
CHAPTER 179 

Two-Phase Flow Model on Oscillatory Sheet-Flow 

Toshiyuki Asano 

1.INTRODUCTION 

Under stormy waves on a sandy beach, a flat movable bed may appear 
when ripples have been washed out. Studies of the sheet flow have recently 
received much attention because a large amount of sand is transported under 
such conditions. However, most of the existing studies on the sediment transport 
are dealing with the phenomena under small tractive forces because this is easily 
reproduced in a small wave tank. Until now, very little understanding has been 
obtained on the sheet flow phenomena. 

The first systematic study on the sheet flow is likely the work of Horikawa 
et al.(1982). They measured the sediment transport velocity and sediment 
concentration in an oscillatory flume. The reported velocity and concentra- 
tion profiles were different from existing results obtained under the condition 
of small amount of sediment movement. Yamashita et al.(1985) and Ahilan- 
Sleath(1987) performed similar experiments with light artificial particles as the 
sediment. These experiments have increased the understanding of sheet flows. 
However, difficulties in the measuring densely mixed sediment-fluid flow prevent 
investigating the detailed structures of the flow. In addition, the limited size 
of the experimental flume may cause several problems in generating idealistic 
conditions. 

Since a numerical model has an advantage of being free from the restrictions 
imposed on the experiment, several models on the sheet flow have recently been 
proposed. Ahilan-Sleath modelled sediment-fluid mixture flow as a mono-phase 
flow with varying density in time and depth. Since this model ignores the 
sediment-fluid interaction, the accuracy is likely to decrease as the sediment 
concentration becomes higher. 
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The present paper develops a numerical model to analyze the oscillatory 
sheet flow. The mathematical formulation based on fluid-sediment two phase 
flow is performed by expanding models from a unidirectional flow(Bogardi(1974), 
Kobayashi-Seo(1985)) into an oscillatory flow. The developed model predicts 
the velocity field, properties of friction and sediment transport rate. The model 
is shown to describe existing experimental data for oscillatory sheet flow. 

2. SOLID - FLUID MIXTURE MODEL FOR OSCILLATORY SHEET 
FLOW 

(1) Basic assumptions and mathematical formulation 

The mathematical model derived herein is based on a continuum assumption 
for fluid and a uniform cohesionless sediment mixture. The analysis is performed 
for the case of two dimensional oscillatory flow over a plane bed. Molecular 
diffusion and viscous stresses are assumed to be negligible compared with those 
due to turbulence. 

The continuity equation for the fluid phase is 

^(i-c) + AP(i-cK = o (i) 

in which p: fluid density, c: volumetric concentration of sediment, and u3 : fluid 
velocity in the x3 direction. The continuity equation for the sediment phase is 

|p.c+^_p>cu<> = 0 (2) 

in which ps : density of sediment, and us]- : sediment particle velocity in the in- 
direction. 

The momentum equation for the fluid phase is described by 

—p{\ - c)u, + ^-P(l - c)u,u3 = -(1 - c)— - p(l - c)gbt2 - /,      (3) 

in which p: pressure, g: gravitational acceleration, 6tJ : Kronecker delta, and 
fi : Xi component of interaction force per unit volume between the sediment 
and fluid. 
The momentum equation for the sediment phase is expressed by 

d d dp      #7,-; 

W'•" + dx-p°CU<-'U"> = -Cdx- + -dx-- P'C98a + fi W 
in which 7^ : intergranular stress tensor. 

(2) Simplification of the equations 

In the following analysis, the x-axis is taken in the horizontal direction, and 
the z-axis is taken upward from the origin placed at the top of the immovable 



c'w' z t c'w's = cdz 

i! u'w1 = u'ys -. -K — 
oz 
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layer where the sediment transport velocity is always zero. The velocity com- 
ponent in the x and z directions is given by u and w, respectively. The equation 
for the mean quantities can be derived by first decomposing the instantaneous 
quantities in Eqs.(l) ~ (4) into the steady, oscillatory and turbulent compo- 
nents, and then averaging the resultant equations with respect to time. Some 
simplifications are made by assuming u > w, u, > ws, and uc'w' >• c'u'w'. For 
example, a fluid shear stress term which arises in the x- momentum equation is 
given by 

T/P = — {(1 — c)u'w' — uc'w1} (5) 

The turbulent eddy viscosity Kv and the turbulent diffusion coefficient Kc are 
introduced to represent the turbulent correlation terms by the mean quantities 
as shown by 

(6) 

(7) 

Assuming that proximity effects among the sediment particles may be ig- 
nored and that the added mass force acting on a sediment particle is negligible 
as compared with the drag force, the interaction force between the sediment 
and fluid may be expressed as the sum of the buoyancy and drag force. 

fi = Pcg&,2 + P2C^\d2)^ut^u^wl (8) 

in which uT = u — u, and wr = w — wa denote the relative velocities between 
the fluid and sediment and Cn is the drag coefficient. The interaction force in 
the x-direction is approximated by 

Rubey's formula is used to estimate the drag coefficient. 

CD = 2A/Re + 2 (10) 

in which the Reynolds number is defined as Re = urd/u. 

Although the intergranular stress resulted from the momentum transfer from 
solid to solid is not well understood yet even for steady flows, the constituitive 
equation of Savage-McKeown(1983) is adopted here as 

7„//o = 1.2X2uduJ8z (11) 

in which A : the linear concentration related to c and to the maximum possible 
static concentration of uniform spheres cmax. 

a/3 A = 1/Kc^/c)1'3 - 1] (12) 
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The following dimensionless variables are introduced, 

u = UUQ, u, = u,u0, ur = uru0, w = Wf0w/vR, 

wa = wfowJ\/R,x = -r, z = Jv/w(, 
wi V 

t = T/UJ,P = p{—)uop , Kc = JV/WUQKC, 

Kv = \Jv/um0Kv, VR = UQ/^/UU (13) 

in which u0 :free stream velocity amplitude, Wf0 : settling velocity of a single 
sediment particle in pure water, v. kinematic viscosity of the fluid, and w angu- 
lar frequency of the oscillatory flow. The demensionless form of the continuity 
equation for the sediment phase is obtained from Eq.(2) as follows 

dc wf. d , _ .        i— d ,— <9c. .„ ,. 

The dimensionless equation for the fluid phase momentum in the x-direction is 
given by 

—{C*M}+-A     {C*UW} = 

I—d r—    „du     -    3c,       „dp     3    ,und,   , ,    , 

^3C{AVc 5C ~   cJid<} ~   4 " 4  (^}     D°lWlW     (15) 

in which c* = 1 — c. 
The dimensionless equation for the sediment phase momentum in the x-direction 
is 

9 , _ ,      wi, d  
-^-{cus} + —{cusws} = 
or u0 o( 

m 9 ,-TT    9us    .__     dc,      1     dp     1.2 d ,,0du,. 
VR~{KV c— + Kcu,—} -~c-£ + — — A2—f 

+ - V^)"1^ c\ur\uT (16) 
S   4 V 

in which s = pj p denotes the specific density of the sediment. Adding Eq.(l) 
to Eq.(2) yields the following relation 

(1 - c)w + cws = 0 (17) 

From the vertical momentum equation for the fluid phase given by Eq.(4), an 
equation for the pressure would be derived. From the corresponding equation 
for the sediment phase given by Eq.(5), an equation describing the relationship 
between the intergranular stress term d^zzjdz and the fluid-sediment interaction 
term fz would be derived. Since these equations are related to u,us,w,ws,p 
and c in a highly non-linear fashion, the simultaneous differential equations 
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are difficult to solve even numerically. Therefore, according to experimental 
results on the settling velocity in dense fluid-sediment mixture by Richardson 
et al.(1979), the vertical sediment velocity is assumed to be given by 

w, = wh[l-{c/cmax)]n (18) 

in which n is an experimental variable, which is taken to be 2.3 in this study. 
The velocity for the fluid phase w can be calculated from Eq.(17) with estimated 
w,. The pressure is assumed constant throughout the boundary layer. 

The parameters involved in Eqs.(14), (15) and (16) are as follows: 

p uiu     gd       v 

The variable of wfo/u0 in Eqs.(14), (15) and (16) is also expressed by the above 
parameters if Wf0 is given by Rubey's formula. 

The sediment transport field is conventionally divided into the following two 
regions: the bed load region where the sediment concentration is high and the 
particles are mainly supported by the intergranular stress, and the suspended 
load region where the sediment concentration is small and the particles are 
mainly supported by the fluid turbulent stress. According to the experiment of 
Wilson(1984), the thickness of bed load region, ZQ, is given by 

za = 10(0 - 9cr)d (20) 

in which 9 is the Shields number and 0cr is the critical Shields number. The 
thickness of the suspended load region, zs, is assumed to be equal to the turbu- 
lent oscillatory boundary layer for fixed beds. That is, 

z6 = KU„/UI (21) 

in which K : Karman constant, and u» : friction velocity. 

In the bed load region, the mixing length may be governed by the distance 
among the sediment particles d/X; whereas, in the suspended load region, the 
mixing length may be assumed to be the mixing length for the pure fluid flow 
with modifications of flow stratification. The turbulent eddy viscosity Kv may 
be expressed as follows 

Kv = Kw,(i)/3(rf/A) : z < zG/2 

^ = nu^t){z-zal2) + K<md/X UQ/2) ; z > ZG/2 (22) 

in which w» : amplitude of the friction velocity, /? : constant (here assumed to 
be 10 ), and L : Monin-Obukhov length written by 

L = u3J(Kg(s - l)whc) (23) 

According to the model of Brevik(1981), Kv is assumed to be constant for 
z > ZQ + A, in which A is given by 
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A = 0.036{2d(w0/o;)3}1/4 (24) 

Fig. 1 shows an example of the profile of the turbulent eddy viscosity. 

The friction velocity amplitude u„ is estimated using the roughness height 
ki, based on the formula of Grant-Madsen(1982). Since the efficiency of the 
turbulent transfer for mass is generally different from that for momentum, Kc 

is not really the same as Kv. However, for lack of reliable data for oscillatory 
flow, Kc is assumed herein to be the same as Kv. 

The boundary conditions for u and u$ are given as follows 

u = u, = 0,   dus/d( = 0     :C = 0 

du/dC, = 0      :( = S (25) 

Near the immovable layer where c is nearly equal to cmax, the intergranular 
stress in the vertical direction is assumed to equal the submerged weight of 
the sediment above it as hypothesised by Bagnold to avoid divergence of the 
calculated results. 

I dujdz |< (s - \)g tan<£ /    cdz /(1.2AV) (26) 

The boundary conditions for the sediment concentration are given by 

I I      \     1       — T7   ®C 

-\wfJuo)-f=cw, + Ac— = 0 ••( = '• (27) 

s=1.65 

R=1.00*106 

u0
2/gd=35.3 

u0d/v=5250 

l 

~+A 

/ ^'2 

s fi 

O.OO 5.00 10.00 is.00 J0.O0 25.00 

Kc=Kv  (cm2/sec) 

Fig. 1 
Profile of turbulent eddy 
viscosity Kv 

R«1.00*106 

u0
2/gd=35.3 

u0d/v=5250 

50    0.40 

Fig. 2 
Profiles of sediment con- 
centration c 
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The basic equations for the numerical calculation have been obtained as 
Eqs.(14),(15),(16). These equations were discretized by a Crank-Nicolson im- 
plicit scheme. The number of the vertical grids was 140, and the time increment 
was 1/5000 of an oscillatory period. The calculation was continued until the 
calculated results in successive cycles converged. It was found that most of the 
deviation from the converged solution disappeared typically after half a period. 

3. CALCULATED RESULTS 

The profiles of the sediment concentration c shown in Fig. 2 indicate that the 
concentration decreases gradually from cmax in the region z/S < 0.2 , exponen- 
tially for z/S > 0.2. 

Fig. 3 shows the profiles of the fluid velocity u and the sediment transport 
velocity us. The sediment transport velocity u, is found to be nearly zero close 
to the immovable layer around z/6 < 1/6 because the intergranular stress term 
becomes very large in this region. The fluid motion is also suppressed due to the 
drag resistance between the fluid and sediment. In the region 1/6 < z/6 < 1/3, 
a phase precedence over the free stream velocity is observed. In the region 
z/$ > I/3 , | u | is always larger than | us | in the accelerating phase, and 
smaller in the decelerating phase. This property is caused by the difference of 
the inertia between the sediment and fluid particles. 

-1.00 -0.80 -0.60 -0.40 -0.20 f.00 0.20 
VELOCITY U/UQ 

0.60 0.80 

Fig. 3     Profiles of horizontal fluid velocity u (solid line) and sedi- 
ment transport velocity us (dotted line) 
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The phase variation of the concentration is depicted in Fig. 4. The phase 
variations of the fluid velocity are given in Fig. 5. The results at z/S = 0.1 
and 0.15 near the immovable layer show peculiar variations which are similar 
to the variations of the pressure gradient —dp/dx. The fluid flow around this 
level resembles a seepage flow because the concentration there is close to the 
maximum packing concentration. At z/S = 0.2, u and us increase gradually 
up to the maximum, then decrease suddenly. This result can be related to the 
temporal variation of the concentration. 

Fig.6 is a semi-log plot of the horizontal fluid velocities at the phase = 
07r for various values of the specific density s. The velocity profiles can be 
approximated by log-linear lines over a wide range. The intersection, z0, of the 
z-axis with the extended log-linear line, which corresponds to the roughness 

Fig. 4     Phase variation of sediment concentration 

2/6=1.0 
z/6=0.4 
z/6=0.3 
z/«=0.25 

z/6=0.2 

Fig. 5     Phase variation of horizontal fluid velocity 
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height, decreases with the increase of s. The gradient , a, of the log-linear line 
decreases slightly with the increase of s. The log-linear part of the velocity 
distribution is described by 

'I/UQ = aln(z/z0) (28) 

Fig.7 (a) and (b) show the variations of z0/d and a with the specific gravity s, 
respectively. The figures show that both z0 and a increase with a decrease of s. 
These result seems to be reasonable because the decrease of s results in more 
intensive movement of the sediment. However, it is noted that the results do not 

approach the values for fixed beds, z0/d = 1/15 and a = ^J/2/K, even when 
s becomes large. That is because the present model assumes the fluid-sediment 
mixture flow as a continuum, consequently it is not applicable to flow conditions 
when only a few layers of sediment particles move. 

14 
_NQ \ 

12 V 
10 _ ^0^ 

8 - 
u0
2/gd=35.3 

u0d/v-5250 

R=106 

%(J\ 
^o-_ 

6 1     1     1 t 
1.5      1.6 1.7      1. 

Fig. 7 (a) 
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 1 1 I I I 
1.4        1.5     1.6        1.7     1.8        1.9 

S 

Fig. 7 (b) 

Fig. 6     Semi-log plot of 
fluid velocity 

Variation of z0/d and a 
with specific gravity s 
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4. COMPARISON WITH EXISTING EXPERIMENTAL DATA 

Three sets of data of Ahilan-Sleath(1987), Horikawa et al.(1982) and Ya- 
mashita et al.(1985) are used to examine the validity of the present model. All 
three experiments were carried out in oscillatory tunnels. Horikawa et al. used 
fine sand, whereas the others used light plastic particles. The experimental 
conditions are summerized in Tabel-1. 

First, comparisons on the sediment transport velocity at phase = 07r between 
the measurements of Ahilan-Sleath and the predicted results are made as shown 
in Fig.8. The results of cases (a) and (b) were obtained using nylon particles 
with a small specific density (s=1.137), while case(c) uses particles of slightly 
higher density(s =1.44). The calculated velocity for case (c) becomes very small 
in the region z < 3 cm. Considering that the location of the immovable layer 
may not be easily determined in the experiment, the plotted data points are 
shifted upward by 3cm for this case. 

Table 1 Test condition of existing data 

s T 
(sec) 

"0 
(cm/sec) 

d 
(cm) 

R 
(*105) 

»o2 

gd 
upd 

V 

UO2 

(s-l)gd 

Ahilan- Test-2 1.137 3.67 45.0 0.40 1.18 5.17 1800 37.7 

Sleath Test-5 1.137 3.59 31.5 0.40 0.57 2.53 1260 18.5 

(1987) Test-9 1.44 4.86 122.0 0.43 11.5 38.0 5246 86.3 

Horikawa 
et  al. 
(1982) 

Case 1-1 2.56 3.60 127.0 0.02 9.24 823 254 496.0 

Yamashita Case-2 1.58 3.10 80.6 0.50 3.21 13.3 4030 22.9 
et al. (1985) 

Ahilan-Sleath(1987) 
Test-2 
6z=0.0cm 

(a) (b) 

Fig. 8     Comparison between Ahilan-Sleath(1987)'s data and pre- 
dicted results on sediment transport velocity 
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Second, the data of Yamashita et 
al.   on the fluid velocity and sedi- 
ment transport velocity are compared. 
The compared results are shown in 
Fig.9 for different phases. Although 
small discrepancies are found, the pre- 
dicted results are consistant with the 
following experimental properties: the 
heights where the velocity starts to 
increase from 0, the phase precedence 
of the velocity variation from the free 
stream velocity, and the decrease of 
the sediment transport velocity rel- 
ative to the fluid velocity during the 
accelerating phase. 

Fig- 8 (c) (conti.) 

Finally, the data of Horikawa et al are examined. The predicted results do 
not agree well with this data set, because the measured values of us and c vary 
only in a thin region close to the immovable layer. The cause of the discrepancy, 
which is not obvious however, might be due to the very fine sand particles they 
used as the sediment. 

5. CONCLUSIONS 

A mathematical model is developed to describe the flow field under oscilla- 
tory sheet flow. The model is based on the conservation of mass and momentum 
for the fluid and sediment. In order to simplify the model, certain assumptions 
on the settling velocity, turbulent stress and intergranular stress are introduced. 
The trend of the calculated results on the concentration, the fluid velocity and 
the sediment transport velocity are examined. Finally, comparisons with avail- 
abled data are made. The conclusions obtained herein are as follows: 

(1) In the high concentration region close to the immovable layer, the sediment 
transport velocity approaches zero due to the intergranular stress, and conse- 
quently the fluid velocity becomes small in this region due to the fluid-sediment 
drag resistance. The phase variation of the velocity in this region is similar to 
that of a seepage flow. In the low concentration region, the sediment transport 
velocity becomes smaller than the fluid velocity during the accelerating phase 
and larger during the decelerating phase. 

(2) The changes of the fluid velocity profiles can be described by the gradient 
and z-intersection of the logarithmic distribution. These two parameters can be 
described by the four dimensionless parameters involved in the present model. 

(3) The present model is capable of predicting most of the experimental data 
considered here. 
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The present model has tentatively adopted the empirical relationship for 
the intergranular stress which was originally obtained for a unidirectional flow. 
There remains the future work of re-examining the assumed distributions for 
the turbulent eddy viscosity and turbulent diffusion coefficient. Studies on the 
basic mechanisms involved in a sediment laden oscillatory flow is essential to 
improve the model accuracy, and accumulation of reliable experimental data is 
also needed. 
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