CHAPTER 70

PROBABILISTIC STRUCTURE OF RANDOM WAVE
GROUPS

Ke Yu *

Abstract

This paper deals with the statistical properties of wave groups in a stationary
ergodic normal process. For a narrowband Gaussian process, a method based
on Kimura’s theory is developed to estimate the characteristics of wave groups
directly from the wave spectrum. For a non-narrowband Gaussian process with
an arbitrary bandwidth, a new model is established to predict the formation of
the wave groups by means of zero-upcrossing method. Thus the probabilistic
structure of the wave groups in a Gaussian process with an arbitrary bandwidth
can be determined. Using this model, the mean run length of the wave groups
above any amplitude and the probability distribution of run length at any level
can be obtained. On the other hand, a representative wave period of the wave
group is suggested to describe the time intervals between two successive maxima.
The computational data shows that the bandwidth parameter has a significant
effect on the statistical properties of wave groups.

1 Introduction

A wave group can be conveniently defined as several successive waves which exceed
a given amplitude level. The waves in the group have similar wave height and wave
period. Wave groupiness is an important feature of stochastic wave processes. It
has been proven that wave groups have significant effects on many ocean engineering
problems, such as the resonance of offshore structures and the overtopping above
coastal structures. Because of the importance of the groupiness phenomenum in
naval, ocean and communication engineering, extensive studies have been made on
this property of stochastic waves in the past twenty years, for example, Kimura
(1980) and Funke et al. (1979). Using the Markov chain concept in expressing the
relationship between two maximum points, Kimura (1980) derived the probability
distributions about the runs of high waves, the runs of low waves, and the runs of res-
onant wave periods respectively. Funke et al. (1979) developed a different method,
SIWEH, to describe a wave process. A parameter GF was defined to express the
groupiness degree in a random wave process. Though SIWEH may have the advan-
tages in describing non-Gaussian processes, the author appreciates Kimura’s theory
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more for the wave group problem because it provides the information about the prob-
abilistic structure of wave groups which is of concern by engineers and researchers.

However, there are some weaknesses in Kimura’s theory. One is the adoption
of the narrowband assumption. It is observed that most wave processes in the sea
environment have spectrum bandwidth parameter values varying from 0.5 to 0.9,
hence the application of Kimura’s theory in this case may overestimate the corre-
lation among successive maximum points. The other (Battjes et al., 1984) is the
inconvinence in deriving the statistal characteristics of wave groups. It is also worth
mentioning that in previous studies, the wave period corresponding to a high wave
run is neglected whereas the importance of this parameter is evident.

Therefore, the present study emphasizes the problem in assuming that the pro-
cess is a stationary ergodic Gaussian process with an arbitrary bandwidth and that
the maximum series is subject to the Markov chain condition. The author expects to
derive the probabilistic structure of wave groups which include the probability distri-
bution of wave runs above any given amplitude level and to provide some description
about the representative wave amplitude and wave period at any given amplitude
level.

2 Formation of the Probabilistic Structure of Wave
Groups

2.1 Wave run and its probability distribution

Following Kimura (1980), we can consider a stationary ergodic Gaussian process (%)
with a zero mean and another random process () which is essentially identical to
x1(t) but has a time shift X prior to z;(2), i.e.,

.’Eg(t) = .’E](t + A) (1)

Assuming the successive maxima of 2,(2) and z;(2) are subject to the Markov
chain condition, the maxima of x1(z) and z3(2) are written as: 4; = {z,(¢),
lxl(t) > 0,2 =0,% <0}, 4 = {:l)z(t),l:l)z(t) > 0,22 = 0,3 < 0} If the time
interval X is defined as the expected wave period between two successive maxima,
the joint probability density function of two maxima f (A;, Az) becomes the prob-
ability density function of two successive maxima. The probability density function
of Aj(orAz)is defined as f (A;) and can be derived from f (A, A3).

Two states of wave height are defined. One stateis So = {A;,|4; < Ar,7=1,2},
thesecond is 81 = {A;,|4; > AL,i=1,2}. Hence, all the maxima of z4(#) and z2(t)
can be classified into these two states according to their amplitude values and the
given amplitude level A7. The two states combined form a state space @ = {50, 5}

Yor this two state Markov chain, the one-step transition probability matrix is
given by

Py P
P[l] = P = 11 12
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where
L f £ (A1, Ag)dAy dAy

P11 = Prob{A; € 50,]4; € So} = =02 , (3)
! o f (A1) dA
© (AL £ (A, Ay)dA, dA
Pyz = Prob{A; € §1,]41 € So} = Ja, Jo Af( L A2)dds 27 4)
. o v f (A1) dAy
AL [ £ (A, Ay)dAy dAs
Py1 = Prob{A; € So,|A; € 81} = 22—Ars =0 , 5
21 7“0{2 0| 1 1} fALf(Al)dAl ()
120 I3 f (A1, Ag)d Ay dAs
Pyy = Prob{A; € S1,|A; € 51} = =224 6
22 TO{ 2 1,141 1} fALf(Al)dAl (6)

Because of the homogeneous feature and the Markov property of maximum point
process, the N-step transition probability matrix can be easily obtained as follows

PNl = pN, (7)

The N-step transition probability matrix describes the probabilities of N-step transi-
tion through all possible paths. Now we consider a wave run which has a run length
L. The transition path of this run must be the pattern as shown in the following
figure .

state 1 » state 1 —» state 1-»  ........ state 1-» state 0
1 2 3 L L+1 time
The initial state probability distribution is taken as P = [0 1 ]. The row

matrix Py means that the wave run starts when a wave exceeds the amplitude level
Ay initially. The run ends when the Lth wave exceeds Af, at last.
The probability matrix after L-step transition can be expressed as

L
Py P2 ]

8
Py P ®)

From the above equation, the cumulative probability of a wave run which follows the
mentioned pattern can be found as below

P(L) = (1 = Pp), )
where L is the length of the run . The mean run length of wave groups above some
amplitude level can also be derived from equation (9) as follows

1
(1- Py)’ (10)

P = PPl =0 1) [

_Z:

By a similar method, the probability distribution of a run of low waves and the
distribution of the total wave run can be obtained. For conciseness, these results are
not included in this paper.
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2.2 Representative amplitude and period of wave groups

When an amplitude level is given the wave groups are defined. The global statistical
properties of wave groups can be determined by using the method described above,
However, in order to describe a wave group in detail, a wave amplitude A* and a
wave period 7™ can be defined to represent the wave run.

A* could be defined as the expected amplitude value above the level Ay

A= Ja, Auf(Ar) dAy
oI f(Ay d4,

and T™* could be defined as the expected wave period under the condition of A = A*

(11)

T = /oon(T, |4%) dT, (12)
0

where f(T,|A*) can be derived from the joint probability density function of wave
amplitude and wave period.

In addition to A* and 7™, the characteristic extreme value of the maxima in a
wave group with run length L can be calculated based on extreme value theory. For
example, the probability density function of extreme values in a wave group can be
expressed as

9(&) = L{f(O 1~ PE)1F} (13)

and the required characteristic values of extreme value distribution can be evaluated
from equation (13).

3 Wave Groups in a Narrowband Gaussian Process

3.1 The joint probability density function of two maxima

Suppose a narrowband Gaussian process 2(¢) has a zero mean and a spectrum Sx (w).
It is a well known fact that z(t) can be written as (Ochi, 1982)

2(t) = X¢(t) cos(wot) — Xg(t) sin(wot), (14)

in which X¢ and Xg are two orthogonal components which vary slowly with time
and wp is the central frequency. It can be proven that X¢ and Xs are also the
Gaussian processes which have the exact same mean and variance with z(¢). The
auto-spectrum and co-spectrum of X¢ and Xg can be expressed in terms of Sx (w)
as

Sxe(w) = Sxs(w) = Sx(w —wo) + Sx(w + wo), (15)
Sxoxs(W) = =Sxsxc(W) = i [Sx(w —wo) ~ Sx(w + wo)). (16)

An inverse Fourier transfer is applied to get the auto-correlation or correlation func-
tions of X¢ and X as follows

Rxo(3) = Ryy(A) = /_°° Sxo(w) expfiwA} dw (17)

=2 /0°° Sx () cos|(w — wo) ] dw,
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Roxs(N) = —Rxsxe®) = [ Sxoxs(w) eopliwd) du (18)
= 2/000 Sx(w) sinf(w — wp)A] dw,

where wp = w, (peak frequency) and X is defined as the expected period between
two successive maxima estimated by following equation

—9p, [T
A=2r o (19)

m; =/ wiSX(w) dw, i=0,2

where

Alternatively, equations (17) and (18) can be expressed in terms of the one-side
spectrum S(w)

Rxo(A) = Rxo(N) = /O " §(w) cos|(w — wo)A] du, (20)

Rxoxs(\) = —Rxoxo () = /0 " 5 (w) sinl(w — wo) ] de, (21)

where S(w) = 25x (w).

If the spectrum is symmetric about wo, then Rx.xs(A) = Rxgsxo(A) = 0. It can
be infered (Middleton, 1960) that the two dimensional amplitude probability density
function is given by

+/R%  + RA 2 2
F(Ar, Ay) = A4y Io{ Xco B XchA1A2 emp{_mo_(Al_i’_é_g_)_}7 (22)

B 2B

where B = m} —~ [R% + R%_x,] and Io(e) is the zeroth order Bessel function of the
first kind.
After introducing two non-dimensional amplitudes, £ and 7, defined as

= = 9 23
§=—= , 1= 7= (23)
equation (22) can be rewritten as
_ & { pEn } £+
f(£777) - 1 _ p2 IO 1 _ p2 exp 2 (1 . pz) . (24)
The correlation coefficient p can be determined by the following formula
R% (A + R x, (M)

Mo
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The one dimensional amplitude probability density function can be derived from

equation (22) as
2

flA) = :;—:) emp{— A } (26)

27710

and the dimensionless form of f(A4,) is

62
F(€) = € exp {—3} : (27)

3.2 Representative amplitude and period of wave groups in a nar-
rowband Gaussian process

Applying the maximum distribution into equation (11), the representative amplitude
of a wave group above any given level £;, can be obtained as

& =€ + Vor eap{€}/2} [1 - @(€L)], (28)

where

z u?
d(z) = \/%/_ooemp{—?} du.

As for the representative wave period, the joint probability distribution of wave
amplitude and period suggested by Longuet-Higgins (1975) is used to get the prob-
ability distribution of wave period under the condition of £ = ¢*

1 1 2(1 2
HE fﬁ—f—/ﬁﬁ 62 emp{—g%L.).}’ (29)
0<E<o, — <7<

where

A T-T [moms - Mo
= [ —— = —_— 1 T = 2 —_—
¢ N T T 07 m? ’ ﬂ-v Mo

®(z) is the error function and v is another bandwidth parameter which is determined
by the spectral moments.
The conditional probability density function of the wave period is

*Y f(f’n)_ 1 L * __l * 2
sl = L8 - s e e 7y (30)

and the representative wave period can be calculated by equation (12)
* _ 1 _l * N2

"= e e ey

Applying the two dimensional density function of two maxima presented by equa-

tion (22) and one dimensional density function expressed by equation (26) into equa-

tion (6), the probability P, under the condition of a given amplitude level £€* can be

determined. The P2 value can also be used to determine the probability distribution

of wave runs which are above the level {1,. Equations (28) and (31) give the analytic

expressions of representative wave amplitude and wave period of wave runs above a
given amplitude level.
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4 ‘Wave Groups in a Non-narrowband Gaussian Pro-
cess

4.1 The two dimensional maximum distribution

Given a stationary Gaussian process z;(¢) with a zero mean and an arbitrary spectral
bandwidth and another process z(¢) defined in equation (1), the time shift A can be
determined by the bandwidth parameter € and the moments of the spectrum

1 — €2
A= drYEZ€  [Mo (32)
14+v/1-€eVmg
2
€= 1—mm72n. (33)
07744

It can be proven that the two processes ;(t) and x2(t) and their deriatives (%),
£1(t), £2(t), £2(t) are subject to a six dimensional normal distribution ( Ochi, 1979).
Their joint probability density function can be written as

f(x)= (Q—METW exp {—%X b3t XT} , (34)

in which the row matrix X is
X=[ai(t) &1(t) #:(t) walt) @2(t) #200) |

The covariance matrix can be expressed in terms of the spectral density function

Mg 0 —mg Mo —Mus —Mac
0 ma 0 mis  Mac  —Mas
s=| "™ 0 ms  —Mac  M3s  Mac
moc  Mis —Mac Mg 0 -my |’
—mis Mac  Mas 0 ma 0
—Mayc —Mas Myc —M2 0 my

where

0o
m,-:/ WwSw)dw , i=0,2,4,
0
oo,
mi0=/ w'S(w) cos(w/\)dw N i=072747
0
oo,
miS:/ W8(w) sin(w) dw , 1=1,2,3.
0

As mentioned before, the positive maxima of 21(t) and z,(t) must satisfy the
conditions, z;(t) > 0, 2; = 0, # < 0, ¢ = 1,2. The expected number of maxima
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which are above the respective amplitude levels A; and A; per unit time can be
evaluated by the following equation

_ ) 00 0 0
N, =/ / / |#1]|2] (21,0, 51, 02,0, 52) dw1dogdiydis.  (35)
Ay JA; J=00 J=0

Leting A; = A; = 0 in equation (35), equation (35) can be rewritten as

_ oo poo O 0
No,(,:/o /0/ / l#1]12] f(21,0, 1, @3, 0, 32) dordeadiydiy  (36)

and it can be used to estimate the expected number of maxima in 21(¢) and z3(%)
per unit time. The probability that the maxima in z1(t) and z2(¢) exceed respective
amplitude level A; and A; can be considered approximately as the ratio of these two
expected numbers. Hence the joint probability density function of two maxima can
be derived from the ratio NAl,Az/NO,O

d? Na
fdn ) = 5554, (1 B N:,:2>
L2 f200 |E1|82] F(A1,0,%1, A2,0,55) diydis
TS 0 [0 ]| El f(x1,0, 81,22, 0, 89) deyduadiidis
Now, define two new Gaussian processes which are derived from z(¢) and z2(%)

B = =), 0= e (39)
and two dimensionless maxima as before
Ay A,
Ve T e
The two dimensional distribution of two dimensionless maxima ¢ and 5 can be
obtained simplely by replacing z}, 25, 31, £} , £ and 5 for the proper terms in equation
(34) and (87). Note the covariance matrix ¥ becomes ¥/ and satisfies the following
relation

(37)

1
! —
=% (39)

The probability density function of the maxima in process z;(¢) has the form
2/+/Mgo € 1 4\ 4
A) = V0 expd —— | 2L V1 - e
fi) 1+ V1-¢ [\/27[' p{ 2¢? (vmo * “\ Vo

3 o () w

0_<_A1<OO

and the non-dimensional form of equation (40) is as follows
2 € &2
= | == ezp{ — 1—é€
f(&) I /———1_62[ T P{ 262}4-\/ e ¢

Y (T
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4.2 The representative amplitude and period of wave groups in a
non-narrowband Gaussian process

The representative dimensionless amplitude £* can be estimated by equations (41)
and (11).

For a non-narrowband Gaussian process, the joint probability density function of
the maxima and the time intervals between two successive maxima can be used to
calculate the representative wave period (Arhan et al., 1976)

3 2 2

in which é = Ay/y/mo , T=T/A, a=051+vV1-¢), f=¢/V1-¢€.

The conditional probability density function of 7 can be expressed as

1016 = g (43)

and the representative wave period 7* can be written as
o0
= [Triie)an (44)
i

Note that 7* is not a wave period according to the exact definition of a wave period by
means of zero-upcrossing. It is just a time interval between two successive maxima.
However, when the wave amplitude is large enough, 7* can be considered as a good
approximation of wave period.

5 Computational Results and Discussions

In order to find the effect of the spectral bandwidth on the probability structure of
wave groups, different ¢ values should be applied in this computation. But the com-
mon wave spectra used in analysis and experiment, such as the JONSWAP spectrum
and the Bretschneider spectrum, only have limited range of ¢ values. Hence some typ-
ical wave records used in Ochi’s study are used here again. The ¢ values of these spec-
tra vary from 0.46 t0 0.8. A JONSWAP spectrum witha = 0.05, fp = 0.1Hz,v= 7.0
and ¢ = 0.685 is applied to the computation. Table 1 displays the features of the
spectra which include the bandwidth parameter ¢ and the correlation coeflicient p
calculated by equations (33) and (25).

Table 1. Wave records and wave spectrum used in the computation

wave spectral bandwidth | correlation | peak frequency
spectrum parameter € coeflicient p w(2m * Hz)
WS1 0.468 0.458 0.875
WS2 0.594 0.299 0.563
WS3 0.685 0.676 0.626
W54 0.806 0.267 0.413
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It is clear that the numerical integration in equation (37) is the major work in
this computation. Here, 2.401 x 107 discretizing points are used in calcalating the
quadruple integration in order to guarantee accuracy.

Figure 1 shows the relationship of Py, and £1. For each spectrum, two € — £
curves based on the non-narrowband and the narrowband theory respectively, are
presented to compare the difference between two theories. It can be seen that the
narrowband theory will give larger a Pyo value when € is increased for fixed £7. In
this case it seems only the value of € will determine the Py — €7 relation under
the non-narrowband assumption. When ¢ = 0.46, the two theories give almost
the same results for small amplitude levels. For the wave spectra which have very
small € values, the strong singularity of the co-variance matrix makes its determinant
value approach zero and leads the elements in the inverse matrix ¥~! to infinity. It
will induce the non-existence of the joint probability density function expressed by
equation (37). In this situation, the narrowband assumption could be applied to
simplify the problem. We can also infer that when the value of ¢ approaches zero, it
is the correlation coefficient p, not the bandwidth parameter ¢, that will determine
the Pyo — £y relation if € is very small. This estimation can be demonstrated by
the one dimensional analytic distribution of wave amplitude in a non-narrowbanded
Gaussian process which has a small bandwidth. From equation (41) it can be seen
that the wave amplitude distribution with € value in the region 0 < € < 0.5 is almost
the same with the Rayleigh distribution expressed by equation (27).

From equation (30) it can be seen that only the correlation coefficient p affects
the joint distribution and finally determines the probability distribution of wave
runs if the amplitude level remains constant. Employing equations (22) and (26)
into equation (6), the probability distribution of wave runs can be obtained from
equation (9). Figure 2 displays the relationship between the probability of wave run
and its run-length with different p values.

Figure 2 also shows two probability distribution of wave groups based on narrow-
band theory and non-narrowband theory respectively. In the figure, the amplitude
level £7, = 1.245 represents the mean amplitude in a standard narrowbanded normal
process. In figure 3, the level {7 = 2.005 is just the significant amplitude in a nar-
rowbanded normal process. By applying the two Py, values corresponding to a given
amplitude level into equation (9), two probability distributions of the high wave runs
above the amplitude level can be easily determined.

Applying equations (42) and (43) into equations (11) and (12), the dimension-
less representative wave amplitude and wave period in a non-narrowband Gaussian
process can be determined. Figure 4 displays the relation between the representative
wave amplitude and the representative period with different ¢ values. The curve
noted as € = 0 represents the £* — £y, relation expressed by equation(28). Figure 5
shows the relationship of 7* and £ with different € values. Within the narrowband
theory, the representative wave period 7* calculated by-equation (31) is zero when
£* takes its minimum value of 1.245. In otlher words, the expected wave period is
considered to be the representative wave period in this case.

It is worthy to mention here that the present analysis and compuation is in fact
the extension of Kimura’s theory to a more general case. We know from the previous
analysis that two parameters, the bandwidth parameter, ¢, and the correlation coef-
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ficient, p, decide the statistical properties of wave groups. For an ideal narrowband
Gaussian process, the effect of the bandwidth parameter on wave groups reduces
to zero and only the correlation coefficient determines the properties. For a non-
narrowband Gaussian process with a large € value, the computational data shows
the opposite result. The bandwidth parameter plays a major role in determining
the probabilistic features of the wave groups. But for a small ¢ value we do not
know which parameter is more important. We expect to see that as € increases, the
bandwidth parameter will gradually replace the correlation coefficient and dominate
the statistical properties of wave groups. To see these effects more clearly, further
numerical analysis is necessary with variance on the two parameters. For example,
wave spectra having the same ¢ value but different p values or having the same p
value but different ¢ values.

Another tricky problem arising in this study is the validity of the present theory
when it is applied to a random process which tends to be white noise, i.e., the band-
width parameter and the correlation coefficient approach to one and zero respectively.
In this case the assumption that the successive maxima in the process subject to the
Markov chain condition becomes questionable, since the successive maxima tend to
be independent variables., To determine how far we can go with this model, more
wave records and field data are necessary. It is definitely interesting and promising
work to analyze and compare the experimental and field data about the random
wave groups with the existing models. This will lead to a deeper understanding to
the groupiness phenomenum in the real sea environment.

6 Conclusions

The following conclusions can be made from the above analysis:

1. When a stationary Gaussian process has a small bandwith parameter, i.e.,
¢ < 0.5, the narrowband assumption can be applied and the statistical properties
of wave groups derived from the narrowband theory can be considered as a good
approximation.

2. If the spectrum of a stationary Gaussian process is not assumed narrowbanded,
i.e., ¢ > 0.5, the application of the narrowband assumption will overestimate the
correlation between two successive maxima.

3. For a narrowband Gaussian process the correlation coefficient p will determine
the statistical properties of wave groups. For a non-narrowband Gaussian process
with large € value, it seems that the spectral bandwidth parameter will finally deter-
mine the probabilistic structure of wave groups.

4. Based on the formulas presented in this paper, the probabilistic structure
of wave groups in a stationary ergodic Gaussian random process can be obtained
directly from its wave spectrum.
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