CHAPTER SEVENTY

THE EXACT SOLUTION OF THE HIGHEST WAVE
DERIVED FROM A UNIVERSAL WAVE MODEL

Yang Yih Chen1 Frederick L.W. Tang2

ABSTRACT

The solitary wave is first established in this paper by extending
the series solution of periodic gravity wave as the wavelength ap-
proaches to infinite. Then, the highest gravity wave of permanent
type in finite.depth of water is immediately analyzed. The maximum
ratio of wave height to water depth is obtained as 0.854654..., and
the angle at the crest for the considered highest wave is estimated
to be 90°.

INTRODUCT I ON

Since Stokes (1847) developed the theory of oscillatary waves,
the analysis for the periodic gravity waves of permanent form in the
water has comprehensively been expanded, particularly, a very inter-
ested and important problem is the highest waves. However, up to now,
all wave theories which have presented are not continuously available
to describle the flow field of a wave motion in which both amplitude
and wavelength vary from small to possible maximum in any fixed depth
of water. Therefore, to solve this highest wave problem, several
special wave theories have been employed, for example, as the cnoidal
wave by Laitone (1960), the solitary wave by McCowan (1894), Yamada
(1957), Lenau (1966) and Longuet-Higgins (1974), and an integral
equation of wave motion by Byatt-Smith (1970) etc. The purpose of this
paper is to establish an universal model which can adequately be used
tovanalyze the waves motion in arbitrary uniform depth, from deep to
shallow water, up to a solitary wave especially, and its wave height
from small to just breaking; i.e. this model is adjustable to all the
region for the periodic gravity waves of permanent type can beexisted.

In §l, we recapitulate to formulate the series solution for the
periodic gravity waves of permanent type in water of arbitrary uniform
depth, which has been submitted in 19th International Conf. on Coastal
Eng. In 8§11, the solitary wave similar to McCowan's type is estab-
lished, in §111,8!V and §V, the structure of the highest waves is
discussed.
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|.  THE NEW MODEL OF WATER WAVES

The solution of Laplace equation in water wave motion are to be
set as follows:

Y (x,y,t) = Che "nkd [e nk(d+y) _ e-nk(d+y)] cos nk(x-ct)..(1.1)

3 =3
e 8 ™8

—_

—_

o Tnkd [ g nkldty) | mnk(d4y) | i (eeet) L (1.2)

o

¢ (x,y,t) = n
Y (+) : Stream function

¢ (+) : Potential

C, : constants to be worked out
n 1, 2, 3, covininns

e : exponential

k : wave number, k=2T/ L

L : wavelength

d : water depth under x - axis
¢ : wave celerity

The co-ordinate system is illustrated in Fig 1.

AB = L
I TTITTII? TITTT 7 TITIT77
Figure | The coordinate system of wave motion

The motion is altered to be steady flow by adding an opposite
velocity c. (x-ct) in above equations will be replaced by x, then

-nkd [enk(d+y) - o nk(d+y)

U(x,y) =-t’:y+ntj__2(2)1 Che Jcos nkx ...... (1.3)

e-nkd [enk(d+y)+.e—nk(d+y)

Ch Isin nkx...u.e. (1.4)
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The equation of surface elevation is to be obtained by ¥ (x,n) =0
as follows
EﬁLe-nkd»[enk(d+n) - e-nk(

n(x)= ¢
n=1¢

+
d n)] COS NKX wevenennnn (1.5)
n: elevation of wave surface with reference to x axis
The constants are worked out by bounuary conditions as shown in
the previous paper published in Captain conference (19th proc. ICCE
page 508-520).

The solution is as follows:

In deep water, d— =, when n=1, ....... e ereieeeeetereer e, (1.6)
cb K
\D(x,y)=-Cy+——e-—eycos KX vt ierrrernnronnenonnns (1.7)
Ke
nix)= 6 ekncos KX ettt ieteanenesoneoennnnosnenannonns (1.8)
kee
8 - 2ms , 6=~—H— , the wave steepness.
-278 L
1+e

In water area of finite depth, when n=1,

_ sinhk (d+y)
¥ (x,y) =-cy + enc v hp o) ©°8 3 (1.9
~ sinhk (d+y)
n(x)=ng ST hk (dmg) <05 S S eees (1210)

and n. is to be computed through following equation by newton-Raphson's

method

s=--'=0e ( [1+cosh (2n6) ] - cothk (dng) sinh (2n6) } ..(1.11)

Ne : the elevation of wave crest above x - axis

wave celerity ¢, period T and the difference between still water
level and the water depth of y(x,n) =0, namely the depth under x-axis,
¢ =dg - d have been worked out (dg the depth of still water).

After elaborate experiments, the new model represents the reality
very well. (19th Proc. ICCE page 510-520)

I1. EXTENSION OF THE MODEL

For extending the new model to the region of solitary wave, the co-
ordinate system is set as Fig- 2.
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Figure 2 The coordinate system of solitary wave

The equations expressingy,¢,nare changed to be

Y(x,y) = -¢ (y-h)+n°=Z°1C3] (enky—e—nky)cos (nkx) veeunn. (11.1)
d(x,y) = -cx+ n%i C:] (enky+e-nky) sin (NKX) vevevnnennnn (11.2)
=
c
n(x,y) = n‘g]__cﬂ_[enk(hm) - e_nk(h+n)]cos (nkx) vouven.. (11.3)
1 -nkd
Cn = Che n
let
2¢!
Kn D osinhnk (h+mp+€g)] teriririiiiiierennnannn. (11.4)

neis the height of wave crest on water level and €;is an constant,
€o0>0 °

Above equations become

- - _ ® sinh (nky)
Yx,y) = -cly h)+c"§1 Kn Sinh[nk(h+n0+€0)]cos(nkx) we. (11.5)
© cosh (nky) .
¢ (x,y)= —c><+<:n£1 Kn STAh Tk (hen e )] sin (nkx) ...... (11.6)
% sinh [nk ( h+n)]
n(x)= nzl Kn SThh Tnk(hengre )] cos (NKX) vvveneennnnn. (11.7)
While L-se , k= —25=50, Tet k=dt , nk=1 , Ky=K (1)
® . 2nm
lim 2 Ky sinh ( L y) onT
Lsem =]~ T : cos (F—x) L.l (11.8)
sinh[ T (h+n +e )]
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1 o inh (y1)
—Z?IO LK ( T)sinhSI[n(h+n:T+€0)T ]cos('rx) dT cevon.. (11.8)

The integration should be a finite quantity even though the wave -
tength becomes infinitive, let

lim-——-—ll";(T = B!
m

L=
B' will be a constant of finite value, consequently
. ® Kn sinh (nky)
z T
o% ot TR TCh e T 0 (70
P sinh (y 1)
8 fo sinh[(h+no+€0)T] cos (tx)dt
_ B » el ™ sinh(y 1)
e SRR TR MR AT T e ceen (11.10)
P=
let
T(h+n°+é‘_0)=m§ ............................... ces (11.11)
0 K, sin h (nky)
[l.l)mm n; sinh [nk (hem, ve, ] cos (nkx)

: yé
g ki ) iTxE sinh (h+ ny+€,

T T2 Thangree T T-e P R ) TR ey e (112)

A complex integral as follows is invoked here, and which is inte-
grated through the route in Fig. 3.

Lope G sinn ) o,
b= e sh lra) du T €80 €T seeeennnns (11.13)
y
_R'+i - Si < R|.+|_
A
> X
-R: ° R

Figure 3 The contour of complex integration 1R 7, 8§10
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From mathematical operation, the integral is evaluated to be

1= sin ae
coshx, + cos a,

As a result, it is proved that

K, sinh (nky)

sinh [nk (h+ n, +€,)]

cos (nkx)

Lim Z
L+ n=1

n (X )
m B! sin h+n +€,
2(h+ n0+é?;§

T cevn (11-15)

77:7ﬂ;:€;) + cos (

Ty
cosh ( LERPEr

)

put
TR

m: S e e (11-16)

The stream function and potential of the wave motion in the case
of wave length approaching infinitive are to be obtained as follows:

‘~P(x,y)=-c(Y-h)+cBCOSh?;:)(erZO)S(my) ............. (11-17)
¢ (x,y) = =ex + cB— hSi(:]:) (er:ol V) RRRRRRRRRLERER T (11-18)
Consequently, the wave profile can be expressed to be

n(x)= Coshfmi)i"Jr[:o(sth?E‘ln)] ..................... (11-19)
where m =—(—’$‘)+€T .................................. (11~20)

These equations identify with McCowen's theory. Therefore, the
mathematical model submitted by the authors is proved to be able to
represent the waves of symmetrical profile progressing in area of any
water depth with any wavelength. So that this model can be nominated
to be ''universal''.
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111. EXACT SOLUTION OF FLOW FIELD IN SOLITARY WAVE

From the equations(11.17),(11.18) and (11.19), the partical velocity
g can be calculated as follows:

2np2
2 o 2 . m2B2-2mB( 1+coshmx cosmy)
q c2 { 1+ Tcos hmx* cosmy J2 ) S (rrr.1)

Expand and rearrange this equation, thensubstitute((1.17) to it,
following expression is to be obtained.

1 2

2 o e24m2 + - 2 e

q ce+m [lP(X’Y) C(Y h)] [sinz(my) me

=2me [Y(x,y)+c(y-h) ] cot (my) ..ovvveiiiniinnn. (rr.2)

The partical velocity on the surface can be evaluated by sub-
stituting @ (x,h+n)=0 to (111.2) and then have

(g2)

=c2{1- 2.2
y=htn c2{1-2mncot[m(h+n) ]+m2n

1 2
'[sin?-[m(h+n)]' mB]} ................ (111.3)

The water elevation in very distant location will have no distur-
bance, so

Also from the dynamical boundary condition on the surface, the
Bernoulli's constant Q can be evaluated as

- 1 3Py2 3Py 2
Q= g(h+n)+ [ (=) +(—y) Vyapan =767+ 0 e (111.5)
so that

ﬂ 2 _ai 2 = 2 = _2_
CO) 2% (5502 T oy = @)y T e® 7290 e, (111.6)
From equations(111.3) and (111.6), another equation of wave profile

can be worked out as follows
- 2

n(x) =2meot{mCh+n)l-29/e2 (11.7)

1 2
m? { sin2[m(h+n )] _—m_B—}

Use the condition of X—*w , n = 0 again, c is to be calculated
as follows

c2=.%.tan 120 I e oo (111.8)

This is just the same as McCowan's theory (1891).

Yang Yih Chen
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At x=0, n= n, = H, H is the wave height of solitary wave, from

(11.19)

H= 8 tan [9r m(h+H) ] oeeieiiieene (111.9)
and

mB=chot[~—:]z—m(h+H)] (111.10)

Substitute {111.8) and (111.10) to {111.7) in the case of n = H
at x=0. Then we obtain

2mcot [m{h+H)] - 2m cot { mh)
" ] - 2tan[im(h+H)L}' .................
“sin2[m{h+H) ] mH

Rearrange this equation
mH{1+cos[m{(h+H) ]}

=2 {cotIm{h+H)]=-cot{mh)sin2[m{h+H)] [ 1+ cosm{h+H)]
+2sin*[m{h+H)] ........ e e (11.12)

it is soon seen that, when the wave height H and the depth h of
water are given, m can be worked out by solving this equation, then c,

B are also to be calculated through {(111.8) and (111.9). The profile
of solitary wave is to be delineated.

In this section, not any approximate calculation is used, so it
can be called the exact solution.

IV, ON THE HEIGHT OF CRITICAL WAVE

When the crest particle velocity is equal to the wave celerity,
the wave begins to break. The critical wave height is the height of
wave just before breaking. |In a coordinate system of steady motion
the critical condition is that the particle velocity at the wave crest
is zero. From (111.6)

€2 2gM = 2gH te i e (1v.1)
From {(111.8)

c2 = 2gH =-—%— tan{mh) , mH =—%— tan{mh) ............ (1v.2)
Substitute this equation to {111.12) and rearrange, following

equation is obtained

1035
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;— tan ( mh) {1+cos[mh+~;— tan (mh) 1}

=2 {cot[mh+~;—tan(mh)]—cot(mh)}

X {sinz[mh+—;—tan(mh) ]}(1+cos[mh+—12-tan(mh)}

+2{sin3[mh+%tan(mh)]} ........ Cieeeeereer e (1v. 3)
Solve this equation
mh = 1.070733.... ..., e Cieerenens (lv. &)
Substitute toequation (IV.2)
mH = 0.915106..... ....... e (iv. 5)

Here the ratio of critical wave height to the water depth is
worked out as follows
H

=0 _ .
T4 0.854654, .. et eesiesreee st nnn (Iv. '5)

This value is very agreement with those results obtained by
Yamada (1957), Lenou (1966), Byatt-smith (1970), and Longuet-Higgins
(1974). Also not any approximate computation is adopted in this
section, this number is reliable and correct.

V. ON THE SHAPE OF CRITICAL WAVE

Substitute (11.19)(111.9) and (111.10) to equation (111.12), after
complicated algebraical operation, following relationship in critical
wave situation can be worked out.

mH =sin[m(h+H)] ........ N et (v.1)

Now, to find the shape of the crest of critical wave, differentiate
the wave profile with respect to x

dn_ _ 81 cos [m (hn)] . sin2 [ m (hin)] }

ax - " cos h (mx) + cos [ m (hin)] {cosh (mx) + cos[m(htn)]}2

,.9n mBsinh (mx)sin [ m(h)] (v.2)
I " Toosh () + cos [ CRmMITTE - wrrerrrereeeeee TR

Substituting equation (11.19) to this equation and simplifying

_____m._____. -sin b mx)
dn _ _Bsin[m(hm)]
5 = sintm e, ceves (V.3)

{mn cot [m (‘h+n)] +"g—ﬂ2 -1}

In critical case, x=0 ,N=H, using the relationship of (V.1)
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Lim ( 32
x=0 N=H . .
critical

0
) =0

The wave crest of critical wave is a singular point, using
L'Hospital's rule and through some complicated operations, then, we
obtain

lim ¢ dn)2= mH . _mH
%0 dx B[cosm h+H -]]+2mH mH
m sinm (h+H)
Immediately, we have
tim (SI) =1 R (V.5)

dx

X0
This means that the critical wave crest is a branch point, the
slopes of left and right side are

MAny o Lo _dn =
(3% x=0 ! I x=0"

Consequently, the crest is a summit where two symetrical curves
intersect, the slope angle of both side is 45°, as a result, the angle
of the critical wave crest is 90° in stead of 120° stated by Stokes
(1880) and identifys with Rankine's theory (1865).

The shope of the wave is illustrated in Fig. &4

H=0.884654h

Figure 4 The Structure of highest wave
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CONCLUSION

The new model submitted in this paper is proved to be appliable to
any wavelength and any water depth so it can be nominated to be
"universal model''.

The ratio of critical wave height to water depth derived from this
model is

H—
= 0.8546....

and the angle of the critical wave crest is 90°.

No approximate calculation is adopted in this theory, the solution
is to be called "exact''.
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