CHAPTER ONE HUNDRED FIFTY ONE

A THEORETICAL AND EXPERIMENTAL STUDY OF UNDERTOW

J. Buhr Hansen* and I. A. Svendsen*

ABSTRACT

It is well known that on a three-dimensional beach large volumes of
water carried shorewards by the breakers feed longshore currents, which
eventually escape back through the breaker line, often as rip currents.

In a steady two-dimensional situation, however, the mass flux rep-
resented by (among other things) the surface roller in the breakers
returns as a seaward current close to the bottom. This current is call-
ed the undertow.

In this paper theoretical results for the undertow are compared
with the results of recent laboratory experiments.

1. INTRODUCTION

Although known for years and described quite explicitly in texts on
coastal morphology (see e.g Johnson 1919) the undertow seems for a long
time to have escaped the attention of coastal engineers and scientists.

Undertow is the name used for the often very strong shore normal
mean current which in a surf zone moves seaward below the level of the
wave trough.

Clearly such a flow can only be maintained provided a similar flux
of water is brought shorewards otherwise. This happens between crest
and trough level in the broken surf zone waves. the situation is sketch-
ed in Fig. 1.
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Fig. 1. The circulation flow in the vertical plane.

This circulation in the vertical plane represents a mechanism for
maintaining the mass balance in the surf zone of a long beach. Another
possible mechanism in the nearshore circulation is the three dimensional
pattern of longshore and rip currents, which so far has received much
more attention than the two dimensional circulation scheme in Fig. 1.
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The purpose of the present paper is to discuss the physical pro-
cesses responsible for the undertow. The discussion is supported by a
theoretical model and recent laboratory measurements.

The undertow was observed experimentally by Bagnold (1940) and a
qualitative analysis of the phenomenon was given by Dyhr-Nielsen and
Sgrensen (1970) in a descriptive paper which in essence contained most
of the physical ideas pursued quantitatively in the following.

In the last few years the undertow has eventually attracted more
attention. Thus Bdrekci (1982) presented a theoretical model based on the
sinusoidal waves for the distribution over depth of this mean circula-
tion, and an almost similar analysis was in fact given by Dally (1980).

Lately Louguet-Higgins (1983a,b) has considered several effects
that may be caused by the strong pressure gradient from the set-up which
also creates the undertow. In the last of the two papers in terms of
convincing experimental demonstrations.

Finally Svendsen (1984b) presented a theoretical model based on the
description of surf zone waves developed in Svendsen (1984a).

It may also be mentioned that laboratory values for the undertow
can be extracted from the raw data of Stive and Winds experiments and
ware used by Svendsen (1984b). Also Guza (1984) reports that during the
NSTS experiments at Californian beaches all current meters in the surf
zone showed uniformly seaward going mean currxents. This part of the data,
however, has not been processed yet.

The theoretical model for the velocity profile of the undertow
developed by Svendsen (1984b) differs from the models of Dally (1980)
and Bdrekeci (1982) in the way properties of the broken waves such as
radiation stress and mass flux are determined.

The present paper will emphasize the physical aspects rather than
mathematical details of the phenomenon, present some new measurements
and also discuss the interaction with the bottom boundary layer, a point
which was only briefly mentioned in Svendsen (1984Db).

For several reasons an eulerian description has been chosen rather
than a lagrangian. For one thing it is far simpler. Further all the
measurements available are measurements at fixed points (i.e. eulerian
descriptions). Most important, however, is the fact that the eulerian
description is physically the more informative when mass balance, sedi-
menttransport etc., is considered.

2. THE MECANISM RESPONSIBLE FOR THE UNDERTOW

As mentioned in the introduction the undertow is a (strong) mean
current which, superimposed on the oscillatory motion of the surf zone
waves, moves seawards.

In this section is shown qualitatively that the undertow represents
a balance between three equally important forces acting on the fluid
particles.

For a start it is worth to recall that the turbulence created by
the breakers spread downwards from the surface, where it was created,
so that in the surf zone there is a substantial amount of turbulent
kinetic energy present at all levels between bottom and surface. In such
an environment a current like the undertow will generate large shear
stresses which will tend to stop the current. Thus for the undertow to
exist there must be a strong driving mechanism, which yields a seaward
directed net force on each fluid particle.

It is well known that the depth- and time-averaged momentum balance
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reads:

3s
XX b —
= - pg(ho + b) 5% " b (2.1)

ax

where b is the set-up, Tp is the mean bed shear stress, and the radia-
tion stress Syy is defined as

n+b 1 —_
s = J . (pu? *p)dz - 3 pgn? (2.2)

The dynamic pressure Pp is defined by

pp = pgl(z-b) + p (2.3)
In this balance, however, the individual contributions are not equally
distributed over depth. In (2.2) both U and p will in general vary
over the depth and, in surf zone waves in particular, by far the
largest contributions to S (including the last term in (2.2) come
from the region between trough and crest.

The 3b/dx term in (2.1) on the other hand represents the pressure
gradient from the sloping mean surface, and this contribution is the
same at all z-levels. Fig. 2 shows the situation.
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Fig. 2. The distribution of radiation stress and pressure gradients.
Consequently, if we consider a small fluid element at any z-level below
trough level there will (in average over a wave period) be a net
(seaward-directed) horizontal force on that fluid element equal to the
difference between the local Sgy~contribution and g db/dx. It is this net
force which is driving the undertow. In Fig. 2 is also indicated the
turbulent shear stress gradients which are responsible for preventing
the current from accelerating indefinitely. ’

Thus a steady undertow establishes a balance between essentially
three different forces: the radiation stress the pressure gradient due
to set-~up and the turbulent shear stresses created by the vertical
variation of the undertow velocity in combination with the turbulence
already present due to the breaking. The model used in the following is
based on this balance. In principle it assumes (in addition to a situa-
tion steady in time) uniform conditions at different points in the shore
normal direction. Since the depth varies this is clearly not quite true,
but applies well to a gently sloping beach. The assumption corresponds
to neglecting the convective accelerations in the shore normal direction,
and on a steep beach this may not be acceptable.
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3. THEORETICAL DESCRIPTION

From the description in Section 2 we realize that the undertow is
assocliated with the strong set-up caused by wave breaking. Hence a
proper quantitative description requires that the relevant characteris-
tics of the surf zone waves are modeled suitably (see Svendsen, 1984a).

One of the important features is the mass or volume transport Qg
which occurs between crest and trough in the waves. Qg is defined as
(for definition of nomenclature see Fig. 3)
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Fig. 3. Definition sketch.
n+o
QS = j u dz (3.1)
ntr + b
where —— indicates average over a wave period.

In broken waves this is found to be composed of two contributions
(Svendsen, 1984a): one is the ordinary effect of non-linearity known from
non-breaking waves. The other is caused by the surface roller which is
equivalent to an amount of water directly following the wave ag it
propagates shorewards. Thus the average particle velocity in the roller
equals the progagation speed ¢ of the wave.

It is therefore assumed that the velocity variation in the waves
can be approximated as shown in Fig. 4.

{a) (b)
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Pig. 4. a. Velocities in a breaker.
b. Velocity profile used in this paper.

This is combined with the assumption that the change in shape of the
waves can be neglected locally which implies that
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ntb
I = J udz = cn (3.2)

As written (3.2) also presumes that there is no net mass flux in the
waves (two dimensional problem), and that ¥ = 0 as indicated in Fig. 3.

When substituting these assumptions into (3.1) we get for the total
Stokes drift (for derivation see Svendsen (1984 b))

- q\? A h n? A
QS—C(H/ (BO+§2 E> dtr+0<('h‘)’ ...) (3.3)

In this expression L is the "wave length" defined as c(x)T,

B, 2 (n/m)? (3.4)
and A is the area in the vertical plane of the surface roller (see
Fig. 4).

Measurements of A is only available for deep water breaking behind
a submerged hydofoil (Duncan, 1981) where it was found that

Am~ 0.9 B2 (3.5)

With no net mass (or volume) flux in the wave we also find the mean
velocity Uy in the region below wave trxough to be given by
Qs
Um =g (3.6}
’ tr
where dty is the water depth under the wave trough. With these results
we have ensured the conservation of mass in the wave-current motion
considered.
The equation of conservation of (horizontal) momentum is used on the

form 2
du . 3Ju duw _ 1 9p
5t © ex | Bz o ax (3.7)

where viscous terms have been neglected. The balance described in
Section 2 between three contributions then results in the following
relation

du ob 1 9t

S T 9% "9 5= (3.8)
which is the time averaged momentum eguation for a fluid particle. T is
the turbulent shear stress and u the turbulent mean velocity. (3.8) only
applies below the level of the wave trough u may be devided into a wave
part u,, (with W, = 0) and the undertow component U. It can then be shown
that consistent with assumptions already introduced we have

u ? > u? (3.9)

so that (3.8) may be written as
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13t _ 3 (o \
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The turbulent shear stress T is described by an eddy viscosity v¢
such that
3(u + U)
W

= — .11
T o) vt 7 (3.11)

This is time averaged and we invoke that uy, to the first approximation
can be assumed independent of z. Then we get

d(u_+ U)
- W _ U _ 38U
T = vt(t) TTSn T T vt(t) Pyl vt(t) 3z (3.12)

which means we can apply the time averaged value for v
be solved directly which yields

£ Then (3.10) can

= .z dz
U(z) = ul(x) Jv =) dz + Bl(x) Jv o) + v(x) (3.13)
t t
where 9 (—"f
al(x) = 5§~\uw + gb> (3.13)

and By and Y are arbitrary integration functions to be determined by the
boundary conditions.

Discussion of boundary conditions

To determine 61 and Yq we need two conditions.

One seems fairly obviocus: that the total volume flux represented
by the undertow must equal Qg. This can also be expressed as: the mean
value of U(z) between trough and bottom must be Up, that is

n
j Y oymaz = u_a (3.14)
-h m tr

0

As the second condition it will be natural to use the boundary
value for U at the bottom. To do that properly, however, we must recall
that at the bottom we have an oscillating boundary layexr which averaged
over time shows a steady streaming. Thus a consistent choice at this
boundary will be either to use as the boundary condition the steady
streaming velocity Uy, at the top of the coscillatory boundary layer -
and neglect the thickness of that layer so that U = \%)applies at
z = -hg — or to include the boundary layer in the solution. The
latter necessitates that the boundary layer solution is carried to
second order in the perturbation expansion.

Some aspects of this problem is discussed further in section 4
but for the time being it suffice to let

U(z) = Ub for z = —hO (3.15)

It may be worth briefly to examine some other possible boundary
conditions for U(z).
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One possibility is to replace (3.14) by a boundary condition at the
trough level z =n¢, Wwhere a proper description of the turbulence can
vield a value for T i.e. a condition on 3U/dz.

When using the shear stresses at trough level as a boundary condi-
tion it becomes necessary to analyse the magnitude of the dUw/dz-term
in (3.6) (u and w being turbulent mean velocities) relative to the
turbulent contributions to T, and that requires a far more detailed
description of the wave motion. The Uw-term also includes the convective
accelerations caused by the decrease in wave height as the water depth
decreases. This will cause Qg to decrease shorewards giving a vertical
flow downwards proportional {at trough level) to 3Qg/8x. The effect
represents an enhancement of the horizontal shear stresses. In the pre-
sent very crude model this effect has been considered included in vg
but would be necessary elements in a more detailed model.

Dally (1980) and Borekci (1982) used both (3.14) and a condition
for T (z = ng,) and considered in addition the flow between trough and
crest. In combination with sinusoidal waves (which they used) this is
of limited relevance.

Solutions for two vt—distributions

The simplest possible evaluation of (3.13) is for v = const. Using
the boundary conditions (3.14) and (3.15) thus yields

U@, ad, 2 /y\]2+2<Um—Ub 1 udtr2>_L (3.16)
c 2 c \dtr/ 3 c a..
where y = z + h is the distance from the bottom and
!
o = — (3.17)
v

t

Our knowledge, however, of the turbulence generated by the breakers
indicates that it spreads downwards from the surface while decaying.
Hence v can be expected to decrease with distance from the surface. To
model this we may use a vi decreasing exponentially downwards, i.e.

v, = ne?F ey (3.18)
With the boundary conditions described above this yields the
solution
B M —ay ¥
U(z) = —(——+ ay>e Yy, X (3.19)
o] 2 c
ca“Ng
where
A —Um_iki——-[——al {1+ aa P
1 - M aZN_ o\ tr M
1 0 1
-adtr \
v = r_
Jl (e 1+ adtr) /adtr
—adgy
= + . =
Y Ub Al ; NO Ne
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4. THE EFFECT OF THE PRESSURE GRADIENT ON THE BOTTOM
BOUNDARY LAYER.

The relatively strong mean pressure gradient created by the set-up
also changes the momentum balance in the bottom boundary layer. The
equation for the mean flow may again be derived from (3.7) but using
somewhat different approximations. As before we neglect the effect of
the sloping bottom. 2 perturbation expansion is introduced by

1 2 1 2

w = alD) 4 g2)y W= w( ) + w( [ elip= P( ) . P( )y s

After averagering over a wave period and substitution of an eddy
viscosity description for 1 based on a boundary layer viscosity vip this
yields for the second order approximation

2 1) (1) (12

%(vtb a;z( )):5%<u(l)w(l)) " <u(1) wb) (.1

Here u 2 represents the combined undertow and steady streaming in
the boundary layer.

This is the equation describing the steady streaming in the bottom
boundary layer. The first right term is the usual driving term for this flow
(see e.g. Louguet Higgins 1953 , 1957). This term tends to zero as we
move away from the bottom, and we see that apart from this term the
equation is almost the same as (3.8) describing the undertow. The addi-
t%??al differences being that the oscillatory component u ) is here
u (z) and vgp will in general be different from vt for the undertow.

A similar equation (but with some terms included representing the
effect of the sloping bottom) was derived by Borekci (1982), and the
peristaltic pumping studied by Longuet-Higgins (1983) leads to an equa-
tion without the u -term. The orders of magnitude of the contribu-
tions to this momentum balance was discussed by Longuet-Higgins (1983).

Egquation (4.1) may in fact be solved directly. For viy, = constant
the solution may be written

@) Yy
u( ) = \)—1— J'Jé-g- u(l) (8) dg dz + ;—g— %—2 <% 22 +Cyz +C2)+us(z)
th * th

(4.2)

where ug is the steady streaming without the pressure gradient and with

3 2
% u(l) = 0. Also for variable Vip 1s the solution straightforward,
however.

The boundary conditions to be satisfied by (4.2) is that at V)]
z = -h we have u(2) = 0 and at the upper edge of the boundary layer u

approaches the undertow velocity U.
The solution used by Svendsen (1984b) corresponds to assuming the

Coea s . ; 2
boundary layer infinitely thin and letting u( ) = Up = ug at z = -h.

We see that in (4.2) this corresponds to neglecting the first two terms
inside the boundary layer.

Equation (4.2) also shows, however, that if v_ is small in compar-
ison with Viy, between bottom and trough these terms may become far more
important. Comparison of the eddy viscosities vt found for turbulent
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bores by Madsen & Svendsen (1983) with the eddy viscosities in an oscil-
latory boundary layer corresponding to the wave friction factors deter—
mined by Jonsson & Carlsen (1976) indicates that v{ may be significantly
larger than vip. Further analysis is needed of this question, and also
of the boundary layer under breaking waves rather than ordinary sine
waves.

Using, however, a seemingly conservative estimate of vip which is
0.2 times a typical value of vy in the region between trough and bottom,
and constant over the boundary layer, then we get a mean velocity ul
at z = § (§ = (2vtb/w)%) which on a slope hy = 1/34 is of the same order
of magnitude as Upg given by linear theory but of opposite sign. In
other words: in the outer part of the bottom boundary layer the steady
streaming is likely to be strongly seawards oriented. As it will be seen
this result conforms well to the measurements presented in section 7.
In the absence, however, of more precise information about this point
we have chosen in the comparison with the measurements to show the effect
which different values of Uy, have on the undertow profile. This is done
by showing theoretical results corresponding to Ub—values between + and
~ Upg where Upg is the (Eulerian) value from linear wave theory, i.e.

Ups = 3/16 c{H/h)2.
5. EXPERIMENTAL SET-UP

The experiments are carried out in a flume 32 m long, 60 cm wide,
with a plane beach sloping 1:34.26 (see Fig. 5).

PISTON TYPE
/' WAVE GENERATOR

= W — e
Gr REETD T
. 1478m 1233m —
X _32m )

COMMAND
SIGNAL
GENERATOR

POP 8/M
MIN ICOMP.
Fig. 5. Experimental set-up.

The motion of the piston type wave generator is controlled by a
PDP 8 minicomputer, which generates a command signal of the form

g = e, sin wt + ey sin (2wt + B)
(Buhr Hansen, and Svendsen, 1974).

The water depth in front of the sloping beach is 36 cm, the wave
period T = 2s, and the wave height H = 12 cm. To obtain a stable test
situation in the wave flume waves were generated for at least 20 min.
before any recordings were taken.

The particle velocities are measured using a bi-directional micro-
propeller current meter described in Basco et al, 1982. (see Fig. 6}.
However, for the undertow measurements special data logging and data-
processing programmes were designed.
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Fig. ~ Schematie illustration of the bi-dérectional,
micro-propeller current meter showing the pro-
peller, mounting, frame, and double elegtrqdes
to sense the blade passage for electironic inter-
pretation. (From Basco et al. 1982).

The principle of operation of the current meter is that the propel-
lerx blades generate electric pulses when passing either of the elec-
trodes A and B. The speed is determined directly from the length of the
time interval between consecutive passages of the same electrode and
the direction from the “position" of the pulse from the other electrode
recorded in the same time interval.

The propeller is 5 mm diameter with 3 blades equivalent to appro-
ximately 5.2 mm peripheral distance between the blades. The propeller
blade angle is 45° and the distance between the electrodes is 2 mm.

The time interval between consecutive pulseg from one electrode
varies from about 200 ms for velocities of 5 cm/s (about the lowest
steady flow velocity that may be recorded) to about 15 ms for velocities
of 50 cm/s (about the highest velocity observed in these experiments).

The datalogging programme run on a PDP 8/e minicomputer is designed
to detect and store both the time of occurrence of pulses from the elec-
trodes (accuracy 1/10 ms) and electrode identification. Notice that it
is the leading edge of the pulses that is detected. Simultaneously the
analog signal from a wave height meter and the analog output signal
from the micro-propeller current meter are sampled. It is important to
notice that the samples are triggered by the propeller blade pulses and
consequently are unevenly spaced in time.

The analog current meter signal, however, is only used as support
in the judging of the velocities calculated from the digital recordings.
The reason is, that in oscillating flow - as in the present experiments
- the online dataprocessing used to convert the propeller pulses to an
analog signal yields a distorted wvelocity history because the output
will always be the mean velocity recorded over the previous time inter-
val, and the correct sign of the output may. be delayed further.

The off line data processing programme is designed to convert all
time intervals between two consecutive pulses from the same electrode
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into water velocities. The speed is inverse proportional to the record-
ed time intervals (AA and BB respectively in Fig. 7).
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_——// - 025

o Speed
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+ velocity ‘}:I [ m n n B
| AB |,  BA 1 AB, BA ! 1t Time
AA AB/BA =~ 0.7-0.8
T BE ., AGBA ~ 05-06
Vo I n n_n A
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AB____ BA __AB _ BA _ L ]
AB/BA ~ 18-16
—— BB L ABIBA ~ 14- 12

Fig. 7. Timing diagram for propeller pulses under accelerating
flow. (In the case of decelerating flow the AB/BA ratios
tndicated for AA will be valid for BB and vice versa).

The timing diagram in Fig. 7 further shows that the position of the B-
pulse between two A-pulses and vice versa yields the sign (or direction)
of the velocity: i.e. AB/BA ~ .62 represents positive and AB/BA ~ 1.6
negative velocities under constant speed. However, these well defined
AB/BA ratios are found only when the propeller is running at a constant
speed. In the case of accelerating/decelerating flow the AB/BA ratio
may change considerably, The data processing programme is through a
trial-and-error method found to yield the most reliable results when

in the computer program we use AB/BA > 1.3 in the AA case and 1.15

in the BB case to determine negative velocities.

When measuring in oscillating flow a special problem arises when
the velocities are changing sign(the propeller changes rotational
direction}, and for some time the velocity remains below the minimum
velocity that keeps the propeller running.

When the propeller changes rotational direction it may be observed
through the registration of two consecutive pulses from one electrode
without any pulse from the other electrode in the same period of time.
In this case the velocity is set to zero for this period of time.
However, the pulses have a width which is not negligible, and the change
in rotational direction will in some cases take place while a pulse is
High, and the changing direction of the flow is "only" detected as a
sign shift of the calculated velocities. This causes some inaccuracy
in the calculated velocity just after a sign shift, but occurs only
when the velocities are small. When the velocities are changing rapidly,
as it is the case around zero velocity, furthermore, the determination
of the correct sign is uncertain. Around zero velocity a number of
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obviously erroneous signs are obsexved.

Both these errors are of minor importance for the determination of
the net velocity over the wave period, which is the result we are aiming
at here.

Due to the presence of air bubbles in the water ~ and may be for
other reasons as well - a fewpulses are not detected by the computer.
In the experiments this exrror occurred with a frequence of 2-4 per 1000
pulses. When appearing during a period of time with considerable veloc-
ities (> 10 cm/s) it is corrected by the off-line processing programme.
This programme also corrects single velocity values which have been
assigned an obviously wrong sign when compared to preceding and follow-
ing values both > 10 cm/s.

It may be noticed that there is a time lag between the calculated
velocities and the recorded surface elevations.

As the velocity measuring method is giving only mean velocities
over the time intervals AA and BB respectively it is assumed that the
measured velocities are representing the actual velocity in the middle
of each time interval, The recorded analog signal from the wave height
meter, however, corresponds to the instants of the propeller pulses, and
the time series is consequently different from that of the velocities.

Each test comprises 2960 samples equivalent to a recording period
in the range of 45 sec (22 wave periods) to 77 sec (38 wave periods).

6. DETERMINATION OF NET VELOCITIES AND WAVE DATA

For each test the two simultaneously recorded time series for hori-
zontal particle velocities and surface elevations are analysed indepen-
dently.

In both time series the individuwal waves in the recordings are
separated through the determination of the zero-up-crossings of the
signals and for each individual wave the time average value over the
wave period as well as the RMS, maximum and minimum values are calcu-
lated. In turn these figures are averaged over the total number of
waves included in the time series for each test. Fig. 8 contains a
summery of all test results. (Only the experiments in the surf zone
are analysed further in this paper).

Each test is associated with a specific horizontal position in the
wave flume and a specific depth - or height over the bottom - where the
velocity meter is located.

As all tests are performed using the same wave input, the record-
ings of surface elevations at any of the 6 horizontal positions are re-
peated a number of times, yielding a possibility of judging the inaccu-
racies involved in the recordings.

In the surf zone the variationsin all surface wave data, e.g.
ngMg: H and b, from wave to wave are very significant. Reliable results
can consequently only be obtained when the results are averaged over a
great number of waves. In these experiments, where one test run com-
prises 22 to 38 waves, all results are averaged over the total number
of waves recorded.
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Undertow for waves T = 25, H = 120mm ot h = 360mm
a net velocity Clm ™ 20 cm/s)
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Fig. 8. Swmary of test results.

The resulting averaged ngyg values are from test to test repro-—
duced with a standard deviation below 1 mm. Just after breaking the
averaged wave heights H are similarly reproduced with standard deviations
about 4 mm. Before breaking, and further into the surf zone, however, the
standard deviations on H are much smaller (about 1 mm). Similarly the
set-down/set-up values are associated with standard deviations of
.5-1 mm.

The analysis of the particle velocity measurements clearly reveals
the very irregular and strongly turbulent velocity pattern expected
after wave breaking. The resulting average net velocities at different
positions and depths are given in fig. 8. Each of these net velocities
are the averaged values over the 22 to 38 waves included in one test.

The single wave net velocities reveal considerable variations, and the
average value is within each test associated with a standard deviation
about 10 mm/s outside the breaking point and 30-45 mm/s in the surf

zone. Nevertheless, two of the tests in the surf zone have been repeated
4 times each, and from test to test the averaged net velocities vary only

about * 5 mm/s.

7. COMPARISON WITH MEASUREMENTS

To obtain numerical results from (3.16) or (3.19) for comparison
with the measurements we first realize that these solutions have the
parameters

od 2 U -uU

v, = const : tr n b
t . ) c ! c
. 2 2 -
az u(ntr) dtr % dtr Um Ub
v, = Ne : = , ad e
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In the following we only consider the latter of the two models.

If we consider h as the known quantity in stead of d¢, this adds
another parameter di,/h to the list.

Here the value of Ub/c has been discussed in Section 4.

For ajp = 8/8x(uw2 + gb) we find with E—N 0.6

D i Tl 2 (Mas —lizgh ~ 0.027 gh
IX W Ix h) 0 \h X X

? 8

Egb% g 0.18 - hhx%O.llghx

so that ay =~ 0.14 g hy . The turbulence model used by Madsen & Svendsen
(1983) yields v -values ~ 0.005-0.010 ch depending on the characteris-

tic parameters used. Thus we get for al dtrz/ c vt

o, d, 2 o, h?

Svendsen (1984b) used A = 0.4 for Stive and Wind's 1982 experiments.

In the comparison with experiments we find that A = 0.2 and 0.4
yield the best agreement (Fig. 9) but have shown a comparison including
A = 1.0 (Fig 10).which illustrates that the velocity profile is quite
sensitive to the value of A. Clearly further investigations of this
problem would be desirable.

The parameter adyy represents the decay of the turbulence downwards
from the trough level. ad¢y = 1 represents a bottom value of v¢ which
is 37% of the surface value, and adyy = 2 similarly represent a re-
duction to 14% of the surface value.

Figs. 9 and 10 show comparison with the measurements described in
section 5 and 6.

A number of observations can be made from the Figs. 9 and 10:

a) The depth averaged value Uy of the undertow determined
from the shoreward mass flux by (3.6) is generally in
good agreement with the measured values

b) The measurements going closer to the bottom indicates
more clearly than those by Stive & Wind (used by
Svendsen (1984b)) that the steady streaming in the
boundary layer is likely to be in the seaward direction,
and with Up = - Upg the theoretical results agree quite
well with the measurements.

c) The results appear to be very sensitive to the value of A,
A = 1.0 being obviously too large. On the other hand the
value of ad ), has been found not to influence the theoretical
results nearly as much.

Considering the relatively simple model and the uncertainties
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Fig. 9. Comparison between experiments and eq. (3.19) with
Uy =+ U, and 4 = 0.2 and 0.4.
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A=0.2, 0.4 and 1.0.

10. Comparison between experiments and eq. (3.19) with
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regarding at least the two important parameters Uy, and vt the agreement
must be considered quite satisfactory.

The large seaward velocities near the bottom are considered of
significant importance for the erosion of coastlines under storm condi-
tions.

From (3.10) we see that the shear stress T varies linearly with z
irrespective of v.. We have for T

T =0 Ve %%—: ofo, z + Bl)

The eddy viscosity model also implies that the maximum value of U
corresponds to T = 0. In combination with the linear T-variation this
means that the re}ative height yo/dtr above the bottom of Upgx indicates
the magnitude of Tp relative to the total shear stress variation.Thus the
measurements in Figs. 9 and 10 corresponds to very small Tp-values,
whereas the measurements by Stive & Wind (1980) used by Svendsen (1984b)
seem to indicate larger Tp-values, though the scattering of the results
and the lack of measurements sufficiently close to the bottom make a
conclusion at this point uncertain.
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