CHAPTER 177

Single-phase fluid modelling of sheet-flow toward
the development of "numerical mobile bed"
by
KazuoNADAOKA 0 and Hiroshi YAGI2)

ABSTRACT
As a first step to develop "numerical mobile bed" as
a promising tool for the study of sheet-flow problem,
a
computational scheme based on a single-phase fluid model
has been constructed by formulating the vertical
transport of mass and momentum within the sheet-flow
layer.
The numerical results have shown the satisfactory
agreements with
the experimental results in velocity
profile, sediment transport rate, and others. Further the
difference in the period of oscillation was found to have
appreciable influence on the temporal evolution of the
sheet-flow thickness, indicating the importance of
unsteadiness in the sheet-flow dynamics.

1. Introduction
The sheet-flow is a mode of
sediment transport in
the condition of large bottom shear stress and has quite
important role in nearshore sedimentary process because
of its large transport rate. For the sheet-flow study,
however, the efficiency of conventional approaches for
sediment transport study,
i.e.,
laboratory experiments
and field measurements are limited
because
of the
similitude problem for laboratory wave-flume experiments
and the lack of measuring devices in field measurements.
The use of U-shaped tank to generate oscillatory flow with
large velocity amplitude is one of possible ways to avoid
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the similitude problem in the wave tank experiments
(Horikawa et al. 1982, Sawamoto & Yamashita 1987).
However, such simplification of the flow field from the
original wave field into a pure sinusoidal oscillatoryflow field may yield significant difference in the
dynamics of the sediment movements in the sheet-flow
layer, as demonstrated theoretically by Nadaoka et al.
(1988, 1990).
As a promising tool to overcome these difficulties,
the authors emphasize the need to develop the "numerical
mobile bed (NMB)", corresponding to the recent idea of
the "numerical wave tank" or "numerical wind tunnel".
The benefits of NMB are quite obvious;
i.e., it makes
possible to simulate the sheet-flow under arbitrary wave
conditions, and in the
NMB we can easily see its
internal structure.
Although two-phase fluid modelling is most desirable
for the development of NMB, there exist no reliable
constitutive equations to express the momentum transport
through the sediment collision process, which is one of
most essential processes in the
sheet-flow dynamics.
Hence in the present study, as a first step toward the
development of NMB, a computational scheme based on a
single-phase fluid concept has
been constructed by
modelling the vertical transport of mass and momentum
within the sheet-flow layer.

2. Formulation and modelling of sheet-flow phenomenon
(1) Basic equations
For the "numerical wave tank" and "numerical wind
tunnel", there exist definite basic equations, i.e.,
Laplace's equation and the Navier-Stokes equation,
respectively. For the "numerical mobile bed (NMB)", however, the basic equation to describe the dynamical
process of sediment-fluid mixture has not yet been well
established in the form having universal applicability.
This is mainly attributable to the fact that there exist
no reliable ways to formulate the vertical transport of
mass and momentum in the sheet-flow layer. Especially for
the modelling of sheet-flow as two-phase fluid we have no
constitutive equation to evaluate the momentum exchange
through sediment collision described as follows, although
the basic equations can be easily expressed in the twophase forms as shown by, e.g., Kobayashi and Seo(1985).
Since the pioneering work by Bagnold (1954) , many
studies have been made for the additional shear stress
attributable to the presence of solid particles, which is
so-called "grain stress". According to Bagnold(19 54), the
flow regime of particle - laden two-phase flow can be
divided into "grain-inertia region", "macro-viscous
region", and "intermediate region" between them.
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Estimates of order of magnitude can show that the sheetflow in usual condition falls into the viscous or
intermediate regions (e.g., Bakker and Kesteren, 1986).
As the experimental formula of the grain stress, rg, for
these regions, Bagnold(1954) suggested the following
expression.
Tg= 2.25A1-5//0^: ,

(1)

where A is the linear concentration, /j0 is the viscosity
of intergranular fluid and du/dz is the rate of shearing.
More recently Ahilan & Sleath (1987) arranged the
experimental data by Savage and McKoewn (1983) and
obtained the following formula of rg for the use in their
numerical computation of oscillatory sheet-flow.
. •> du
rg = x.i}?^— .

._.
(2)

However, for the viscous region, the actual mixed shear
stress cannot legitimately be split into grain and fluid
elements as described by Bagnold(1954). This is reflected
in the fact that these experimental formulae have the
forms with linear dependence on the fluid viscosity /J0;
hence rg becomes zero as ^o-*0. Therefore
these
experimental formulae cannot be used for the expression
of the shear stress due to the grain-grain interaction in
the two-phase formulation.
Considering such state of the limited knowledge on
the constitutive equations at present, we have adopted a
single-phase fluid formulation as one of realistic
approaches. In this formulation, the equations of motion
can be express as
Du__ _ld£.
Dt~ p dx

+

I f£f &L
+
P\M Med*fdz\»*Tz$

Dt~ P dz+ p\di{Medxy~dz[Medz}}

+

t[°^
!b{

+

dz\a-~z\
(4)

where u and w are horizontal and vertical components of
composite velocity of the sediment-fluid mixture, p is
the pressure, p is the density of the mixture, Ox and fiz
are x and z components of eddy viscosity, and fje is an
equivalent viscosity to represent sediment collision
effect. In order to obtain a closed system of the basic
equations, we need further the continuity equation(5) and
mass conservation equation(6) for the sediments.
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dx (cu) + -{c(fc^f) }= ^x^J+^feJ -

dt

(6)

in which c is the volumetric concentration of sediments,
Kx and Kz are their horizontal and vertical diffusion
coefficients, and Wf is the settling velocity of the
sediment particles.

(2) Modelling of mass and momentum diffusivities and fall velocity of sediments
The accuracy of the present numerical model entirely
depends on the way to specify the diffusion coefficients,

Me,

OX

,

Oy,

Kx,

Kz and

the

settling

velocity

Wf.

Unfortunately, however, there exist no established
methods for the modelling of these quantities.
Hence, in
the present study, we have introduced tentative modellings of these factors as described in what follows.
a)Vertical diffusion coefficients of momentum
The factors governing the physical process of momentum
exchange within the sheet-flow layer are
1) Momentum exchange through the sediment collision,
2) Viscous stress within the intergranular fluid,
3) Reynolds stress in the intergranular fluid.
Among these,
in the present model, 1) and 2) are
incorporated by an effective viscosity jje varying with
sediment concentration c.
The functional dependence of //e
on c is assumed to be formulated as eq.(7) after Eilers
(1941).

^ = l1 + Wc^j-

Me

r,

1.25c 12

<7>

In this formula, as c becomes the maximum possible
concentration cmax, /je attains infinitely large value.
This behavior of fi6{c) near cmax is consistent with the
fact that the particles with the concentration of cmax
remain at rest. Although Eilers specified cmax to be 0.74,
the concentration c for the real sand particles in the
sheet-flow layer can attain 0.6 5 at most. Hence, in the
present model, cmax is assumed to be 0.65. Furthermore, in
order to avoid the infinitely large number to appear in
the numerical calculation when c becomes cmax, eq. (7) has
been slightly modified as eq. (8) for the use in the
present numerical simulation.
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— _ f
Mo = [ 1

1.25c
+

^2

1-0.95 (c/cmax) J •

(8)

Reynolds stress within
the intergranular fluid is
another important factor for momentum transfer in
the
sheet-flow layer and it may be formulated most simply
through a mixing length theory such as
nz = J2

(9)

However, there arises a difficulty in the way to define
the mixing length for the fluid domain with "fuzzy"
boundary such as sheet-flow layer. Namely, for the sheetflow with a typical vertical profile of the
sediment
concentration c as shown in Fig.1, the vertical location
of the boundary can not be prescribed definitely. Hence,
in the present study, a tentative new model of the mixing
length has been introduced by considering a physical
aspect of the eddy structure in the sheet-flow layer.
Namely, within the sheet-flow layer, the eddy scale is
not prescribed with the local concentration c(z), but is
considered to be governed by the overall feature of c(z)
profile. On the other hand, far above the sheet-flow
layer, the layer acts as if it is a fixed boundary for
the eddy structure. Hence at the far field above the
sheet-flow layer, the mixing length should be almost
coincide with that for the rigid boundary.
As one of possible models being consistent with these
consideration, a new mixing model defined by equation
(10) have been introduced, which is shown schematically
by the solid curve for the mixing length l(z)
in Fig.1.
z

Kz)

Qnax ~C\Q

-dC,

(10)

where K is the Karman constant (=0.4).
b) Vertical diffusion coefficients and fall velocity of
sediments
Another important factor to be modeled is the
vertical mass transport of the sediments in the
sheetflow layer. This is considered to be governed by the
following three factors.
1) Particle collisions,
2) Turbulence of interstitial fluid,
3) Particle settling.
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Among these, the former two factors have been
estimated by a similar diffusion model with a mixing
length.
Kz =(pa+al)2

+ K0,

(ID

in which the scale of mixing is assumed to be the sum of
those proportional to the particle diameter, d, and to
the turbulent mixing length, 1. The former scale is
introduced by considering that the minimum mixing scale
should be governed by the sediment diameter. The values
of a and jJwere determined as 0.3 5 and 1.7
respectively
so that the calculated c-profiles fit the
experimental
results by Horikawa et al.(1982) as well as possible. K0
is a coefficient introduced to stabilize the numerical
calculation, and was set to be 5v0 by trial and error,
where v0 is the kinematic viscosity of the intergranular
fluid. The particle settling velocity, Wf, varies with the
sediment concentration, c, because of the hindered effect
by particle collision. This dependence of wf on c has been
proposed by several researchers to be expressed as
Wf

r

c ~)n

^=[1"^}'

U2)

where Wf0 is the settling velocity in the still water.
Although the exponent n in this equation has been
reported to have several values by the experiments, the
optimal value of n for complex unsteady flow conditions
such as sheet-flow can not be specified. Hence, in the
present study, the value of n was set simply to be one.
(4) Boundary conditions
At the left and right boundaries of the computational
domain, the periodic conditions are used for u and c. At
the upper boundary, on the other hand, the conditions
u=U0,

dc
cwf + Kz-^= 0,

(13)

are imposed, where U0 is the sinusoidally oscillating
velocity at the outer edge of the sheet-flow layer. Hence
the horizontal pressure gradient can be given by UQ as
0R_
&JQ_
dx ~ ~Po et •

:i4)

where p0 is the density of the pure fluid.
At the lower edge of the sheet-flow layer, the
following simple rest condition is imposed, because for
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unsteady two-phase
condition such as
problems.
u=0

flows there exist no reasonable
the yielding stress for static

for c > 0.999cmax,

(15)

where the coefficient of 0.999 is a factor to all6*w the
computational error in c so that it does not yield any
unrealistic influence on the rest condition.

3. Computational results and discussion
(1) Comparison of calculated values with experimental data

To confirm the validity of the present model, it has
been applied to an oscillating sheet-flow problem, for
which several experimental results are available for the
comparison. Figure 2 is an example showing the vertical
profiles of the sediment concentration c, horizontal
velocity u and sediment
flux g with the experimental
data by Horikawa et al.(1982), and demonstrates that the
present model can simulate the overall feature of these
profiles and their time evolution.
Figure 3 (a) shows the phase-variation of the sheetflow depth h, representing that the present numerical
model can give almost the same magnitude of variation of
h within a half-cycle, as compared with the experimental
results. However, the large difference in h between the
acceleration and deceleration phases as seen
in the
experimental result cannot be reproduced by the present
model. This is due to the fact that the characteristic
difference of turbulent flow structure between at
acceleration and deceleration phases cannot be
represented by the zero-equation turbulence closure such
as the mixing length model, which we have adopted for the
present formulation
Figure 3(b) shows the phase-variation within a half
cycle of the instantaneous sediment transport rate <t>
defined as eq.(16).
oo

0{t) =

^tajj{z't)dz-

(16)

There arises appreciable discrepancy between the
calculated and measured values around the peak and
decelerating phases. This is mainly attributable to the
fact that the magnitude of
the experimental velocity
exhibits smaller values at the deceleration phases as
shown in Fig.2.
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(2) Dependence on Shields parameter

Figures 4(a) and (b) represent the dependence of the
phase-variation of h and the nondimensional sand
transport rate averaged over a half cycle, 0, on the
Shields parameter, vm defined as eq.(17). The figures
indicate that as the Shields parameter increases, the
phase-variation patterns of h and 0 become skewed shapes
having their peak behind the phase of TT/2.
2

u*m
Vm =21 ^J

(17)

where u*m is the maximum friction velocity, s is the
specific gravity of sediments in fluid and g is the
gravitational acceleration.
_
Figure 5 shows the relation between 0 and u*m/wf. The
full line
in the figure represents the experimental
formula by Sawamoto & Yamashita(1987) obtained by
reexamining
the formula by Madsen & Grant(197 6) with
their own experimental data. Comparison with this
experimental line indicates that the present model can
estimate the mean transport rate with acceptable
magnitude, though its dependence on u*m/wf_ is slightly
weaker than that of the experimental formula.
(3) Effect of unsteadiness
The conventional ways to estimate the sediment transport rate is based on the assumption of quasisteadiness
of the sediment transport process. For example, Madsen &
Grant (197 6) derived a formula to estimate 0 by assuming
that the instantaneous transport rate 0(t) can be
evaluated by Brown's formula(19 50) for the unidirectional
steady flow. In order to investigate the validity of this
assumption, the effect of the unsteadiness of the sheetflow phenomenon has been examined.
The dashed-line in Fig.3(b) indicates the instantaneous sand transport rate calculated by the Brown's
formula under the assumption of such quasisteadiness.
The quasisteady value of 0 is found to exhibit rapid
increase and decrease pattern around its peak phase as
compared with the experimental and present computational
results.
This
fact
strongly suggests that the
unsteadiness has quite important role in the sheet- flow
dynamics, hence it is indispensable factor for the sheetflow modelling.
In order to investigate this point more clearly, the
calculations have been executed for various values of the
oscillating period T with the same Shields parameter yrm.
Figure 6 shows the phase-variation of the
sheet-flow
depth h for the three periods indicated. It is found that
as the period decreases the relative magnitude of h-
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variation within the a half cycle also decreases, and the
depth value attains its peak at more later phase. This is
closely correlated with the fact that as the oscillating
period becomes shorter,
the sediment pick-up and successive settling process cannot catch up with the
phase variation of the flow field without any phase lag.
Existence of such
strong dependence of the sheet-flow
evolution on the oscillating period T indicates that we
should treat the sheet-flow phenomena as a nonstationary
process for its modelling.

4. Conclusions
Although the present model is still rather simple
and primitive in contrast with our final goal to develop
the "numerical mobile bed",
the present model can
estimate the essential feature of sheet-flow dynamics,
such as temporal evolution of sheet-flow profiles and
their overall dependence on the Shields parameter.
Further the difference in the period of oscillation was
found to have appreciable influence on the temporal
evolution of the sheet-flow thickness, indicating the
importance of unsteadiness in the sheet-flow dynamics.
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Figure 1

Conceptual illustration of the mixing
l(z) corresponding to a c-profile.
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Figure 2 Vertical profiles of c, u, and q at various phases.
(T = 3.6s, Umax = 126cm/s and d = 0.02cm.)

NUMERICAL MOBILE BED

2357

o exp. (Horikawa et al.)
— cal.

,(cm)

Figure 3(a) Phase-variation

of the sheet-flow

o

depth, h.

exp. (Horikawa etal.)

cal.

Brown

(xi d)
2

/^%\
/ •/
\\

o

./
1 -

/
/

y

y

o

/

°

•

\\

°\ \

/

//

^

v\\

1 \.o\

^\
71/2

'71

Figure 3(b) Phase-variation of the nondimensional
sediment transport rate, <fc
(T = 3.6s, Umax = 126cm/s and d = 0.02cm)
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Dependence of the phase-variation of h
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