A FULLY NONLINEAR BOUSSINESQ MODEL FOR WATER WAVE PROPAGATION
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A set of high-order fully nonlinear Boussinesqg-type equations is derived from the Laplace equation and the nonlinear
boundary conditions. The derived equations include the dissipation terms and fully satisfy the sea bed boundary
condition. The equations with the linear dispersion accurate up to [2,2] padé approximation is qualitatively and
quantitatively studied in details. A numerical model for wave propagation is developed with the use of iterative
Crank-Nicolson scheme, and the two-dimensional fourth-order filter formula is also derived. With two test cases
numerically simulated, the modeled results of the fully nonlinear version of the numerical model are compared to
those of the weakly nonlinear version.
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INTRODUCTION

It is well known that the Boussinesg-type equations are powerful tools to accurately estimate
the wave conditions in the near-shore zone. Because they are nonlinear, they can simulate the
propagation of large waves with the effects of topography and the nonlinear wave-wave interactions. A
large number of researchers (e.g. Peregrine, 1967; Madsen et al. 1991; Nwogu, 1993; Chen and
Liu,1995; Wei et al. 1995; Hong,1997; Agnon et al., 1999;Zou, 1999; Gobbi et al. 2000; Madsen et al.,
2002) derived or improved different Boussinesg-type equations. It should be particularly mentioned
that Hong(1997) presented high-order models with the dissipative terms for non-linear and dispersive
wave. Almost at the same time, the different numerical models with the Boussinesg-type equations
employed as the governing equations are developed or improved. Most of the numerical models(e.g.
Abott et al., 1984; Madsen et al.1991; Nwogu, 1993; Wei and Kirby, 1995; Zhang et al.,2001; Shi et
al.2001; Zhang et al.2010) are provided with the use of the finite difference method in the Cartesian
coordinates. A review on the various numerical models has been given by Zhang et al.(2010).

In this paper, with the wave velocity potential function expressed as a function defined at an
arbitrary water level, a set of fully nonlinear Boussinesg-type equations is derived from the Laplace
equation and the nonlinear boundary conditions. The derived set of equations includes the dissipative
terms and fully satisfies the sea bottom boundary condition. The equations with the linear dispersion
relation accurate up to [2,2] padé approximation is qualitatively and quantitatively studied in details.
The nonlinear characteristics are compared between the present fully nonlinear equations and the
weakly nonlinear ones. A numerical model for wave propagation is described, and a two-dimension
fourth order filter formula is also provided in this paper. With two test cases numerically simulated, the
modeled results of the fully nonlinear version of the numerical model are compared to those of the
weakly nonlinear version. This indicates that the effects of strong nonlinear terms on wave propagation
are studied quantitatively.

MATHEMATICAL MODEL

Formulations in Non-dimensional Forms and Formal Solutions
A Cartesian coordinate system (x*,y*,z*) is adopted, with z* measured upwards from the

still water level. Consider a three-dimensional wave field with water surface elevation 7" (x*, y*,t*) at
time t*, propagating over a varying depth h*(x*,y*). The fluid is assumed to be inviscid and

incompressible, and the flow is assumed to be ir-rotational. The wave velocity ga*(x*,y*,z*,t*)

satisfies the Laplace equation, the conditions on the free surface boundary and the sea bed boundary.
According to the non-linear wave theory, the following non-dimensional variables are defined as:
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where L and d are the characteristic wave length and water depth, respectively; g is the
acceleration of gravity ; p is the water density; C, is the wave celerity; W * is dissipative coefficient;

V= ii is the non-dimensional gradient operator; ,u=g and gzi, where a is the
oX oy L d

characteristic amplitude. Then, the Laplace equation becomes:

(1)

pV-Vo+¢, =0, —h=<z=<en )
The boundary condition at the sea bed can be written as:

¢, +Ve-Vh=0, z=-h(xy) ®)

The kinematic boundary condition on the free surface can be written as:
B +&Ve-Vin) -9, =0, z=¢n &

The dynamic boundary condition on the free surface can be written as:

0 1 g ,) C*(*»

+[(=+Wp+=| Vo -Vo+—¢° |=——=, Z=¢ 5
n [(at ) 2( @-Vo ﬂ(ﬂzj cqd n ()

When 77 is eliminated in these two equations, the kinematic-dynamic boundary condition on the free
surface can be combined as:

0 0 £
?, +ﬂ{(a+W)¢t}+ﬁ{8(a+ wW)(Ve-Vo) +?¢z¢n}
(6)
0C *(t%)
ot ¢lc,
From the Bernoulli equation, the pressure in the wave can be written as:
p+z+g{(§+w)go+§vw-gof}=C*(t*)/gd @)

Where V2 =Vgp-Vo+(p,).

+%ﬂeZV¢>-V(V¢-V¢)=

Applying the gradient operator to Eq.(5) yields:
V77+[(§+W)V(p+g(V(p-V)V¢+%(pZV(pZ=0, Z=¢n €:))

Assuming that the wave velocity potential ¢ can be expressed as the following power series
formulations with respect to the parameter of £ :

0= B¢, Vo=3 p"Veo, ©)
n=0 n=0
Substituting Eq.(9) into Eq.(2) and on the basis of Eq.(3), one can find readily:

n=0, (9).. =0, (@), =0, @0 =@ (X, Y1) (10)
Thus, ¢, and Vg, can be defined as the values of ¢ and V¢ at an arbitrary water level
z2=-27,(X,y), namely:

=@, Vo=Vag,=U(X,Y,t),
For 2=—7, P =@ (4 2 (x,y,t) (11)
@, =0, Vo, =0, nx1
Thus, when n>1,
($n)zz ==V 'V$n—1 (12)

(9,),=-Ve,,-Vh z=-h (13)
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The formal solutions of Eq.(12) with the boundary condition at the sea bed(Eq.13) can be deduced:

(@), =-V" I,hV(Pn_le +Vo V2 (14)

and
P :f*(_v'fhwpn—ld“v%fl'VZ)dZ=J (15)
V=V (16)

where Vz=¢Vn, z=¢n: V=0, z#en, z=-h.
Substituting the expressions of ¢, and its derivatives into Eqgs.(4) and (8), one can obtain the
Boussinesg-type equations to any order of £ :

no+ Y BUH(V- fh 9,,02)=0,  z=¢p (17)
n=1

and

o0 n a
RS WSRO
n-0

. (18)
+ > BV [(Ve, V)V, +%(¢m)zv(¢n)z] =0, z=¢p

m=0 n=0

>

Governing Equations
Based on Eqgs.(14) and (15), the different orders of explicit formulations of wave velocity
potential can be obtained. According to Eqs.(17) and (18), the governing equations which include all

nonlinear terms that correspond to the dispersion relation accurate up to O(yz) or O(f) can be
expressed as:
%gw.[(hm)a]

_ 19
_ﬁv.{(h+gn E(hz—ghn+gznz—323)vv.u (19)

+(z* —%h +%gnjvv-hU+(V-hU—z*V-L—J)Vz*}}:O(,BZ)
) _ .
Vnp+(—+w+eU - -V)U
at
—ﬂ(3+w+gU-V)V (z.+&m) h-1; +lgq V.U +(z.+en)(U -Vh)
ot . 2772 . (20)
+ﬂg[(h+éﬁ V~L—J+U-Vh]v[ h+en V.U+U.Vh]

—ﬁg{V|:( Z*+577)[h —%Z* +%577JV U +( Z*+877)(U-Vh):|-V}U =0(p?)

where Zz, is an arbitrary water level and z, = sh . In this paper, s =0.5 is chosen.
In the dimensional form, Egs.(19) and (20) are written as(with the symbol * omitted):

i_?+v.[(h+n>a]

_. 21
—V.{(h+77 [%(hz—hn+772—323)vv.u 1)

+(z* —%h +%77jVV~hU+(V~hU— z*VU)Vz*}}zo(ﬁz)
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gV77+(§+W +U -V)U

_ (§+w* +U-V)v[( z*+77)[h —%z* +%njV U +( Z*+77)(U'Vh)} (22)

+[(h+ﬁ) V-U+U~Vh}v[ h+7n V-U+U-Vh}

—{v{( z*+77)(h —%z* +%njv U +( z*+77)(U-Vh)]V}U =0(B?)

NONLINEAR PROPERTIES OF GOVERNING EQUATIONS
It is assumed that the water depth is constant, namely, h(x,y) =const..The free surface

elevation, 77, and the velocity in the x-direction, u are expanded with the use of the perturbation
method as follows, respectively:
n=en +en, +&n, +&'n, +0(%) (23)
U=eu, +&°u, +&°u; +&'u, +0(g°) (24)
Substituting Egs.(23) and (24) into the one-dimensional forms of Egs.(21) and (22), one can obtain the
following expressions at the first order and second order, respectively:

1, +hu, — (—% +$ —%sz)he’u1XXX =0 (25a)
1
Q77+ Uy = (8= 28N Uy =0 (25b)
and
1 1,03 1 o2
My + hu2x - (_§+ S _ES )h Upy = ‘(771U1)x + (S _ES )h (nlulxx)x (263)
1 1
Q775 Uy — (S _Esz)hzuzm =-uu, + h(nlulx)xt - hzulxulxx + (S _Esz)hz (ululxx)x
(26h)

Consider a wave train consisting of two small amplitude periodic waves with amplitudes a, and

a, , and frequencies @, and @, . The water-surface elevation is given by

1, =8, cos(k X — ayt) +a, cos(k, X — m,t) (27)
where k, and K, are the respective wave numbers. The individual waves satisfy the first-order of the
Boussinesq equations [(25a) and (25b)]. Therefore, the horizontal particle velocity can be written as:

u, =U, cos(k,x — ayt) + U, cos(k, X — a,t) (28)
where
0,8,

u, = @ U, = (29)
1 1 2 212
klh[1+(—3+s—52)kfh2} kzh[1+(—3+s—s )kzh }

The second-order wave will consist of a sub harmonic at the difference frequency @_ = @, — @,, and

higher harmonics at the sum frequencies 2 @, .2 @, , and @, = @, + @, . It can be expressed as:
1, =2,3,G; (0, 0,)cos(k.X - ,t)

+%asz+ (a)l,a)l)cos[z(klx—a)lt)}%azzG; (,,0,)c08] 2(k, X~ mt) ] (%0

Where k, =k, £k,, G, (@, ®,) is a quadratic transfer function that relates the amplitude of the

second-order wave to the first-order amplitudes.
Differentiating Eq.(26a) with t and differentiating Eq.(26b) with x firstly , and then manipulating
algebraically yields:
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1 1 1
{nn - ghﬂxx - (S _Esz)hzr]xxﬁ + (_gs —Esz)ghsnxxxx}

2

[_(nu)x + (S _lsz)hz(nuxx)x} - h|:—UUX + h(nux)xt - hzuxuxx + (S _lsz)hz(uuxx)x:|
2 ' 2 X
. ) (31)
= _(S__Sz)h2|:_(77u)x+(S__Sz)h2(nuxx)x:‘
2 2 it
1 1 2\l3 2 1 2\lW2
+(__S__S )h |:—UUX +h(’7ux)xt -h U U, +(S——S )h (uuxx)x:‘
3 2 2 . 1

Substituting Eq.(30) into Eq.(31), one can obtain:
Gt = a)ikih[(l_ﬁl =B, - B)okh+{1-B, - f _ﬂﬁ)a)Zklh]_a)la)Z(kih)z (1_:37 _ﬂs)

2 2D* (L4~ K2h)(L+ - k2h) >
15" 157
where

B =1L(225|<12 + 225k k, —525k2)h? (33)
ﬂ;:m( 105k F135k%k, + 60k2K? + 90k k¥ — 30k )h (34)
pi=r 2 LK F 9K + 3K + 5Kk (35)
B ZE( —525k? + 225kk, + 225kZ)h? (36)
B =E( —30k,’ +90k’k, + 60k’k> F135k Kk’ —105k; )h* (37)
B :E(J_rSksz 3Kk F Ok — TRk )h° (38)
Vs =1£(7kf F13kK, + 7k2)h? (39)
5= 1125(k K, )(2k3 F 3Kk, F 3k k2 + 2k3)h (40)

D' =w’ {1+3(k h)z}—ghk{ui(k h)z} (41)

& 5\t + 15

To illustrate the effects of strong nonlinear terms more clearly, we further ignore the fe , ,8.92 and

,853 terms of Egs.(19) and (20) and only retain the weakly nonlinear terms , that is, the terms are
relevant to ¢ .Thus, Egs.(19) and (20) are changed into the weakly nonlinear equations. In the similar
way, the corresponding quadratic transfer functions can be obtained. Assuming @, — @, =0.1® , where

W= (a)l +a)2)/2, the comparisons between the quadratic transfer functions of the Boussinesq
equations with those of the second-order Laplace equation are shown in Fig.l. In Fig.l, L, =

2729/ @*. When h/ L, =0.5, compared to the quadratic transfer functions of the second-order

Laplace equation, the set of weakly nonlinear Boussinesq equations underestimates the magnitude of
the sum frequency and difference frequency by 42.7% and 62.2%, respectively; In contrast, the set of
fully nonlinear Boussinesq equations underestimates the magnitude of the sum frequency by 34.9% and
overestimates the magnitude of the difference frequency by 58.5%. Therefore, it is qualitatively
illustrated that the precision of the fully nonlinear Boussinesq equations is higher than that of the
weakly ones.
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Fig.1 Comparisons between quadratic transfer functions of Boussinesq-type equations and those of second
order Laplace equation ( : Second order Laplace equation, — — —: weakly nonlinear Boussinesq-
type equations; —-—-—: fully nonlinear Boussinesq-type equations)

NUMERICAL MODEL

Finite Difference Scheme of Governing Equations
The improved Crank-Nicolson method, which consists of three stages, is performed iteratively, with
the initial value given by the predictor-corrector method. Firstly, at any given time step nAt, the values

of the variables at (n +1/ 2)At are predicted with the use of the known values at t = nAt . Secondly,
the predicted values at (n+1/2)At are then used to compute the values at (n+1)At in the corrector
stages. Finally, the computed values at (n +1)At are then used as an initial estimation in an iterative
scheme, and this is repeated until convergence. The approximations of the first-order time and spatial
derivatives include the terms of O[(A'[)2 ,(AX)2 ,(Ay)z], which involve third-order derivatives. Thus,

it is necessary to make correction for the first-order terms. The method of correction is performing back
substitution of the truncation terms to obtain the proper calculation results. The correction schemes of
the first-order derivatives and the difference discretization of governing equations can be referred to
Zhang(2000) and Zhang et al.(2001).

General Boundary Conditions for Open and Fixed Boundaries
Zhang(2000) derived the general boundary conditions for open and fixed boundaries. Assuming the

artificial down-wave boundary at X = X,, , on the basis of the theory of linear waves, the wave potential

at the boundary x = X,, with arbitrary reflectivity is given by

gcosh[k(h+2)]
wcosh[kh]

oY, 20)=¢ +¢, = (ii){ }U(X, y:t) (42)

and the free surface elevation is given by
n(x,y.0) =, + 7, =a,{expli(k, (x—x, ) +k y ot + £)] .
+Rexpli(—k, (x=xy ) +k yt ot + )]}
where @, is the incident wave amplitude; R =k e is the complex reflection coefficient; k, and &,
represent the reflection coefficient and phase difference, respectively; kX and k, represent the wave
number in the x-direction and y-direction, respectively. If the down-wave boundary is an open one, Kk,

should be set as zero; and if it is a fully reflection one, k, should be set as unit and &, should be set as
zero.
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Using Eq.(42), one can obtain the following relation:

¢(XM ' ya th) — Axei(twr)(Jrﬁl—/i’z) (44)
d(Xy —AX,Y,Z2,t—17,)
where
1/2
1+ 2k cose. +k 2
A( — r r r > (45)
1+ 2k, cos(k AX+¢,)+Kk,
i —sin(k Ax)+k_sin(k, AX+ ¢
tanﬂl _ kr Sing, : anﬁz _ ( X ) r ( X r) ' (46)
1+k, cose, cos(k,Ax) +k, cos(k Ax + ¢, )
If AX is defined, the expressions for the boundary conditions can be deduced from Eq.(44):
¢(XM’yizit):A<¢(XM —AX, y,Z,t—z'x) (47)
tor, =B, - B (48)
or
k 2 —1)sin(k, Ax
+tan(wr,) = (k" ~Dsin (k.Ax) (49)

(L+k,*)cosk, Ax + 2k, cos(k,AX +&,)
The formulations of A, and z, can be obtained from Egs.(45) and (49) with AX replaced by Ay,

respectively. If the waves are outgoing at the down-wave boundary or at the lateral boundaries and the
wave directions vary severely, the sponge layer should be set near the corresponding boundaries,
respectively, to minimize the numerical errors generated by the waves reflected from the boundaries
into the solution for the area of interest. The back ends of the sponge layers are at the corresponding
boundaries, respectively. According to the numerical tests(Zhang,2000; Zhang et al, 2009), in the case
of regular waves and irregular waves, the general boundary conditions can effectively reflect the
influence of different boundaries, and can easily be utilized.

The Improved Specifying Boundary Conditions

If the upstream boundary conditions are prescribed only according to the incident wave only, the
time-dependent numerical models can not effectively simulate the wave field when the physical or
spurious reflected waves become significant. Zhang et al.(2009) provided a new approach to specifying
the incident wave boundary conditions combined with a set sponge layer to damp the reflected waves
towards the incident boundary. The improvement method is very simple, and it is described as follows:
(1) A sponge layer is set in the neighborhood of the incident boundary.
(2) The analytical solutions are searched in the region where the sponge layer is set. The steps of
searching them include: the relevant incident wave factors, such as waveheight, wave period and
wavelength, should firstly be provided at the incident wave boundary, according to the relevant wave
theory, for example, Stokes wave or cnoidal wave theory, etc.; the analytical solutions of the dependent

variables ,which are represented by 7 and U in this paper, are then obtained in the range of sponge

layer on the basis of the corresponding wave theory.
(3) In the spatial range of the sponge layer, the physical or spurious reflected waves, that is, the “error”

values (1°—n* and ue —Ua), are obtained from subtracting the analytical solutions(7* and Ua)
from the calculated values (7° and ue ), and are then damped with the sponge layer used.
(4) Inthe end, the calculated values, 1° and U*®, at each calculation step, are corrected as follows:
n" =n"+(n"-n")! r(x) (50)
U™ =U"+(U°-U")/ »(x) (51)
Where 77°* and U® represent the modified calculated values of the corresponding variables,

respectively. As for the form of ;/(X) , Zhang et al.(2009) adopted the following formulation:
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exp| (27 =275 ) In 0<X<X
7()() - [( ) ] s (52)
1 X = X,

The Formulation of Numerical Filter

How to filter numerical noise is very important for developing a numerical model because the
numerical noise can make the model collapse. The numerical noise is often encountered in developing
the numerical model based on the Boussinesg-type equations, since the governing equations include the
high order derivative terms. In this paper, the two-dimensional fourth-order model(Shapiro,1970) is
employed:

F*IJ E*:JJ — ( ) %” + — | 1 I:i+l,j - ZFU)é (53)

Where S is the smoothing factor, F;; represents the original values at point (i, j) and F

represents the new values after numerical filtering at the same point. The numerical filtering response
function correspondence to Eq.(53) is:

R(k,h)= §- 2Ssin’k,Dx/ 2§~ 2Ssin’k Dy/2f (54)

Based on Egs.(53) and (54), with the use of maple software, The 81-point two-dimensional formulation
in the interior of calculation domain is as follows:

34596F, ; +10416(F ; , +F ;. +Fyj + Fuyj)

—-5208(F ; , +F ;. )+3136(F 4 1 +Fgju+t R g+ Faja)
“1568(F 51+ FiojutFyj ot Rt Fjo t R T Rija t R )
+1488(F, st F s T F_ 3t )+ 784(F_ 2j2t F., jr2 T FH2J »+F. J+2)
) 1 +448(F 3 ;1 +FgjutFRajstRajst st Rt FusjatFisja) (55)
R :m —224(F 3 ,+Fsjo+FRojs+tFajstRajstFajetFRajst+Fisje)
-186(F ; 4 +Fj.a+Fa.;+F

i+4,]

2+Fi2j |+2]

I+3j

)+64(F| -3,j— 3+ F 3]+3+F|+31 3+F|+31+3)
—56(F 41+ FagjutFRajatFojuatFajat Rt R ot Fiaja)
+28(Fi—4,j—2 + F —4,j+2 + FI 2,j-4 + F -2,j+4 + I:|+2 j-4 + I:|+2 j+4 + I:|+4 j-2 + I:|+4 J+2)

B(Fsjs+Fajs+tFsjatFaju+FRasatFjatFajstFigs)

_+(Fi—4,j—4 +F 4t Fiajat+Fiaja)

TEST CASES

To study the effects of nonlinear terms quantitatively, the two versions of the numerical model
are employed to simulate the wave propagation. That is, one version is fully nonlinear, its governing
equations include all nonlinear terms proportional to powers of ¢ ; and the other version is weakly
nonlinear, its governing equations only include the nonlinear terms proportional to the first order of ¢ .
The fully nonlinear version is referred to below as the FN model, and the weakly nonlinear version is
referred to below as the WN model. The experiments of I1to & Tanimoto (1972) and Berkhoff et
al.(1982) are widely used to testify the relevant numerical model. Thus, they are also used in this paper.
The dissipative terms are omitted in this paper because the calculation domain is not large(Zhang et
al.2005).

Wave propagation Over a Submerged Shoal with Concentric Contours

Ito & Tanimoto(1972) performed an experiment of wave propagation on a submerged shoal with
concentric contours. The experimental layout is shown in Fig.2. The incident wave period T and wave
height H,are 6.3s and 1.0m, respectively. The lateral boundaries are the fully reflective walls and

the down-wave boundary is perfect outflow. The grid steps Ax and Ay are both chosen as
4.03763m, the time step Atis chosenas T /32 .The filter is applied every 100 time steps.
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It is shown in Fig.3 that the modeled results along two sections are compared to experiment data,
where the solid line, dashed line and symbols represent the results of FN model, those of WN model
and experimental data, respectively. It is found that the results of both models correspond to the
experimental data. The quantitative mismatch can be measured by the index proposed by Wilmott

(1981) as follows:

L, =57.473m
h 1:15m

h
h ,=5m /ZT\ Ny

-4-3-2-1012 3 4

(b)
< |@ | A N
I
= N
—
° N L
-
i
«?
T
-4°-3-2-1012 3 4
y/Lo
Fig.2 Experimental layout of Ito & Tanimoto (1972)
3.0 Section (a) 3.0
Section (b)
£ 2.0 A
= £
10 X
0.0IIIIIIIIIIIIIIIIIIIII 0.0IIIIIIIIIIIIIIIIIIIII
-4 -2 0 2 4 -4 -2 0 2 4
ylLo XL

Fig. 3 Comparisons between the modeled results with experimental data
(A: Experimental data, -- -: WN model; —— : FN model)

X)) (56)
Ly ()= ()]
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where X( j) are experimental data, x is the mean value of x(j), y(j) are the modeled
results. d =0 means a completely mismatch and d =1 indicates a perfect agreement.

The calculated index d can be found in Table 1. Although the differences between the WN
model and FN model can’t be obviously reflected in Fig.3, it is indicated in Table 1 that the precisions
of FN model are indeed higher than those of WN model.

Table 1. The calculated index d with experimental dataas x( j) and modeled results as y( j)

Section (a) Section (b)
WN model results as y( j) 0.944 0.981
FN model results as y( j) 0.946 0.983

Wave Propagation on a Plane Beach with an Elliptic Shoal

Berkhoff et al.(1982) conducted an experiment to observe the wave transformation due to
reflection, refraction and diffraction. The experimental layout and 8 sections for collecting wave data
are shown in Fig.4. The incident wave period and wave height are1.0s and 0.046m , respectively. The
grid steps AX and Ay are chosen as 0.125m and 0.25m, respectively. The time step At is chosen as

T /100 .The filter is applied every 50 time steps. Because the water depths near the down-wave
boundary are very shallow, the calculation domain is chosen as 27mx 20m .

x/m

>
11
o
N — — — — — — — —

—>

Fig.4 Experimental layout of Berkhoff et al.(1982)
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Table 2. The calculated index d with the experimental data as and modeled results as y(j) .

1# 2# 3# A# 5# 6# T# 8#

FN model results as y(j) | 0.736 | 0.948 | 0.977 | 0.974 | 0.941 | 0.911 | 0.851 | 0.582

WN model results as y(j) | 0.620 | 0.890 | 0.975 | 0.946 | 0.939 | 0.808 | 0.751 | 0.549

The comparisons between the modeled results with experimental data are shown in Fig.5,
where the solid line, dashed line and symbols represent the results of FN model, those of WN model
and experimental data, respectively. It can be seen that the modeled results from the FN model are
obviously better than those of the WN model. The quantitative comparisons between different models
with experimental data are shown in Table 2. It clearly indicates that the accuracy of the FN model is
higher than that of the WN model. The average value of index d from the FN model is 0.865. In
contrast, it is 0.810 based on the WN model. Thus, if the governing equations include the higher order
nonlinear terms, the agreement between the corresponding numerical model and the experiment can be
improved.

CONCLUSIONS

A set of high-order fully nonlinear Boussinesg-type equations is derived from the Laplace
equation and the nonlinear boundary conditions. The derived equations include the dissipation terms
and fully satisfy the sea bed boundary condition. The equations with the linear dispersion accurate up to
[2,2] padé approximation is qualitatively and quantitatively studied in details. The difference between
the fully nonlinear version of the equations and the weakly version is found by analyzing their second-
order transfer function. A numerical model for wave propagation is developed with the use of iterative
Crank-Nicolson scheme, and the two-dimensional fourth-order filter formula is also derived in this
paper. With two test cases numerically simulated, the modeled results of the fully nonlinear version of
the numerical model are compared to those of the weakly nonlinear version. It is found that the high-
order nonlinear terms in the governing equations can indeed improve the precision of the numerical
model.
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