectively,and are in the same phase as
that of the first term. If i = 1/10, h = 20cm and T = 3sec, the ratio of third
to first term [{(gT/Zw)/F}ﬂZ becomes smaller than 1/10, and the difference
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between constants of the third terms is negligible. Similarly, the forth term
in the last part of Eq.(24), which has sin{2(20vx/gi-n/4)} is in the same
phase as that of the second term, and also negligible.

Therefore, Eq.(19) with Eqs.(21), (22) and (23) is the solution of Eq.
(16), and expressed as follows :

n(z)(x, t)= C08 zat[—az —-1— xt SiD[Z(ZaJﬁ-— -;—t)}

Ty
22 L /_ . oo z(zayg -——)}]
+8in 20¢ . [~a2;!1—. a7t 008[2(20,/? - —-)}
z

_Sé.sin[z(ga /Ex;_ ;) N

Using the relationship of Eq.(12), n(l) of Eq.(13) becomes

720(x ¢) = a -(—ni{—i) B oos (a0t za/g +(26)
z

For the sake of comparison with Eq.(26), Eq.(25) is finally reduced as follows :

79(x, t)=azL-x_1-ws {2(o¢t+ 20 /i__£)+ £+m-1(~3—£-x-%)}
7 gi 4 2 10 ¢

+[%“2%;V§'x'%- (2(z0/— l——aQ—g—-x'Z-Sm[z(zﬂ/———;)}]

i gi rna?

R

APPLICABLE RANGE OF SOLUTION

The basic equation (1) is the shallow water theory of the lowest orderB),
and the pressure distribution is assumed to be hydrostatic. Therefore these
solutions are applicable only when the water depth is considerably smaller
than the wave length., If the wave celerity is equal to that of long waves /EE,

h/L= 17 (TV G RY | e (28)

The upper limit of h/L implies that the lower limit of TVg/h exists and that
the upper limit of the water depth h exists if the wave period is give?. On
the other hand, the lower limit of h also exists. As the solution of n 1)

Eq.(26) is used in which Bessel and Neumann functions are approximated with
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trigonometric functions by Eq.(12), which is the asymptotic expansion when
[w] -+ ©. Comparing between the exact and approximate values of Jg, NgI J; and

Nj, it is found that the approximate values are accurate enough when w] z 1.0.
Using Eq.(9), this condition is rewritten as follows :
T\/WS4”/£_ .......................................................... (29)

This means that the lower limit of h determined by the beach slope exists when
the wave period is given. Two conditions mentioned above are shown in Fig.4.
Two lines showing the lower limit of TvVg/h are given for the two limiting
values of h/L,

DETERMINATION OF o 1

99
»—}—4\—

The second part of the
right side of Eq.(27) consists 5 %}7)

of two terms involving x~3/2 i ___L__.
and x~2 respectively. The A
ratios of these to the first ;
term in the first part of the 4 % TG/ < 4x/i
right side are/{_gg'l‘/27r)//g—h-}i 10 %/> R
and ({(gT/Zﬂ)/ sh}i) 2 respect-

ively. Therefore the second SHTTE—— h/L < 1/10 W

part is smaller than the first *_ﬂ%
part by the order of {(gT/2w) rh/L<1/25 A
/V/gh}i. Further, because of
independence of t, the second
part affects only the still 10?
water level and does not

affect tl;elwaveB height ind 5 3 -
wave profile. Becuase this 2 10°
paper deals with the beach 0 Tg/h

slope effect on the wave Fig.4 Applicable range
height change and wave profile

asymmetry, the second part of the right side of Eq.(27) is neglected.

Wi
-5

region of applicability

Ny
1

%

10" 5

Substituting n(1) of Eq.(26) and n€?) of Eq.(27) into Eq.(2), the wave
profile is given by

/ ;1 -1 n
p(n O=tear CELE TR s (ora g0/ - o

o gi

2 Wors
P2 B JE T r -1, 3 Yge -4
* YR ws{z(os+20 gi 4)4‘24";&Il <10 s 7 )}. (30)
Now, hy/Lgy is applied as the small quantity &, where h; is the largest water
depth in the applicable range of this solution ( see Fig.4 ) and Ly is the
deep-water wave length of the small amplitude wave theory, o2/ 27,

DETERMINATION OF a

Substituting o = hy/Lp into Eq.(30) and rearranging, Eq.(30) is simply
rewritten as follows :
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n/hy =AY 008 04 AP 008 (204 8) ) e (31)
where A(l), ACZ), 8 and § are are given by

A0 = R B (L) hy YR Ca )

13

AD = wm Lk (LR Chy SR Ga Th P

............... (32)
0= am/Teos2n(Va/ R (h/LeY ) x/Ly—n/4,
8= n/2+tam (3 /10 vIE i (h/ LY,
If A(l)l and A(z)l denote A(1) and A(2) at b = hy respectively, these are
A(1)1:2'%.n'%-i%-(h1/Lg)%'(“/h1)’ .................. (33)

,«1(2)1 =n_1-(h1 /LO)2 - (a /h1)2

Because tan™!{ } in § of Eq.(32) is smaller than 7/2 at hy, it is neglect-
ed. Therefore the wave profile n; at h; is given as follows :

7 lho=AD g, (30

fio)
where f(ec) 20+ cosh
fi6) ~cos g—b.sm29, f(6)= cos@ - bsin26 1o / ~bsin28 (0<b<10)
b:A(2)1 / A(1)1 . (35) ‘ /—\ o
-n -rf2 l 8 0 x/2 n\\\‘ﬁ_;,
Fig.5 shows the -10+ e .
profile of £(8) in the T
range of -m £ § £ w. It is 2£0c 201

evident that the /relative
wave height Hi/hy at by is Fig.5 Profile of £(8)
given

- )
H, /h1_z><A A

8, is determined from df/d® = 0. After all, considering -m/2 & 6, £ 0,
simf = (1/4b-Y1/166%42) /2 .
In Eq.(36), A(l) is the f\ensztlon of a/hy, and £(8

a/h) because b ( A(2) 1/A
mined from H; by using Eq. (36)

} is also the function of
)} is dependent on a7h1 Therefore a is deter-

DISCUSSION OF SOLUTION

For simplicity, the second term of right side of Eq.(31l) is assumed to be
smaller than the first term at hj and negligible. Therefore the wave height H;
is equal to twice of the amplitude of the first term. Using this relationship,
Eq.(31) is reduced as follows :



356 COASTAL ENGINEERING

7k =172 @l Sh) ek /R om0
+ V2T - (h, /LU)V?. iV H, Sk )T Chy Jh) o8 (2048, (38)

As seen in Eq.(38), the amplitude of the first term ( the linear solution ) is
inversely proportional to the 1/4th power of the water depth h, and independen
on the beach slope i. This agrees with Green!3)'s law with respect to the long
wave transformation on very gentle sloping beaches without wave reflection and
energy loss. On the other hand, the amplitude of the second term representing
the nonlinear effect is inversely proportional to h, and the rate of wave
height increase with decrease in the water depth is much larger than that of
the first term. Further it depends on hy/Ly and the beach slope i. Especially,
the amplitude of the second term increases inversely proportionally to the
beach slope 1, the effect of which has not been made clear previously.

The authors?),5) presented previously the theoretical curves of wave
shoaling based on the wave energy flux of the hyperbolic wave theory which is
the approximate representation of Laitone's cnoidal waves of the second apgro—
ximationl?). Before these investigations, as the preliminary step, Iwagaki 5)
obtained the theoretical equation of wave height change based on the first
approximation. The characteristics of this equation agree with the relation-
ship between the amplitude of the second term and the water depth that the
amplitude is inversely proportional to the water depth h. Furthermore, the
period of the second term is a half of that of the first term, and the phase
of the second term is in advance of that of the first term by 6. As seen from
Eq. (32), & consists of 7/2 and tan“l{(3/10)'(2n)"1/2'1~(h/L0)‘1/2}, which
increases with decrease in the water depth. As descrebed later, the difference
of phase explains the asymmetry of wave profile.

NUMERICAL COMPUTATION
RESTRICTION ON NUMERICAL COMPUTATION

As shown in Fig.4, the applicable range of the water depth h exists when
the wave period T and the beach slope i are given, which is determined by two
limit conditions of the hydrostatic pressure assumption and the trigonometric
function approximation of Bessel and Neumann functions. However, some
arbitrarity exists in determination of the limiting value of h/L, which
corresponds to the largest water depth h; in the range. In this paper, the
following value is adapted :

B /LS 1720, e (39)

From Egs.(28) and (39), the following equation is obtained :

Using the deep-water wave length Ly = gTz/Zw, h; is given by

h1/L0:0A0157. ............................................................ (41)
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Before the changes in the wave height and profile with decrease in the
water depth on the beach of constant slope 1 are discussed numerically, the
wave height Hy at hy is calculated bg using the theoretical curves of wave
height change, which the authors? obtained hased on the wave energy flux
of the hyperbolic wave theory. If the value of deep-water wave steepness Hg/Lp
( Hy : deep~water wave height ) is given, the value of H;/H; is obtained from
the theoretical curve when hy/Ljy = 0.0157 and the value of Hy/hy = (H;/Hg)x
(Ho/Lg)/(hy/Lg) 1s calculated. According to the theoretical curves of hyper-
bolic waves, when Hy/Lg 2 0,006, waves already break at the water depth where
h; /Lo = 0.0157. Therefore, the deep~water wave steepness to which this theory
is applicable is restricted to considerably small values.

When the beach slope i is given, the val?e of a/h1 can be calculated as
described previously. However, the value of A 1/A 1 increases with decrease
in i for a constant value of Hy/Ly and with increase in Hy/Ly for a c%nftaQt
value of i. The numerical computation is restricted in the range of A{2)/A 1)

£ 1. Therefore, for the larper value of Hy/Ly, the value of i for which the
computation can be made becomes

larger. Ho/Lo=0001

i=1/20
RESULTS OF NUMERICAL COMPUTATION -

Al
The numerical computations 104 h/Lo=00157 {= m/Lo}

were conducted for the cases that {a) ’
the deep~water wave steepness t/T
Ho/Lg = 0.004, 0.002, 0.001, & 5 T 5
0.0004, 0.0002 and 0.0001. As '
mentioned above, for each value -0+
of Hy/Ly, the value of Hy/Hy was
calculated using the theoretical 4 10+ h/e=0008
curyes by the energy flux method? {b)
)’5), for the largest water depth l,/’/’p—S\\\‘ﬁ t/T ,
hy/Lg = 0.0157, where the compu- y
tation was started. Further, the QE/J’//, ° 08
values of a/h; were calculated 1.0t

for given values of i. The values
of 1 in computations were 1/10, 10l hie=0005

1/20, 1/30, 1/50, 1/100 and 1/200. @

However, due to the restriction L 1////"-\\\\\‘\\\5‘ T
on the beach slope mentioned _éél////’ 0 05
above, the computations were con-~ i
ducted for the larger values of -1.04
i than 1/100 when Hy/Ly = 0.001,

4

1/50 when Hy/Ly = 0.002, and 1/20 104 hLe=0003
when Ho/Lg = 0.004. ) ,
t/T
—~ LTI J
For each value of Hy/Lg and .gg ol — 05
i, using Egs.(31) and (32), n/hy ’
was computed for many values of -1.0+

h/Ly which are smaller than h;/Lg.
The numerical computations were
performed with FACOM 230-60 at
the DATA PROCESSING CENTER, KYOTO

Fig.6 Wave profile change with
decrease in water depth
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UNIV.. One example is shown 40 - ——
in Fig.6, for the case that @ LF S\ [ ]
Hg/Lg = 0.001 and i = 1/20. {4 q?; % K

The wave profile n is divided Hg bwperbolic
by the wave height H; at the o) TG -~ hyperbolic waves
water depth hy. Therefore C% i v\\? \\%%) —
(M/H ) payx = (W/Hp)gpi = 1.0 30 2 I ! |
in (a). This value increases J AN \ %

AY
with decrease in the water J\L N \ SN N\ . ]
g RSN

depth h ( in order of (b), ) N\ N
(c) and (d) ), and it becomes T ‘9%,'\. \k\\‘ "N
larger than 2.0 in (d). 1 gy N NN
Further, it is found that the 2.0 h"?t/eé; SR TR

slope of front face of the THJ—H—/’%\' ) Q“ SN
wave becomes steeper and that ™
of back face becomes more i =1/20 ]
gentle, so that the wave pro-
file becomes more asymmetric | 1
and forward inclined. Thus, 1'06 5 2
the asymmetric deformation of 10° n/Lo 107

the wave profile in shoaling

water can be explained by Fig.7 Effect of deep-water wave steepness

this solution. on wave height change
| {WUF
L

~—-— hyperbolic waves {
slope on wave height change. ,_‘5-,;1.

I —
-
.

i -
The theoretical curves _},_f//a N

obtained under the assumption //r@ \1 \‘t\
of constancy of ener§y flux [ N ,
') 4 N
\)
g

Several examples of wave 40

hejight change are shown in \
Figs.7 and 8. The beach slope

i is constant ¢ 1/20 ) in xR
Fig.7 and the deep-water wave

steepness Hy/Lg is constant

( 0.001 ) in Fig.8, which 3.0
shows the effect of the beach ! \\

of hyperbolic waves? re 20 DES/A/D S{/"'—“
also shown with broken lines. 1 —Co st ~ 4,
Similarly the curve of small : ™~
amplitude waves is shown with L Ho/lo =0.001 -
chain line. At the upper end —
of each curve of this theory [T1
( full Line ) the value of 'O »
A(Z)/A<1 approaches 1.0. LY /o

Fig.8 Effect of beach slope on wave
height change

10?

In general, the wave
heights by this theory are
always larger than those of small amplitude waves, and the rate of wave height
increase with decrease in the water depth is larger than that of small ampli~
tude waves. Further, as well as the curves of hyperbolic waves, the rate of
wave height increase is larger for the larger value of the deep-water wave
steepness. However, as the deep-water wave steepness becomes smaller, the
value itself of this theory becomes smaller than that of hyperbolic waves. On
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the other hand, for a constant

deep-water wave steepness as in “/T\\ T/H

Fig.8, when the beach slope 1 is A ma—

small, tha rate of wave height ////”__‘\\\\\

increase becomes large. This N t/T
effect of the beach slope is -05 0 ?;5
expected from the fact that i1 ’
i1s involved in the coefficient

of the second term of Eq.(38).
Thus, this theory clarifies the
effect of beach slope on the
wave height change, which has
not been made clear theore-
tically before. T
2 ~

As a parameter repre- 020 ™ ™. \\\\
senting the degree of asym-
metry of the wave profile,
tp/T shown in Fig.9 is taken.
Several examples of the
change of tp/T in shoaling 015 ‘o
water are shown in Fig.l1l0 @,
and 11. Fig.1l0 shows the
case that the beach slope is \\\
constant ( 1/20 ) and Fig.1ll1 C \\
is for the constant deep- q%§
water wave steepness ( 0.001 0.10
Y. It is obvious that the Q

value of tp/T increases with %/? ‘%bv-,

decrease in the water depth 0

Fig.9 Parameter of asymmetry of
wave profile

1
=

and the wave profile becomes Q
more asymmetric and forward q%} N
inclined. It is found from 005 ~
the figures that the wave =
profile becomes more asym- L L] i=1/20
metric for the larger deep-
water wave steepness and for
the smaller beach slope. 6

103 h/Lo 1072

As mentioned above,
Blesel”) derived theoreti-
cally the average value of
the slopes of front and back faces of the wave profile, while the parameter
t./T is same as the " wave horizontal asymmetry " discussed experimentally by
A eyemo16 . The wave profile asymmetry corresponds to the asymmetry of time
variation of water particle velocity, and affects the time variations of wave
forces on coastal structures and motions of bed materials. Therefore, the
parameter tp/T may has more important engineering significance than Biesel's
parameter.

Fig.10 TEffect of deep-water wave steepness
on wave profile asymmetry

COMPARISON WITH EXPERIMENTAL RESULTS
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The equipment and pro-
cedure of the experiments 0.20

with respect to wave shoal- ’/7\
ing on beaches were same a N “©
that described by Iwagaki?), 1o 23
in which the experiments for T > °
were conducted. 015 [l N 2N
52
2

the beach slope of only 1/20
—

WAVE HEIGHT CHANGE | T
B
l

In Fig.12 (1) ~ (3),
the experimental results of Ho/Lo=0.001
wave height change for the 0.10 J [ —‘

beach slopes of 1/30, 1/20
and 1/10 are shown. In Fig.
12 (1) (1 =1/30), | |

although the experimental 6 &

values can not be directly h/Lo

compared with the theoreti-
cal values by this theory

because of the lack of data
for corresponding values of

Fig.ll Effect of beach slope on wave
profile asymmetry

Hy/Ly, it seems that the trend 24 ——
of the experimental values || 00001 | Ho/to
agrees roughly with that by H B 0.0002 ; i=130 | o : 00034
this theory and the values are [, v i /0.0004 o 00057
larger than those by the hyper- 0 t 0.001 C
bolic wave theory2)s5). In Fig. 20 \ [Wo.ooz. e i 0.0083
12 (2) (i =1/20), the ex- ' : 7 LT o004 e . oom2
perimental values when Hgy/Lgy = \ | I
0.0026 agree with those by this NPAARE 0.006
theory and all of the experi- X\ o i I [ l
mental values agree well with \5‘& TN { l u
those by the hyperbolic wave SN\ NN oo
. . NS \ove @ -
theory. In Fig.12 (3) (i = 15 AN o—s 0.015
1/10 ), the experimental values .\X\:g "M e
are much smaller than those by \\ NN 8 7 0.02
this theory. Therefore, the ex- - Pdgs\o—!\r A 50a |
perimental results confirm the B TN \ \ l
prediction by this theory that Ho/Lo=0 l ~.L 5 T ?.o?
the wave height becomes larger ]_Jh T | °‘_<(§> ] !J
~.[N
on the gentle slope beach than g 0 R S | SRS
on the steep slope beach. | | I TR
¥
0006 001 h/L l ;
WAVE PROFILE ASYMMETRY ° 005 o1
Fig.12 (1) Comparison with experimental
In Fig.13 (1) ~ (3), the results of wave height change
:4

experimental results of wave (i=1/30)

profile asymmetry for the

beach slopes of 1/30, 1/20 and 1/10 are shown. The experimental values of a
parameter t,/T increase with decrease in the water depth. This agrees with the
behaviour of the curves by this theory. However, the experimental values



themselves are considerably
different from those of theo-
retical curves. Although the
common range of values of h/Lg
and Hy/Ly between the experi-
mental results and the theore-
tical curves is limited, it is
found that the experimental
values begin to increase at
the larger value of h/Ly than
the theoretical curves and the
rates of increase are also
larger than those of theoreti-
cal ones. It seems that the
experimental values of tp/T
are larger for larger values
of the deep-water wave steep-—
ness. This trend of the experi-
mental values agrees with that
of this theory. However, be-
cause of scatter of experimen—
tal values, the effect of the
beach slope on the wave profile
asymmetry can not be confirmed
by the experimental results.

CONCLUSION

A solution of finite
amplitude long waves on
beaches of constant slope was
obtained by solving the
shallow water theory of the
lowest order with the perturb-
ation method. This solution
was used to explain the beach
slope effect on the wave
height change and the wave
profile asymmetry in shoaling
water, which have not been
made clear theoretically. The
theoretical results were shown
graphically. On the other hand,
the experiments on wave shoal-
ing were conducted in order to
confirm the validity of this
theory.
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It was found theoretical~-
ly that the rate of wave
height increase is larger on

Fig.12 (3) Comparison with experimental

results of wave height change
(i=1/10)
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the gentle slope beach than on the steep slope beach. The experimental results
agreed qualitatively with this theoretical prediction,

It was found theoretically that the wave profile becomes asymmetric with
decrease in the water depth and more asymmetric for the larger deep-water wave
steepness and smaller beach slope. The experimental results confirmed the
theoretical prediction on the effects of the water depth and the deep-water
wave steepness.

This study is the part of the authors' investigations on the finite
amplitude waves and their shoaling during recent several years. The authors
wish that the results of this study contribute to advance of investigations
on these problems and practical applications.

- e -
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v o 00057
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T o o 0° & o : 0017
02 L i e &1 0.026
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) [N ) .
\W |- o 44;" 0.0492
o
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0.1 n0004 oo |
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W 0.0002 10 L&
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0006 001 005 01 h/Lo 03

Fig.13 (1) Comparison with experimental
results of wave profile
asymmetry tp/T ( i = 1/30)
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