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ABSTRACT: The present paper describes a numerical study of infragrav- 
ity waves forced by obliquely-incident wave groups. In this study, the depth- 
integrated, shortwave-averaged nearshore circulation model SHORECIRC (Van 
Dongeren et al., 1994), which includes the quasi three-dimensional effects, is 
used. The governing equations that form the basis of the model, as well as the 
numerical model and the boundary conditions are described. The model is ap- 
plied to the case of leaky infragravity waves. The magnitude of the quasi 3-D 
terms and their effect on the infragravity wave envelope is analyzed, and the 
velocity profiles of the infragravity waves are shown. 

INTRODUCTION 
The depth-integrated, shortwave-averaged nearshore circulation model SHORE- 

CIRC (Van Dongeren et al, 1994) belongs to the class of quasi-3D (Q3D) mod- 
els, which combine the effect of the vertical structure with the simplicity of two- 
dimensional horizontal (2DH) models. 

Several approaches to the development of Q3D models can be found in the liter- 
ature. De Vriend & Stive (1987) split the current into primary and secondary flow 
profiles based on the assumption that the primary velocity profiles are the same 
in the cross-shore and longshore direction. In a different approach, Svendsen & 
Lorenz (1989) determined the vertically-varying longshore and cross-shore currents 
separately under the assumption of weak dependence. Svendsen & Putrevu (1990) 
formulated a steady state version of the nearshore circulation model using analytical 
solutions for the 3D current profiles in combination with a numerical solution of the 
depth-integrated 2D horizontal equations for a long straight coast. They split the 
current velocity into a depth-invariant component and a component with a vertical 
variation with zero mean flow integrated over the central layer. Sanchez-Arcilla et 
al. (1990, 1992) presented a similar concept. 

Putrevu & Svendsen (1992) and Svendsen & Putrevu (1994) recognized that the 
current-current and current-wave interactions neglected in previous investigations 
induce a non-linear dispersion mechanism, analogous to the dispersion of solutes 
(Taylor, 1954). This mechanism significantly augments the lateral turbulent mixing 
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and accounts for the difference in magnitude between the vertical and horizontal 
mixing in the case of a longshore current on a long, straight coast. 

The time-dependent version of this model, called SHORECIRC, was presented in 
Van Dongeren et al. (1994) for the special case of longshore uniformity in both 
the bathymetric and hydrodynamical conditions. The generalized quasi 3-D govern- 
ing equations were derived in Putrevu & Svendsen (1997a,b) and Van Dongeren & 
Svendsen (1997a). 

Recently, SHORECIRC has been used to study a number of nearshore phenomena, 
such as shear instabilities over longshore-varying bathymetries (Sancho et al., 1997, 
1998) and rip currents over a bar (Haas et al., 1998). 

In the present paper SHORECIRC will be used to study infragravity waves forced 
by obliquely-incident wave groups and the associated quasi 3-D effects on a cylin- 
drical coast. 

GOVERNING EQUATIONS 

The depth-integrated, time-averaged mass and momentum equations incorporated 
in SHORECIRC are derived from the Reynolds' equations which are integrated 
over depth and averaged over the shortwave period largely following the procedure 
outlined in Phillips (1977) and Mei (1983). In the present approach, which is given 
in more detail in Putrevu & Svendsen (1997a,b) and Van Dongeren k. Svendsen 
(1997a), the total horizontal velocity of the long and short waves is further split 
into a depth-uniform long wave part Va, a depth-varying long wave part V\a and a 
short-wave contribution uwa, so that 

ua(x,y,z,i) = Va{x,y,t) + Via{x,y,z,t) + uwa{x,y,z,t) (1) 

We define u^a~ = 0 below trough and define the shortwave-induced volume flux 
above the trough level as 

=  /   uwadz (2) 

where (,t denotes the trough level of the short-wave motion. The total flux Qa can 
then be written as 

Qa = ua dz = Va h +  /     Via dz + Qwa (3) 
J—h0 J—ho 

where h0 is the still water depth, £ is the surface elevation of the long (or IG) wave 
motion, and h = h0 + £ is the total depth. With this result, the depth-integrated 
shortwave-averaged conservation of mass can be written as 

where the index a represents the horizontal x, y directions, and z is the vertical 
coordinate, defined from the still water level (SWL) up. 
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Using the same splitting procedure, the horizontal conservation of momentum can 
be expressed as 

^•i^) •BUS** •••»«•>*• 
9    f<> aC       1   a A -J_hVlaVl0dz = -gh— - -^   Sa9-lhrai idz m 

where j3 is index notation for the horizontal x and y directions, ra/j represents the 
turbulent shear stresses, r§ is the surface stress and T? is the bottom stress. The 

radiation stress is defined as1 

K 1 
Sa0 =  /     (p$ai3 + puwa uwff)dz - Sag-^pgh (6) 

The governing equations (4) and (5) would be readily solvable numerically if the 
depth variation of the long wave velocity V\a were known. However, this would 
require a three-dimensional grid and therefore a large computional time. In order 
to reduce the computational time, the depth-dependent terms can be replaced by 
semi-analytical solutions, which are functions of the depth-integrated terms. In this 
so-called quasi 3-D approach only a two-dimensional numerical model is needed. 
This substitution can be achieved by using the local (i.e., not depth-integrated), 
time-averaged momentum equations (see e.g., Svendsen & Lorenz, 1989), which 
after some manipulations can be written as (Putrevu &: Svendsen, 1997a,b; Van 
Dongeren & Svendsen, 1997a) 

anl_ a_(vt d-¥) = -^ + p\i-a{
s^-Cj^dz 

dt     dz\- dz )        ^ ' Phdxa y ""   J-K
ap   )      Ph 

_Fla^3_ya^_ W?Yll (7) 
dxa dxa dz 

where 

a 
d   (     -5"\   ,   duW0Ww        8    (    (dVa      d%\\ 

* = to-(u•u»"-^)+ ~^r~ - dx~a [
vt [d^ + ax-))     (8) 

In this expression wm denotes the vertical short-wave velocity and vt is the turbulent 
eddy viscosity. 

Eq.  (7) can be solved more easily if we split the depth-varying velocity into two 
parts 

^ = ^+^» (9) 

'This definition is symbolically similar to Mei (1983), who uses a different definition of uw 

however. He requires J_     uwa dz = 0. 
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where the first part is primarily the (slowly time-varying) component generated by 
the local external forcing, which are the first five terms on the RHS of (7), while 
the second, smaller contribution is generated by the advective terms (the last three 

terms on the RHS) in (7). Hence, we can solve for V^J, which represents the first 
approximation to the depth-varying part of the infragravity velocity profiles. 

In the present paper we further assume a quasi steady-state. This means that we 
can solve the first part of (7) by integration twice over depth with two boundary 
conditions: a slip boundary condition at the bottom and a conservation of mass 
condition over the vertical. If we define 

ffi s pp -jK^:{Safi Jlho
Tapdz)+- ph 

the solution of (7) becomes 

(10) 

vv ~ 2„tS 
+ pvt*   \svt

h + Put2
+   h ) (n> 

where the vertical coordinate z has been transformed to a new coordinate f, under 
the transformation £ = z + ha, which means that £ = 0 at the local bottom and 
£ = h = h0 + C at the mean surface elevation. 

Putrevu & Svendsen (1997a,b) show that this expression is the first approximation 
to the time-dependent solution of (7). Hence, in the quasi-steady approximation the 
velocity profiles are quadratic and known so that the quasi 3-D coefficients (12) - 
(15) can be expressed in terms of the coefficients of the velocity profiles. 

Following the derivation of Putrevu & Svendsen (1997) and Van Dongeren & 
Svendsen (1997a), which is omitted here for brevity, we can define the coefficients 

Ma0 = /C   vfiJ V$> dz + v£>(C) Qwfi + V$(() Qwa (13) 

-£cJrfi(££.vff*-vs,£)<*o' (») 
and 
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These expressions appear when the solution for V^J is substituted into the depth- 
dependent integrals in the conservation of momentum equation (5), which - after 
some algebra - becomes 

\ (n   d9° + n   dV? + H   ^ h (D^a^ + D"^ + Ba^ 
+ _d^   QaQi + M   \ _ ±_ 

dt        dxa I     h I     dxa 

+wa ^ ^= -9 h fi - H [Sa0 - L0 
Taf> d\ (16) 

where an eddy viscosity closure for the turbulent shear stresses (e.g., Rodi, 1980) is 
used. 

NUMERICAL MODEL 
In the version of SHORECIRC used in this paper, eqs. (4) and (16) are solved 

using a central finite difference scheme on a fixed spatial grid with an explicit second- 
order Adams-Bashforth predictor and a third-order Adams-Moulton corrector time- 
stepping scheme. Additionally, the program evaluates (11) in order to calculate the 
quasi 3-D coefficients (12) - (15). 

At the seaward boundary an absorbing-generating boundary condition which is 
capable of simultaneously generating and absorbing obliquely-incident long waves 
with a minimum of reflection is implemented, see Van Dongeren &; Svendsen (1997b) 
for details. 

At the shoreline, an inundation-drainage procedure, as described in Van Dongeren 
k. Svendsen (1997a), is used which allows for time-varying run-up and run-down of 
the shortwave-averaged shoreline. At the lateral (shore-normal) boundaries a peri- 
odicity condition is used. 

QUASI 3-D EFFECTS IN LEAKY INFRAGRAVITY WAVES 
In this analysis the model is applied to the case of leaky infragravity waves forced 

by obliquely-incident wave groups. We will focus on the effect of the quasi 3-D 
coefficients defined in (12) - (15) and the corresponding quasi 3-D terms in the 
momentum equation (16). 

In our investigation we will choose a very simple bathymetry consisting of a plane 
beach rising from an offshore shelf, see Fig. la for a definition sketch. On the 
offshore shelf we assume that the depth varies so gently that the waves stay in local 
equilibrium and that at the toe of the coastal slope the set-down wave corresponds to 
the equilibrium bound wave found by Longuet-Higgins & Stewart (1962, 1964). This 
avoids the difficulty encountered by e.g. Lippmann et al. (1997) in justifying the 
use of long wave theory in the deep water part of their plane slope. It also enables 
us to specify the conditions at the toe as a simple boundary condition for the inflow 
to the coastal slope. In the present study we limit the analysis to a plane coastal 
slope to facilitate a comparison to analytical results, but it should be emphasized 
that the model can be run on an arbitrary bottom topography. 
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shelf 

Figure 1: Definition sketch of obliquely-incident and obliquely-reflected infragravity 
waves, a) plan view; b) cross-section. 

The incident wave groups consist of two sinusoidal short wave components that 
have a slightly different frequency but have the same direction of propagation as a 
given depth. 

Given this short-wave forcing, the radiation stress Sap can be written as (general- 
izing from Schaffer (1994)) 

Sap = PgPaP 

H\ (1 + 25cos(2)9)), h> hi, 

•fh\ (1 + 26 (I-n) cos(2tf)),       h<hb 

(17) 

where Hi is the height of the carrier wave and the wave height modulation 8 — 
H2/H1 is the ratio of the wave heights of the secondary wave to the primary wave 
in the group. In this formulation it is assumed that S is small. K is the breaking 
parameter, as defined by Schaffer (1994). The breaking criterion is Hi = jh0, 
Pap is the nondimensional shape parameter for the short waves, and $ is the phase 
function defined following Schaffer (1994). 

As these wave groups propagate towards shore at the group speed c9, they refract 
towards the shore-normal direction whereby it is assumed that both short wave 
components refract in the same way and that they do not diverge. The incoming 
bound infragravity wave that propagates with the groups in the same direction will 
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also refract in. As the wave groups shoal onto the beach and the short waves are 
dissipated, this incoming IG wave is modified by the wave group transformation and 
is released. It will then reflect off the shore and propagate and refract seawards as 
a free long wave, see Fig. 1 for a definition sketch. 

In the following case the input parameters are: shelf depth /i, = 3m and mean 
short-wave frequency ui = 1.8 s-1, so that the wavenumber ks = 0.397m-1. The 
wave height of the primary short wave on the shelf i?ijS = 2eti;S = 0.6 m and the 
wave height modulation S = 0.1. The frequency modulation is chosen as e = 0.1. 
The breaking index is 7 = 0.75, and we choose first to consider a fixed breakpoint 
K = 0. The beach slope is chosen as hx = 1/20. Finally, the angle of incidence on the 
shelf is chosen as 8i<s = 22.37° with the normal, which corresponds to an alongshore 
wave length of the infragravity wave of 150 meters. The angle of incidence is less 
than the limiting angle of incidence 0•°x = 37.07°, so that the infragravity wave 
motion is "leaky," i.e., the outgoing long waves reach the shelf and are not trapped. 

On the shelf we will assume an incoming equilibrium bound long wave (Longuet- 
Higgins & Stewart, 1962, 1964) which propagates in the direction of the wave groups. 
The longshore domain length is chosen equal to the longshore projection of the 
infragravity wave length. 

Fig. 2 shows the normalized envelope of the IG wave as a function of the cross- 
shore coordinate h0/ha, where the origin is at the still water shoreline and unity is 
at the toe of the slope. The dash-dotted lines indicate linear solution by Schaffer h 
Svendsen (1988). The dashed lines indicate the envelope computed by the present 
model without the quasi 3-D terms. It can be seen that the nonlinear terms in the 
equations shift the (quasi) nodes shoreward and have some effect on the amplitude 
of the anti-nodes. The solid lines indicate the solution computed by the full quasi 
3-D model. The quasi 3-D terms change the horizontal distribution of the IG wave 
amplitudes, especially around the breakpoint and in the surf zone. This will be 
analyzed in more detail below. 

In order to calculate the quasi 3-D terms in the momentum equations, we have 
to determine the vertical variation of the infragravity wave particle velocities from 
(11). It is illustrative to use this numerical output and plot the IG particle velocity 
profiles at various locations and at various time-instances. 

Fig. 3 shows the IG particle velocity profiles for three different locations (h0/hs 

= 0.42, 0.17 and 0.07) and at five time intervals of the infragravity wave period. 
The motion is a result of the forcing by the obliquely-incident wave groups, and of 
the incoming IG wave and the obliquely-reflected IG wave. It is important to notice 
that the steady part of the short-wave forcing drives a steady longshore current and 
a steady undertow, which are both included in the figure, and that the time-varying 
part of the forcing cause a variation of the velocity profiles over an IG period, so in 
essence the infragravity wave motion is riding on top of a relatively strong current. 

Since the breakpoint is located at h0/h„ = 0.3, the location h0/hs = 0.42 is 
outside the surf zone.  The IG wave velocity profiles at that location show a little 
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Figure 2: Envelope of the surface elevation of an IG wave vs. cross-shore distance: 
linear analytical solution by Schaffer & Svendsen (1988) (dash-dot line), SHORE- 
CIRC without Q-3D terms (dashed line), and SHORECIRC with Q-3D terms (solid 
line). The breakpoint is located at h0/hs = 0.3. 

bit of curvature in the cross-shore direction and essentially vary linearly with depth 
in the longshore direction. The two locations inside the surf zone show much more 
variation. In particular the cross-shore velocity profiles vary significantly over one 
infragravity wave period, especially at h0/hs = 0.07. 

The details of the variation of the velocity profiles can better be seen in Fig. 4, 
which shows the projections of the profiles in the longshore and cross-shore direc- 
tion. Fig. 4 (a) shows the cross-shore velocity (commonly called the "undertow") 
normalized by the local long-wave celerity c0 = \Jgh0 versus normalized depth at 
h0/hs = 0.42, which is located well outside the surf zone, for ten intervals per in- 
fragravity wave period. It can be seen that the profiles are slightly curved and also 
that the vertical gradient varies substantially with time. This is due to the (time- 
varying) forcing fx in (11), which is a function of the radiation stress gradients, the 
pressure gradient and the gradients in the short-wave velocities. 

Fig. 4 (b) shows the longshore velocity V at the same location. Due to the rela- 
tively small angle of incidence of the short-wave groups, the forcing induced by the 
short waves in the y direction is also small. This leads to the profiles with only a 
slight curvature. The profiles exhibit a non-zero mean over depth due to the mo- 
mentum that has advected out of the surf zone mostly due to the dispersive mixing 
(Svendsen & Putrevu, 1994). 

The cross-shore profiles in Figs. 4 (c) and (e) exhibit the typical characteristic time- 
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Figure 3: Infragravity wave profiles for three locations (ha/hs = 0.42, 0.17 and 0.07) 
and for five time instances of the infragravity wave period. The breakpoint is located 
at h0/hs = 0.3. 

varying undertow profile in the surf zone that was previously shown by Putrevu & 
Svendsen (1995). The longshore profiles in Figs. 4 (d) and (f) are slightly more tilted 
than the longshore current profile in Fig. 4 (b) because inside the surf zone a strong 
mean forcing is present due to the difference between the radiation stress gradient 
and the pressure gradient. The time variation of the longshore profiles is not very 
large because the short-wave groups have refracted to near normal incidence inside 
the surf zone. 

The relative magnitude of the quasi 3-D coefficients can be calculated directly from 
the model results using the definitions (12) - (IS). For brevity we will only present 
the results for the coefficients Bap and Dap. 

Fig. 5 shows the variation of the Bap and Dap coefficients versus the cross-shore 
coordinate for five time intervals of the infragravity wave period. In the figures 
h0/hs = 0 corresponds to the still water shoreline and h0/hs = 1 to the toe of the 
beach. 

We see that the B and D coefficients exhibit a quite large variation over an IG 
wave period, which indicates that the local time-varying forcing is very important. 
It can also be seen that the magnitude of all coefficients is significantly larger than 
the magnitudes which would have been found for the case of no groupiness (<5 = 0), 
which is indicated by the thick solid line. The values increase significantly across the 
breakpoint, since the "undertow" profiles become much more curved inside the surf 
zone due to the increased forcing. Because of the simple short-wave modeling, this 
transition in curvature occurs very rapidly, which increases the cross-shore gradients 
of the quasi 3-D coefficients. 
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Figure 4: IG wave particle velocities in the cross-shore and longshore direction 
normalized by the longwave celerity c0 vs. normalized depth for ten intervals per 
IG wave period: (a) Cross-shore velocity U at h0/h3 = 0.42. (b) Longshore velocity 
V at h0/hs = 0.42. (c) U at h0/h, = 0.17. (d) V at h„/hs = 0.17. (e) U at 
h0/hs = 0.07. (f) F at /j0/fts = 0.07. 

We see that the Dxx and Bxx coefficients are larger than the Dxy and Bxy coeffi- 
cients, which are in turn larger than the Dyy and Bvy coefficients. This is because 
the short-wave groups refract towards the shorenormal, which means the forcing fx 

in (11) becomes dominant over the forcing in the longshore direction. Eq. (11) also 
implies that the cross-shore velocities are more curved than the longshore velocities 
which could already be seen in Fig. 4. This curvature of the velocity profiles directly 
influences the magnitude of the dispersive coefficients. 

An assessment of the quasi-3D effects is obtained by looking at the magnitude of 
the terms in the momentum equations in which these quasi 3-D coefficients appear. 
The analysis is performed at an arbitrary time after the periodic state of the IG 
waves has been reached and is strictly speaking only valid for this particular time. 
However, the magnitude of the terms in the equations at this time instance are 
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Figure 5: Magnitude of B and D coefficients vs. cross-shore distance h0/hs for five 
intervals per IG wave period: (a) Bxx. (b) Dxx. (c) Bxy. (d) Dxy. (e) Byy. (f) Dyy. 
The stillwater shoreline is located at h0/hs = 0 and the breakpoint at h0/hs — 0.3. 
Also shown as the thick solid line is the magitude of the terms for the case of no 
groupiness 8 = 0. 

characteristic for their magnitudes at any time in the periodic state. The conclusions 
that are drawn from this analysis are therefore considered representative for the case 
in question. 

For reasons of clarity Fig. 6 only shows the most important terms in the equations. 
We first analyze the terms in the x momentum equation (16) versus ha/h3, see Fig. 
6 (a). The terms shown are the pressure gradient, the radiation stress gradient ^|** 

and the local acceleration. Of the quasi 3-D terms, the d^" term is large only 
locally at the breakpoint. This is due to the choice of K = 0, which causes the 
cross-shore velocity profiles to undergo a rapid change over a short distance around 
the break point. (Notice that Mxx is equivalent to the momentum correction factor 
in hydraulics.) The term is positive, which leads to a negative pressure gradient in 
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Figure 6: Magnitude of significant terms in the momentum equations vs. cross- 
shore distance h0/hs: (a) i-momentum equation: pressure gradient (solid), radiation 
stress gradient dSxx/dx (dashed), local acceleration (dash-dotted) and dMxx/dx 
(stars), (b) y-momentum equation: pressure gradient (solid), radiation stress gra- 
dient 8Sxy/dx (dashed), local acceleration (dash-dotted) and dMxy/dx (stars), (c) 

j/-momentum equation: advective acceleration ^ ( fe ) (s°lid), dSyy/dy (dashed), 

"§x {hDxx^:} (dash-dotted) and bottom friction(stars). The stillwater shoreline is 

located at h0/hs = 0 and the breakpoint at ha/hs = 0.3. 
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the balance. In the inner surf zone, this term is found comparable to other terms, 
and is negative, which causes an increase in the pressure gradient and explains the 
difference between the envelopes of Fig. 2. In general, however, the dispersive 
mixing terms are of minor importance in the cross-shore momentum balance. 

The dominating terms in the y-component of (16) are shown in Fig. 6 (b) and (c). 
Those terms are the local acceleration, the pressure gradient, the radiation shear 

stresses ^ and ^, the advection term £. (2^), and the bottom friction. 

However, we also see that two Q3D terms, -gj* and -^ (hDxx^) are important. 

The first term is significant around the breakpoint for the same reason that the Q£* 

was in the x momentum equation. The second term is of the same order of magni- 
tude as the 2-DH terms inside the surf zone and is the same that was found to be in 
the dispersion of momentum in the case of a steady longshore current (Svendsen & 
Putrevu, 1994). In this case where the shear in the longshore current is also large, 
tliis term is again important. 

CONCLUSIONS 
A numerical study of the forcing of leaky infragravity waves by obliquely-incident 

wave groups is performed using the SHORECIRC model which incorporates all quasi 
3-D terms. It is shown that some of these terms have a significant effect on the en- 
velope of the infragravity waves. The magnitude of the quasi 3-D terms is analyzed 
and compared to the size of the terms which are retained in conventional nonlinear 
shallow water models. This shows that the quasi 3-D terms have a significant size 
around the break point and in the surf zone. The velocity profiles of the infragrav- 
ity waves inside the surf zone exhibit a large curvature and time variation in the 
cross-shore direction, and a small - but essential - depth variation in the longshore 
direction. Outside the surfzone the velocities in the longshore direction are small, 
while in the cross-shore direction only the upper part of the profile is curved. 
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