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Abstract

A two layer undertow model is developed which consists of surface and inner layer.
The surface layer defines breaking wave dynamics and the inner layer defines the mean
flow(circulation) and turbulence fields. The interface between two layers is determined
by time and depth averaging of the mean water level and wave height in the surf
zone (interface model), in which Reynolds stresses are taken into consideration as well
as radiation stresses. The system of equations in the inner layer is derived by time
averaging the mass and momentum equations over one wave period. Time and space
averaging of these equations in the surface layer defines the surface boundary conditions
of the mean flow field in the inner layer. Turbulence in the inner layer is discribed by
the standard k¥ — e model.

The numerical calculation method is also discussed and model calibration is per-
formed by comparing with the experiments by Stive and Wind (1985).

1. Introduction

The vertical circulation occuring in the surf zone consists of both the shoreward
mass transport due to breaking wave and the offshore-directed bottom current
(undertow). Combining the 2-D vertical and horizontal models, it may be possible
to construct a 3-D model of the nearshore circulation system.

Svendsen (1984)[6] developed a theoretical model using the first order approx-
imation technique in describing breaking waves. Hansen and Svendsen (1984) [2]
considered the effect of the bottom boundary layer in the undertow. This model
was examined by using Stive and Wind’s experimental data (1985)[4]. It was
shown that the undertow is suppressed by the shear stress at the trough level,
the static pressure induced by set-up, and the constraint of zero net flow.

Madsen and Svendsen (1979) [3] developed a theory of vertically integrated
conservation equations for breaking waves in the surf zone by introducing the
concept of time and depth averaging of mass, momentum and energy between
the bottom and mean water level (M.W.L.). From their treatment an idea came
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to mind to define the total depth by the surface and inner layers, thus allowing a
theoretical treatment of the breaking waves in the surface layer.

In this study, a simplified two layer model is proposed, in which the surface layer
is introduced to describe breaking wave dynamics and to obtain the time-averaged
boundary conditions for dynamics in the inner layer. The interface between these
two layers is set by M.W.L. The breaking wavesgenerate turbulence and the tur-
bulent kinetic energy conservation is considered in the model for the inner layer.
Therefore, the boundary conditions for the & — ¢ equations in the inner layer
are defined by modelling the dynamics of surface layer. Mass, momentum, and
energy conservation laws are formulated by employing Madsen and Svendsen’s
model. The motion in the inner layer is decomposed into time-averaged mean flow
and turbulence. The governing equations of mean flow motion are expressed in
terms of the vorticity and stream function, which are derived from the mass and
momentum conservation equations. The standard k — ¢ model is employed as the
governing equation for turbulent motion. The coordinate transformation (con-
formal mapping) method developed by Wanstrath, Whitaker and Reid (1976)[7]
, is used to numerically calculate the 2-D vertical circulation pattern in arbitrary
depth. Calibration of the numerical model is performed by a comparison with
the experimental data of Stive and Wind (1985) [4].

2. Model Outline and Basic Equations

Using the coordinates and variables shown in Fig.1, the governing equations
are derived. The inner layer is defined as the region extending from the bottom
to the mean water level (wave set-up) {. While the surface layer extends from
the trough of the breaking wave to its crest.
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Fig.1 Schematic explanation of the model and coordinate system

The velocities u; are decomposed into three modes, i.e. the mean flow #;, waves
Uy; and fluctuations u}. Other quantities, 0;;, p, s;; are also decomposed in the
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same manner, as:
_ 12 P !
Ui = Uy + Uui + U, Oif = G5 + iy + 0y,

Pij = Pij + Puis + Dijy  $i5 = 855 + Swig + 835 (1)
The characteristic time-scales of the three components are assumed to be quite
different, therefore no correlation between them is considered. Applying these
operations to the mass and momentum equations, the basic equations for the
mean flow are obtained. When the Boussinesq’s eddy-viscosity assumption is
used to describe the Reynolds stresses ulu} by means of velocity gradients, the
closure problem becomes a matter of how to determine the eddy viscosity v,
which is defined by:

!
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(a) Inner layer: mean-flow equations

By differentiating z and z momentum equations and eliminating the pressure
term p, we get
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When small amplitude wave theory is assumed the momentum fluxes of the total
wave component, Uy, Gy, UpWy and Wy, become zero in Eq.(3).
The stream function 1 and vorticity 2 are now defined as
Y o on  ow
— =4, -—=-w and N=-——— 4
9z ' Oz 8z Oz )
In terms of the stream function and vorticity defined above, the basic equations
are rewritten as:

Vi) =0 (5)
) (2)- () (2)- 2 (o2
(E) ( oz Oz Jz Jzdz v 0z0z
& & 9% 9%
(7 7) {n (55 - 5) ) oo ©)

(b) Inner layer: standard & — ¢ model
The k-equation is rewritten in the z — 2 plane as:
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0z\? ow\> [(8a 0w\’
Prod = 1, {2 (%) +2(:9;) +(5+5;) } (8)

The e-equation is also rewritten as

Oe  _Be 0 A de 7] A ) de| ¢
u3x+w(’9z T Oz {(05 +V) 'Bm}+5§ {(05 tv 0z +k(01€Prod Caee) (9)

(c) Interface model

The boundary conditions for the governing equatious in the inner layer are dis-
cussed here. The surface boundary is the mean water level ¢ which is an unknown
value in the two layer system. Previous investigations of surf zone wave height
and set-up show fairly good predictability of both quantities. Therefore, Svend-
sen’s (1984)[6] model is employed to determine the wave set-up ¢ and breaking
wave height variation. Svendsen also presented the mass, momentum, and en-
ergy dissipation due to breaking waves in his model by employing the first order
approximation of motion, the effect of the surface roller and the wave shape pa-
rameter B,. Consequently, Svendsen’s model is needed to determine the wave
energy dissipation (production in the k equation), mass flux and shear stress
acting on the interface (surface) boundary.

On the other hand, the boundary condition for the stream function v, the vor-
ticity €2, the turbulent kinetic energy k&, and it’s dissipation € must be determined.
For this problem, Madsen and Svendsen’s (1979)[3] formulation of the mass and
momentum conservation equations are employed.

The momentum equation in the z-direction is integrated over depth and then
averaged over the wave period 1), as

where

8 £ 8 _ _a¢
. /—hpuudz+%(5 +55) = =py(h + )5 (10)

where S’ is the depth-integrated Reynolds stress and S, the radiation stress
defined by respectively

¢ on 2
- -z
S ‘/_h”(ZV‘ax 3/0) dz (11)

¢ ¢ 1 -
Swz/ #wiu)d / —od'—— wSw 12
[ Plutudz + | Podz = 5p9GuC (12)
where p, is the dynamic pressure given by

Po=pg(z—=C)+p (13)

In Eq.(10), the inertia term, and the depth-integrated Reynolds stress term are
added to the usual momentum balance equation. The latter term described by
Eq.(11) is the interaction term between a mean flow distribution and k-equation
in the inner layer.
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The energy equation is given by

oB,
oz

=D, (14)

where B, is the mean wave energy flux and D, the wave energy dissipation. The
non-dimensional wave energy flux B and energy dissipation D are introduced

respectively, as:
B 4hT,

== d D=Di——r-= 15

pgCHE " pgCH? (15)

where C is the propagation speed of the breaker. In the surf zone, C is approx-

imated by C' ~ 1/g(h+ (). Using Egs.(14) and (15), the equation for the wave
height variation is finally botained as

H H = DK3
=K/ (1- = 5 )
T s/( G BT . h+<dm (16)

where the subscript r refers to some chosen reference points, and Ky is the shoal-
ing coefficient.

Solving Eqs.(10) and (16) simultaneously, the wave set-up and breaker wave
height variation are obtained. However, in these equations, three parameters
must be estimated, B, S,, and D. Svendsen (1984) [5] evaluated these parameters
assumning that (i) the mean velocity in the roller is equal to the propagation speed
C, (ii) the cross sectional area A of the roller is equal to 0.9H?, and (iii) wave
energy dissipation is analogous to that of hydraulic jump, these are respectively
given as:

S, =g [ 2B, +0.0"EC) g2 (17)
2 I
B=B,+ 0.45h—;t—g (18)

o[t els )

where L is the wave length, ¢, :the crest elevation and B,: wave shape parameter
defined by
1 (T ¢\
By= — ] =) dt 20
T, Jo (H ) (20)

(d) Surface layer model

The boundary conditions for the stream function ¢ and the vorticity Q2 equa-
tions are considered here. To determine the boundary conditions at the surface
¢ of the inner layer, the equations of mass and momentum are derived in the
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surface layer. The kinematic boundary condition at z = ¢ is derived from the
conservation of mass in the surface layer as

w05 —0(0) =~ [ uds (1)

The dynamic boundary condition at z = ( is derived from the conservation of
momentum in the surface layer. The pressure at z = { is obtained by integrating
the vertical momentum equation between ¢ and ¢ and time-averaging over the
wave period T, as

Q) _ i 4+ w28 — o2 [
P = Qw0 + v (w0, ~0(0)g; [ udz (22)

where the viscous term is neglected. The time-averaged horizontal momentum
conservation in the surface layer is derived from the following definition.

¢ ¢ {
/ momentumdz = / hmomentumdz - / hmomentu’mdz (23)
( -— .

The horizontal momentum equation is given by

a ¢ 5(¢) 8 - -0 ——=t 0 ¢
2 (w2 s = -EOZ  w0u0 3+ T - (05 [ ud
(24)
Substituting the pressure Eq.(22) into Eq.(24), the right-hand side of the equation
becomes:

RES = (W0 - FE0) 55 +{(0) + 0l0 5 ) T
—w(Qw(@) (3) + 0w (26
where -
M= /(( udz (27)

When the orders of @(¢) and 8(/dz are O(1) and O(§), the orders of the
following terms can be estimated by the kinematic boundary condition, Eq.(21).
@(C) ~ 0(5),

In the surface layer, strong shear flow is generated by the mass transport shore-
ward due to the breaker. Then the following order estimation may be reasonable.

oM _
- ——5 ~ 0(6) (28)

FOwQ) ~ 92 ~ (1) (29)
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This order estimation leads to the brief expression of Eq.(26), as
RES = #(0w(8) + 0(5) (30)

On the other hand, LHS of Eq.(24) can be estimated as follows. The local pressure
is given by integrating the vertical momentum equation between z and ¢ as

p(2)

2 = o2+ g [z = () (31)

Assuming that »? is decomposed as
u?(z) = @(2) + vl (2) + u?(2) (32)

then, substituting these equations into the left-hand side of Eq.(24) yields

8 (g——=5 _ ¢ 4
1S = 2 (L0 + (= 0 [ o — [t

A= (@O + @@+ (D) (3)

It is then assumed that in the surface layer, the large scale turbulence exists
whose velocity and surface fluctuation have dominant frequency in the spectral
domain. If this dominant frequency is a harmonics of the wave, and other spectral
components are negligiblly small, the turbulence components can be treated in
the same manner as wave components. However, this assumption may be too
bold to apply at this time since turbulence is usually characterized by multi-
phase motion. However, eddies generated by breaking waves seem to have the
same dominant frequency which is strongly related to the wave motion. If the
above assumption is allowed, the brief expression of Eq.(33) can be obtained, as

A o }
Finally the dynamic boundary condition at the surface of the inner layer is
T A vl
W(Qw'(() = E g(Cwa +¢'¢) (35)

In the equation, the first term on the right-hand side is approximated by Eq.(20)
and, for the second term, the following assumption is made.

—  (A\?
I~ [ — 36
= (7) (36)
Furthermore, the shear stress due to turbulence is described by

_— oa

w(Q)w'(¢) = =TV, (37)

z=
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Consequently, the dynamic surface boundary condition, which is expressed by
breaking wave quantities, is given as

o A? .
- %{ (H Bo + )} (38)
3. Numerical Model

a. Coordinate transformation

In the numerical model the conformal mapping method (Wanstrath, Whitaker
and Reid (1976)[7]) is employed to make the model applicable over a wider range
of surf zone topography. The governing equations derived in the Z-plane are
transformed to the ¢*-plane( Fig.2). The arbitrary surface and bottom bound-
aries in Z-plane are transformed into straightline (n = £f) in the (*-plane.
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(b) ¢*-plane

Fig.2 7 and (*-plane in the coordinate transformation

N
z(€&,n) =€+ Y (b sinhnken + ¢, coshnk.n) sin nk € (39)
n=1
N
z(&,m) = bo + n+ Y_ (b, coshnk.n + ¢, sinh nk.n) cos nk.E. (40)

n=1
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The Fourier coefficients b,(n = 0,1,2,..., N), and c,(n = 1,2,3, ..., N) are de-
termined by matching the surface and bottom boundaries at n = +£, using the
least square error. The transformation function J? is:

8z, z) (63:) (62)2 .
+ =] =J° 41
s&m ~\oe) * 2 ()
Using these definitions, the relations of partial differentiations of function ¢ with
respect to (z,z) and (&, n) are

¢ 1 (0209 0z0¢) _ 6¢ 6¢ (42)
oz ocon  ococ) " “ae an
o 1 820¢ 0z8¢ 8¢ 6¢
9z~ J? ( dEaE 8¢ 677) + o€ (43)
where | /5 5
z 1 z
Finally, operators of the first order partial differentiation are given by
8 (9 (9 (9 8 (9 .
The second order partial differentiations are
Do) = aDge(a, )+ bDpy(b, ) — aDgy(b, ) —bDpe(a, ) (46)
D..()=aDy(a, ) +bDg(b, ) + aDpe(b, ) + bDgy(a, ) (47)

Doo( ) = Dip( ) = aDge(b, ) — bDyy(a, ) + aDgy(a, ) — bDye(b, ) (48)

where 5 5 5
fo(a, ) 65 ( 35) ) Dfﬂ(a, ) = 52 (a'a_ﬁ) y

Dyela, ) = 5‘% (a-(%:), Dy(a, ) = 5‘% (a%). (49)

The governing equations derived in the Z-plane are transformed to the (*-plane
by applying the above mentioned operators. The stream function and vorticity
equations are rewritten as:

Vit = J0 (50)
o0 o0 69 69 Ve
D) (o5 ~ 50 ) = Dut) (50 +858) 4 P00 = %500 1)

where

F*(Q) Vt) = _4Da:z¢szVt + {Dzz(yt) - DII(Vt)}{Q - 2D1¢(¢)} (52)
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Similarly, the k& and e-equations are transformed to the (*-plane as, respectively:

a(%(ﬂk)—b(%(ﬂkHa; (wk)+ba(wk) { 566 (”t) —ba%( k)}( ‘;’2 b?—f})
o (v d [ Ok ok Vs
- {a% (a) + ba—€ (;;)} <a5—n + b'a—é) — ;J—sz(f,n)k = Prod — ¢ (53)
0 o, 0 o, o (v, o /v, Oe Oe
a g (1) by (i) o (e) +b (e )——{aa—g(z)—ba—n (;)} (aa—g—ba—n>

a3 (v aJ (v Oe Je
- {aa—n (—U—t) + b—% (—U—t)} <a—a—n - b—%) p sz ()€ = E(CHEPIOd — Cye)
(54)

where

Prod = v; [2D,(1)? + 2D,(9)* + {D, () + D.(0)}’] (55)

b. Numerical scheme

Numerical solution to an advection and diffusion (A/D) equation such as the
vorticity equation, suffers from the numerical (artificial) diffusion as well as wig-
gles. The Dennis-Chang method is known as one of methods which can reduce
these numerical problems in the A/D equation with the second order accuracy.
An iteration form is discretized by this scheme and calculated till the solution con-
verges. Using the operator notations, A( ) and D( ), for advection and diffusion
terms, finite difference equation are represented as:

AUD(Qn+1) - D(Q) = AUD(Q") - ACD(QH) (56)

where App( ) and Acp( ) are the upwind and centered difference operators,
respectively, which given by:

U+ U | U~ |U|

Avp(Q) = 7= = Qima) + 57— (Qivay = D)
V4|V V_1|V|
VL Qi j1) + 5, Qi = Q) (57)
1 1
Acp(Q) = 7= AUD)i1y = (UQ)imr i} + 5 AVO)ij = (VQ)ija} (58)

and for the diffusion term :

D(Q) = 5 (7 iens — 2 is + (D)

+ Al W Qiger — 2141 + (V)i -1} (59)

where the advection velocity U and V are written as:

U=aD:(¥) —bDu(¥), V =—{aDx(s) +bD:(1)} (60)
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For stable calculation, the dumping coefficient o, is used at each iteration as
Qv = Q0 {(61)

In the cases of Dirichlet boundary problem, Woods boundary condition is appli-
cable as

Q = ——Ql — ——‘-‘(Ql Qo) + O(Ama) (62)

where the suffix 0 indicates the value at the boundary, and 1 indicates the value
just inside the boundary.
c. Interface boundary conditions

At the surface, both the kinematic and dynamic boundary conditions for mean
flow variables, i and 2, are determined by the approximate expressions of the
momentum and mass conservation equations in the surface layer.

The kinematic boundary condition in the Z-plane determines the stream func-
tion in the transformed coordinates. One possible example can be given as follows.

The velocity components u*, w* in the (*-plane can be transformed to

oMs oz, _ ¢

Ug=—
Oz

Oz, _oC o = 2w, -

u* (0, — ;=) OMs
U = -7 s —Us— )= — )
on Oz on ot

23
In these equations —Mg is the stream function in the transformed coordinates

system, which gives the surface boundary condition for the ¢-equation.
The boundary condition for the vorticity equation is

) = (63)

% 2 82
Q= ou|  owr| 1| &M (64)
on |, 2
The boundary condition for the k-equation at the surface can be given by
Vs |Ts
K, = 2| 65
Ny (65)
where 7, is shear stress at the surface. The boundary condition for € is
€ = v,Prod|, (66)
where
H3D ou\’ ow\* (9  ow\’
Prod), = = = 242
=82 e () () 4 (24 2))

where v, is the coefficient to be determined by turbulence properties.

For both side boudary condtions, a third order polynomial stream function may
be assumed and for the bottom boundary conditions, usual boundary conditions
can be employed.
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4. Model tests and conclusions

In order to verify the applicability of the model, test calculations was performed
in the inner layer, using the following assumptions; uniform distribution of v,
third order polynomial of stream function distribution at both side-boundaries,
and the slip condition on the bottom.

Fig.3 shows the changes in the relative values of wave celerity C'/Cp, wave
heights H/Hp and mean water level {(/hp with the relative water depth h/hp to
compare with the experiments by Hansen and Svendsen (1979) [1]. Their exper-
imental conditions are; the beach slope s = 1/40, wave period T = 1.79s, deep
water steepness H,/L, = 0.032. The figure shows that the calculations of break-
ing waves and mean water level are in reasonable agreement with the experiments.
Furthermore, the test calculation of undertow velocity profile corresponding to
Hansen and Svendsen’s experimental condition is shown in Fig.4.
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Fig.3 Changes in the calculated wave celerity C/Cp, height H/Hp and mean
water level (/hp in comparison with Hansen and Svendsen’s experiments [1].

The vertical velocity distribution of undertow in the inner layer region is com-
pared with experiments by Stive and Wind (1985) [4] in the relative water depth
range of h/hp = 0.88.0.765,0.647 and 0.53. Comparisons between the calcu-
lated velocity vectors and the experiments are shown in Fig.5, where solid circles
indicate the experimental data of Stive and Wind. The vertical circulation pat-
tern calculated by the 2-D vertical circulation model under their experimental
condition is shown in Fig.6.

Because of an insufficient quantity of experimental data verification is not pos-
sible, however, the theoretical curves agree resonably well with experimens. From
the comparison between Stive and Wind’s laboratory experiment of undertow and
our test calculations, where a uniform distribution of eddy viscosity v; is assumed,
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it could be concluded that the undertow velocity field in the inner surf zone can be
calculated by the 2-DV model developed in this study. For the cases of arbitrary
bathymetry, this model is more applicable than the previous 1-DV model.

z A
= X
Fig.4 Test calculation of undertow velocity profile
. nm
h/ha = 0.88 0.765 0.847 0.53
»
Tro
Y é / ./
- e /._.— === 03
£ / e
£ £ —=——
= c = £ ¢ 0.0
0.2 0.0 0.0 0.0 00 .
N

Fig.5 The vertical distributions of undertow velocity vectors and horizontal
velocity profiles (solid curves) by Stive and Wind’s experiment [4], at the points
of h/hy = 0.88,0.765,0.647, 0.53.

Difficulties, however, still exist in improving the side boundary conditions which
are in consistency with both mean and turbulent flow fields including bottom and
surface boundary conditions. In other words, further extension of the proposed 2-
DV model is required to clarify the treatment of the bottom boundary conditions
which can satisfy the no-slip condition of mean flow and wall boundary condition
of the £ — ¢ equations. It is emphasized that development of the 2-DV undertow
model, which includs turbulent properties, contributes to the progress of surf zone
investigations, such as sand transport mechanism, numerical calculation of the
equiliburium beach profile, 3-D nearshore circulation model.
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The vertical circulation field calculated by the model under the

Fig.6
experimental condition of Stive and Wind [4].
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