CHAPTER 41

WAVE REFRACTION ACROSS A SHEARING CURRENT

1

Ivar G. Jonsson and Ove Skovgaard2

ABSTRACT

Conservation of wave crests and wave action is introduced to yield the
new wave length L, and new wave height H, as a wave train of plane inci~
dence crosses a shearing current; refraction angle o, is determined by
Snell's law. Input parameters are water depth h (assumed constant), abso-
lute wave period T,, angle of incidence Gq, current velocities U, and U
(see Fig 1), and initial wave height H,. Solution domains are also given,
analytically and graphically. The numerical results for Lir Ly, ay, and
H, are presented non-dimensionally in a number of figures, with dimen-
sionless input parameters. As a direct illustration of the effect of the
shearing current, a seguence of graphs are presented, showing in dimen-
sional form the variation of Ly, ap, Hy, and steepness S, = H2/L2 with U,
for fixed values of h, a1, Uy, Tgo and Hy. Large positive and negative
currents can increase the steepness significantly. The variation of 52/51
with T, and h is finally depicted, demonstrating the "filtering" effect
of a shearing current on waves.

A numerical example shows how simple it is to calculate accurately
quantities L1, Ly, Qg and Hy.

1. INTRODUCTION

The purpose of this study is to examine the transformation of waves
advancing across a shear layer, from a region of current velocity Uy to
one of current velocity Uy, see Fig 1. Changes will occur in wave length
and height, and in direction and speed of propagation. The results are
presented in a number of graphs.

Studies of this kind were initiated by Longuet-Higgins and Stewart
(1961), who considered the special case of deep water waves progressing
from still water into a region with a steady, uniform current. Here we
shall consider the general case of waves on an arbitrary (constant)
depth, with arbitrary (steady and uniform) current velocities on both
sides of the shear layer. Large-scale currents are considered, i e the
current gradient is assumed small everywhere.

In region 1 we prescribe regular and plane incoming waves, and thus
also the transmitted waves in region 2 will be plane. The two regions of
flow are denoted by subscripts 1 and 2. In these regions current veloci-
ties are therefore specified as U; andU,. Assuming linear theory, solu-
tions are sought for wave lengths Ly and L,, refraction angle a, (see

! associate Professor, Institute of Hydrodynamics and Hydraulic Engineer-
ing (ISvA), Bldg. 115, Technical University of Denmark, DK-2800 Lyngby.

2 Associate Professor, Laboratory of Applied Mathematical Physics (LAMF),
Bldg. 303, same address.

722



m

U

REFRACTION ACROSS CURRENT

723

(2)

U;

Fig 1. Waves advancing across a shearing current, from region 1

to region 2. WF and WO mean wave front and wave orthogonal.
Horizontal sketch.

Fig 2. Wave ray WR and ray tube passing a shear layer, from re-
gion 1 to region 2. Horizontal sketch.

Fig 1), and wave height H,. Given values are water depth h, current velo-

cities Uy and Uy, absolute wave period T,, angle of incidence al(see Fig
1), and incoming wave height Hy.
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Velocities U are taken positive in the direction of wave travel. If we
then consider only positive a-values, a positive (i e following) current
is one running towards the right in Fig 1.

Since large-scale currents are assumed, reflection is excluded a priori,
and the waves are purely progressive in both regions. This means in prin-
ciple that the width of the shear layer must be several wave lengths. In
practice this needs not be so, however. This can be seen from Evans (1975),
who found transmission and reflection characteristics for a current dis-
continuity in deep water. He showed "that the amplitude of the transmit-
ted wave as a function of the angle of incidence and current strength is
very close to that obtained by Longuet-Higgins and Stewart [1961] on the
assumption of small smooth changes in current velocity". This is not im-
mediately expected, since in the former case the flow is not matched in
detail at the discontinuity. Only for larger angles of incidence wave
transmission was significantly affected by the no-reflection assumption.
Reference is made to Evans' Fig 1 and Peregrine's (1976) Fig 12. So al-
though the correct solution to the general problem has not been found yet
(Peregrine, 1976, p 73), there is hope that the wave heights presented
herein are good approximations also for narrow shear layers. (The only
thing for certain is that the height found for the transmitted wave is
too large).

We have also excluded the effect of turbulence generated by the shear
layer. Here Evans (1975) concluded on the basis of Savitsky's (1970) in-
vestigations that turbulence thus generated will have a smaller influence
than the mean velocity gradients in the flow. Another more important as-
pect (for narrow shear layers) is that they are unstable, so that steady
solutionsg here cannot be expected to give more than somewhat crude ap-
proximations (Peregrine, 1976, p 71).

The current is assumed constant over depth. The effect of a possible
vorticity was examined by Jonsson et al (1978). Dissipation is neglected,
but can be included as described in Chapter 3.

The general case of current depth refraction has been studied else-
where, see for instance Skovgaard and Jonsson (1977), Jonsson and Wang
(1978), and the two review articles by the senior author (Jonsson, 1977,
1978b) .

For completeness it is mentioned that fundamentally it is not a re-
quirement that regions exist in which U; and U, are constant; the results
obtained are in fact valid going from any point with current velocity Uy
to any other point with velocity U,, the flow being parallel over a hori-
zontal bed, and disregarding dissipation.

2. SOME BASIC CONCEPTS

Since wave motion in a moving medium is so different from that in
still water, it is worth while starting with the introduction of some
concepts, which are important for this type of flow.

In each region we have two frames of reference. One is a coordinate
system fixed on a plane earth, in which the wave period (Ta) is constant.
This is the common absolute frame of reference, in which we use sub-
scripts 'a'., The other is a Galilean transformation of the first where
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the transformation velocity is the current velocity. Observations in the
moving system(s) are referred to as relative, and subscripts 'r' are used
here.

It 1s obvious that an important quantity as for instance the relative
wave period is not the same in the two systems. The relation is found in
the following way. Looking at Fig 1, it is seen that in the absolute
frame, the wave front during time Ta has travelled distance

L=c¢c T ) (2.1)

where L is the wave length, and ¢ is the phase speed (here absolute) of
the wave. Seen from the moving observer the front has travelled distance
cyp Ty during the same time interval. At the same time, the observer him/
herself has travelled distance UT, in the current direction. By project-
ing this on the wave orthogonal, we hereafter find for the absolute phase
speed, after having divided by Ty
¢ = c_+ Usina (2.2)
a r
where o is the angle between the normal N to the streamlines and the wave
orthogonal. Since we also by definition have

L=c¢c T (2.3)
r

we get from (2.1) and (2.2) for the relative period Tr

U sin o
L

1 1

T T (2.4)
r a

It appears that for a following current (U sin o > Q) we have T, 3 T,, as

expected. In the literature (2.4) is often written w, = wy; - k « U ('con-

servation of wave crests'), where w = 2¢/T, the angular frequency, and

K is the wave number vector, which is a vector of magnitude 27/L going

in the wave orthogonal direction.
In Fig 1 ®q is the angle of incidence and o, the refraction angle.

In current wave systems it is important to distinguish between three
sets of curves: Streamlines, wave orthogonals, and wave rays. A streamline
gives the (local) mean flow direction. A wave orthogonal 1s normal to the
wave front, and gives the direction of wave travel. Finally a wave ray
gives the direction of the absolute group velocity, 1 e of

T =¢ _+7U (2.5)
ga gr

>
where the relative group velocity Cgr goes in the orthogonal direction,
see Fig 1. Wave rays determine wave heights since the so-called wave ac-
tion, defined as

. _ E
Wave action = 5_ (2.6)
r
is conserved along wave rays, see Chapter 3.

In (2.6) E is the specific wave energy
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1
E = = pg H? 2.7

©

and w, is the relative angular frequency. In (2.7) p is density, g gravi-
ty acceleration, and H is the wave height.

The component of (2.5) in the direction of the orthogonal is also an
important quantity. It is given by
c =c + U sin a (2.8)
gao gr )
The complete differential equations for wave orthogonals and wave rays
for a general system are presented in the Appendix.

3. THE GOVERNING EQUATIONS

Since linear theory is assumed, the relative phase speed is given by

= /9
c, X tanh kh (3.1)
where k = 2n/L, the wave number, and h is the water depth. Similarly we
have for the relative group speed

2kh

sinh 2kh (3.3)

fol =
aqr

o

cr(l-fG) (3.2) with G =

REGION 1 -~ Wave length I can be found by eliminating c,; and ¢,q from
(2.1), (2.2), and (3.1). The (implicit) result is

U, sin a, T
h _ h 1 1 "a
/T tanh klh = /L [1 I ] (3.4)
1 [¢] 1
in which kg = 2ﬂ/L1, and Lo -is the deep water wave length in the absence
of currents, 1 e
, =3 g2 (3.5)
[} 2t "a
Equation (3.4) is identical with (3.5) in Jonsson et al (1971). In a di-
mensionless representation it gives Ll/Lo as a function of h/LO and
U; sin al/co, where c_ is the deep water phase speed in the absence of
currents, i e

[e]

c =3I (3.6)
o 2m "a
Solutions to (3.4) are depicted in Fig 6. Values of Ll/Lo can also be
read in Tables 6-a and 6-b in Jonsson et al (1971), remembering that en-
try parameter g* there equals (h/Lo)(Ul sinal/co). Also Tables 3.2-I and
3.2-II in Jonsson {(1978b) can be used.

REGION 2 - Equation (3.4) is valid for this region also, if subscript 1
is replaced by subscript 2. Inserting Snell's law
L L

B T (3.7)
SanCI S:LI10L2
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into the "new" (3.4) then yields for the determination of Ly

U, sina, T
/h _/h 2 1 "a
L2 tanh k2h = LO [1 —————ET—————} (3.8)

1

in which ko = 2ﬂ/L2, the wave number in region 2., This determines L2/Lo
as a function of h/LO, [s2] sinul/co, and Uy sinaq/c,. Solutions to (3.8)
are depicted in Figs 7 -10.

Note that (3.8) can be solved in quite another way than (3.4). Since we
assume that L; has now been calculated, the right-hand side of (3.8) is
known. Ratio h/L2 can therefore be found from a conventional table for
surface gravity waves (e g Wiegel, 1964, Appendix 1} using the square of
the right-hand side of (3.8) as entry in the column "h/LO“. Ly is here-
after found as h/(h/L); it cannot be found from L = L, tanh kh!

Refraction angle o, is determined from Snell's law as

L sinot1
a, = Arcsin ————— o (3.9)
1
This equation gives oy as a function of h/Ly, ay, Uj/cy, and Up/cy, as

shown in Figs 11 -26.

Wave height Hy is found from wave action conservation. In the general
case this principle reads, see Christoffersen and Jonsson (1979) and
Jonsson (1978b) '

E. -7, 0
-7 .
>
V-(E—c >+__d.._b___=o (3.10)
W ga w
r r

where V is the horizontal gradient operator (3/%x, 3/3y), E, and Ega are
given by (2.7) and (2.5), w, i1s the relative angular frequency, Eg is the
dissipation per unit horizontal area, and ?b the (mean) bed shear stress
(wind shear is neglected). It is repeated that E/mr is wave action. The
wave action flux is often termed ﬁ, ie

3:=E73 (2.11)
w,  ga

A simple proof of the wave action conservation principle for irrota-
tional flow has been given by the senior author, Jonsson (1978a). In
Christoffersen and Jonsson (1979) the general expression (3.10) was de-
duced.

In this study dissipation is neglected, and (3.10) reduces to V .B = 0.
Looking at the ray tube in Fig 2 we then find using Gauss' theorem

Ble1 = B2e2 (3.12)
>
where B = |B| and e is the tube width. Thus we find for H2, using (3.11)
and (3.12)
H [ [+

(3.13)
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where B, is the ray separation factor.ez/el = cosuz/cosul; 1 is the angle
between the ray and the normal N in Fig 2. From this figure we also have
Cqgq COSM = cyy coso. Introducing cg, through (3.2) and further using that
cr/wr = 1/k and that k2/k1 = sinoq/sinoy (Snell), we find from (3.13)

H, /1+G /1n 20c
E; = 14—G sin 2a (3.14)

Equation (3.14) gives Hy/H{ as a function of h/Lg, o1 Ug/cyr and Up/cq.
It shows that in this approach Hy is a linear function of Hq. The varia-
tion of H2/H1 is depicted in Figs 11 ~26. In deep water (G = 0) (3.14)
reduces to Longuet-Higgins and Stewart's (1961) expression H2/H1 =

(sin 204/sin 209) ’

In the special case considered here, the wave height can also be found
by a simple momentum consideration. The "shear stress" in a section par-
allel with the streamlines is according to Jonsson (1978a) or (1978b,
Section 3.2.3.2) F, sino coso, where F = 1/16 ng2(1-+G), the momentum
part of the radiation stress. Since this "shear stress" must be the same
on the two sides of the shear layer, (3.14) follows directly.

As 0o approaches 900, H, goes towards infinity according to (3.14),
and the theory breaks down. The physical situation is U, being so much
larger than Uq that the waves are "swept" along the "first" Up stream-
line, and wave orthogonals and rays run parallel with it. The ray sepa-
ration factor then goes towards zero. In practice this will give a strong
reflection, which is disregarded in the theory.

The wave steepness S; (% Hy/Lp) is given both directly (Fig 30) and
relative to Sq (Fig 31), for one set of parameters.

MEAN WATER LEVELS - There will be a slight difference in mean water level
between regions 1 and 2. Using the formulae in Jonsson (1978a) or (1978b,
Section 3.2.3.2), equilibrium at right angles to the streamlines gives

1 2 ' 2 1 2 2

= = = + + .15

> pgh1-+FP1-+Fm1 cos al 5 pgh2 sz Fm2 cos az (3.15)
in which F, = 1/16 ngzG, the pressure part of the radiation stress, and
F, is the previously given momentum part. After some manipulations, here-
under using (3.14), we find for the difference in mean water level, de-

fined as b = h2--h1

2 3 i -
. H1 5 { ._G2(1-+G1) sin 2a1 . 1+G1 cosoy 51n(a2 al)] . 16)
16h G1(1-+G2) sin 2a2 G1 s1nq2

correct to second order. Since the factor to the square bracket is rec-
ognized as the conventional wave set-down (over a varying bottom) it ap-
pears that b is indeed ag small quantity, by order of magnitude 1 cm. For
normal incidence (aq = o° ), and in deep water, b vanishes.

4. SOLUTION DOMAINS

REGION 1 - As shown by Jonsson et al (1971, p 493), there are no solutions

to the wave length expression (3.4), if the wave orthogonal component cgaa
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3 SOLUTION DOMAIN S soLuTIon DoMAN
o . ¢ LUTI

Z -os5f U,suna|/Vgh vs h/L0 \o\A

g

w

3

U|sinr:.|/cD vs h/Lo 1-0.2

Fig 3. Solution domains for region 1, corresponding to the com-
ponent ¢ a1 in the orthogonal direction of the absolute
group ve%ocity being positive (below full curves), or the
Froude number ¥y being smaller than one (below dotted
curves) .

(2.8) of the absolute group velocity Cga is negative. So in the limit
Cgan = 0 the ray goes in the wave front direction, and we have from (2.8)

Cgaal = cgr1 + U, sin a = 0 (4.1)
We further have from (3.10) in the above reference

<h _a ~6)?

q)lim = - v— klh tanh klh (4.2)

Combining this with (4.1) gives

U1 sinot1 1-—G?
— = - tanh k_h (4.3)
c , 4 1
o lim
(Equation (4.1) is in fact a consequence of (4.2) and (3.4).) Equations

(4.2) and (4.3) are the bases of the limiting curves in Fig 3. In the

limit we attain minimum values of L, see Jonsson et al (1971). (Note: In

that reference Cgaq Was for brevity denoted c,,. This is unfortunate,

since Cga should " be reserved for the magnitude |3 aI of the absolute

group velocity. So in this study we have from Fig' 1 Cgaa = 09a cos(p ~a).)
174.

In deep water we find the well-known limit U1 sinal/co = -

In Fig 3 we have also shown (U; sinay/Vgh)yi, versus h/L,. For the
latter going towards zero, the former goes towards - 1+. It is seen, ge-
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Fig 4. Solution domains for re-~ Fig 5. Solution domains for re-
gion 2, corresponding to gion 2, corresponding to
L2/Lo~figures. Schema- a,- and H /H, —figures.
tical. Schematical.

nerally, that if we restrict ourselves to consider Froude numbers Fq (de-
fined as {Ul f/v/g—h) smaller than one, then this requirement can be 'stric-
ter' than the limiting curve in Fig 3, especially so for the smaller -
values. Also for the Uy sin 0L1/cO solution domain, some Fqy = 1 limits are
sketched.

To sum up, the full curves in Fig 3 both correspond to (a) wave rays
being orthogonal to wave orthogonals and (b) wave lengths attaining their

minimum value. The dotted curves correspond to Fq = |U1 I/Vgh =1, for
different angles of incidence.

The position of the limit c,,,9 = O is sketched in Fig 4 (Ly/L, solu-
tions) and Fig 5 (H,/H; and o, solutions). It naturally corresponds to
negative Ui-values. In these figures also the Fy = 1 (andFy = 1) limits
are shown. In Fig 4 the position of the (chosen) F = | limits depend on
041. Note also in this figure that with the requirement F < 1, there are
never solutions outside the "F = {; aq = 90° frame". The limits can be
recognized in the figures in Chapter 5. It appears from these that the
mutual positions of the limiting curves in Figs 4 and 5 are not absolute.
Thus the F = | curves in Fig 5 can lie outside the chosen Ul/cO -U2/cO

frame. And the cgaocl = 0 limit can lie to the left of theF = { limit.

REGION 2 - In this region there is one further restriction on the input
parameters: The wave height Hy must remain finite, corxresponding to ay <
90°. Thus there are restrictions on the current strength, whether nega-
tive or positive. In the former case, one obvious condition is the same
as that in region 1, that Cgaa be positive. In this limit we thus have
from (2.8)
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Cgaa2 = Cgrz + U, sinoc2 =0 (4.4)
stating that the ray goes in the direction of the wave front. So (4.2)
and (4.3), and Fig 3, are also valid with subscripts 2. Fig 3 1s not di-
rectly applicable, however, since o) is not known beforehand. The posi-
tion of the limit cg,,7 = O is sketched in Figs 4 and 5, and can be found
again in the figures in Chapter 5.

It should be observed that - in contrast to plane shoaling, see Jonsson
et al (1971) - minimum wave length here does not correspond to infinite
wave height. This is because in out case cgqp2 = 0 (= Ly, pin) does not
yield Cga2 = 0. (Moreover, ¢ a2 can never vanish here.) If, however, Up
is much larger than Uy, the waves cannot "penetrate" through the shear
layer, and Hp/H; tends to infinity. This case was already discussed in
Chapter 3, and it corresponds to up =909, giving ray separation factor
By = 0. Fig 2 shows that here we must also have ap = 90°, which is in ac-
cordance with (3.14).

The corresponding limiting curves are depicted in Figs 4 and 5, and
can be found again in the figures in Chapter 5. Note that in Fig 4 the
position is a function of aq. The aq = 0C limit is peculiar, since it al-
so corresponds to Lg/Lg + «.

In shallow water the ajp = 90° limit corresponds to

U2—U1 1—s1r10c1 Gy U2—U1 1—s1n0c1
= - or = (4.5)

CO S:LI'IOL1 LO /g}; SLLnOL1
So here, where there is no dispersion, the critical condition - for a
fixed value of oy - only depends on the current velocity difference.

In the figures, also the limits corresponding to ¥y = |U2|/Vgh =1 are
shown.

5. NUMERICAL RESULTS

WAVE LENGTHS Ll/Lo - Solutions to (3.4) are presented in Fig 6, which
clearly demonstrates the "stretching" effect of a positive current, and
the "compressive" effect of a negative ditto. Other things being equal,
wave length increases with increasing current velocity and depth. The

deep water limit (Uj sindy/cq , L1/Lg) = (-1/4 , 1/4) is clearly seen.

The thin full curve connecting this point with origo corresponds to -~

for every fixed value of h/L_ - the minimum value of Ll/Lo (i ec a0l & 0).
To every angle of incidence theF = 1 limit yields two curves - the solu-
tion domain lies between these. The solution domains were also illustra-
ted in Fig 3.

WAVE LENGTHS L)/L, - Solutions to (3.8) are presented in Figs 7 - 10, cor-
responding to four dimensionless water depths h/LO. Note that sin ap -

not sinoy - appears together with U; on the ordinate axis. It is seen
that other things being equal, wave length in region 2 increases with in-
creasing current velocity, as expected. The variation of L, with Uj gets
slower as Uy grows. As to the solution limit, we can inspect Fig 7; start-
ing at the bottom and going anti-clockwise the limits correspond to:



732

COASTAL ENGINEERING—1978

Fig 6
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Dimensionless wave length L1/LO
in region 1 vs Uysinay/c, for
h/L,=0.015, 0.05, 0.15, and 0.5.
For Uqsinaq <0 the two dot-and-
dash lines correspond to Fq =1
for aq =15° and 30°. For Ujsinog
> 0 the five dot-and-dash lines
correspond to Fy =1 for aj =15°,
309, 45°, 60°, and 90°.

Contours for dimensionless wave
length Lp/Lg in region 2 vs
Uysinag/c, and Upsinay/cy. For
Ly/Ly £ 1 the contours are plot-
ted with intervals of 0.1. For
1£Ly/Ly S 3 the contours are
plotted with intervals of 0.5.
Dot-and-dash lines correspond
to F =1, Dotted curves corre-
spond to Hy/Hy = .
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T T
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05 T T T
e
@y=15° e 7
L 1 300 9) /
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=
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U, sindy/cq
(=]

0505
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-05 9 e dfor +05 -05 0 for o +05
+05 0 Uoltor HyH, -05 +05 Q UCjtor HyH, -05

. 11-12 ) ..
Figs 13-14 Contours for refraction angle ) and relative wave

height H,/H; in region 2 vs Uy/c, and Uy/c,. For oy
the contours are plotted with intervals of 10°. For
Hy/Hy £ 1.3 the contours are plotted with intervals
of 0.1. Dot-and-dash lines correspond to F =1. Note
that the abscissa axis i1s reversed for H2/H1.

Fp=1,F1 =1, Fy=1, Hp/Hq =, Cgaonl =0, and cygq2 =0. For details see

Chapter 4 and Fig 4. In Figs 8- 10 the F=1 limits lie outside the chosen
frame. Some of the limiting curves appear jagged because of the discreti-
zation used in the computer software, which was used to plot these curves.

REFRACTION ANGLES oy - Solutions to (3.9) are presented in Figs 11 - 26,
corresponding to four water depths (same as for Ly/L,), and four angles
of incidence. (Hy/Hy is shown laterally reversed in the same figures). It
appears that the variation of o, is slowest for the smallest angle of in-
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Figs 17-18 Contours for refraction angle ay and relative wave

height Hy/H, in region 2 vs Uy/c, and Up/c,. For ap
the contours are plotted with intervals of 10° For
H2/H1 the contours are plotted with intervals of 0.1
up to 1.3 above the diagonal, and 1.4 below it.

cidence o4 chosen. Everywhere o, increases with increasing U;. It can al-
so be seen that (naturally) for Uy = Uy we have apy = aq. Only for the
smallest water depth, theF = 1 limits lie within the chosen frame. The
other limits are discussed in Chapter 4 and illustrated in Fig 5.

WAVE HEIGHTS Ho/Hy - Solutions to (3.14) are presented (laterally rever-
sed) in Figs 11 - 26, for four water depths and four angles of incidence.
It appears that the variation of H2/H1 is slowest for the smallest angle
of incidence a; chosen. It is also seen that - except for this value of
a1 - the variation with Up exhibits a minimum for Hy/H; within the chosen
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Pigs 21-29 Contours for refraction angle o, and relative wave

height H2/H1 in region 2 vs Uy/c, and U2/co. For ap
the contours are plotted with intervals of 10°. For
Hy/Hy the contours are plotted with intervals of 0.1
up to 1.3 above the diagonal, and 1.4 below it.

frame. This will be discussed later. For Up = U; we have Hy = Hy. The
limits are discussed in Chapter 4 and illustrated in Fig 5.

VARIATIONS OF L,, ap, Hy, S, and S5/S; - A physical discussion of the

transforming effect of the shear layer is facilitated by looking at a few
concrete examples. Consider first the sequence in Figs 27 - 30, giving the
variation of region 2 quantities with U,. Fig 27 shows how L, increases

monotonously with increasing U,; the maximum value is attained for ap =
90°. Also oy (Fig 28) varies in this way; for U, > 4.3 m/s (approx)
90°, and waves cannot penetrate into region 2. In the limit H, theoreti-

OL2=
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Figs 25-96 Contours for refraction angle a, and relative wave

height Hy/Hy in region 2 vs Uj/cgand Uy/cy. For agp
the contours are plotted with intervals of 10°, For
H2/H1 the contours are plotted with intervals of 0.1
up to 1.3 above the diagonal, and 1.4 below it.

cally tends to infinity (Fig 29). It is also seen from this figure that
Hy has a minimum. This can be anticipated by looking at (3.12); Hp can
become large, i1f c,, becomes small (Fig 29, left), or if ray width e (see
Fig 2) becomes sma?l (Fig 29, right), so a minimum in between is expected.
Fig 30 shows that the wave steepness Sj; has a sharper minimum. This is
because L, is decreasing as Uj decreases. The figure shows that both a
large negative and a large positive current can have a strong steepening
effect on the wave; eventually it may break.

The influence of the (absolute) period is illustrated in Fig 31, which
gives the ratio between steepnesses in regions 2 and 1. It appears that
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dence g, current velocity Uy, and wave height Hy
(Figs 29-30).
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Figs 31-32 Relative wave steepness S2/Sl = (H2/L2)/(H1/L1)
(Fig 31) and refraction angle a, (Fig 32) vs ab-
solute wave period T, for fixed values of water
depth h, angle of incidence a;, and current velo-
city Uj.

both a large negative and a large positive current have a dramatic steep-
ening effect on waves of smaller period, either because the group speed
and wave length become small (opposing current), or because the ray sepa-
ration factor becomes small (following current), opposing current here
meaning Up - Uy <0. In both cases the effect is due to the fact that
"short waves are slow waves". This steepening and thus filtering effect
was illustrated by Isaacs (1948); in the photo in his Fig 1 the current
discontinuity shows up as a foam line because of short wave breaking.

Fig 31 also shows that the steepness ratio is remarkably constant for the
higher periods.

The period influence on the refraction angle is shown in Fig 32. For
Uy = +4 m/s the variation towards ay = 90° as T, tends to 6.6 s (approx),
reflects that here the ray separation factor goes towards zero.

Finally the influence of the (constant) water depth on 32/31 is shown
in Fig 33. It appears that (naturally) the effect is largest on smaller
depths, because other things being equal here the phase speed is smallest.
For h> 10 m the variation is quite small in the case considered.
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Fig 33 Relative wave steepness S,/Sy = (Hy/Ljy)/(H /L) vs water
depth h for fixed values of absolute wave period Ta
angle of incidence o, and current velocity Uj.

EXAMPLE - It can be difficult to read the quantities in the dimensionless
delineations in Figs 6 - 26 with any great accuracy (also a number of in-
terpolations are necessary). These figures illustrate the trends, but can
give only approximate values. It is not altogether difficult, however, to
find the exact figures by calculation. This will be demonstrated in the
following. Consider the case with h=10 m, T4=8 s, al =459, U;=1mn/s,
Up=-2m/s, and Hy =1 m (Figs 27 - 30). (g=9.80665 m/s? =qg/2m & 1.561 m/s?)
Calculation of Ly - ¢o=1.561-8=12.49 m/s, L, =1.561+ +82 299,90 m=h/L, =
0.1001; g¥=10+1+sin 459/(12.49.99.90) = 0.00567. Table 6-a in Jonsson et
al (1971) (or Table 3.2-I in Jonsson, 1978b) then gives L/L,=0.778=1L =
0.778+99.90=77.7 m. (Without a current we find L=70.9 m ~ the wave is
"stretched" by the positive current.)

Calculation of L, - The right hand side of (3.8) squared is 0.1001(1~(-2).
sin 459+8/77.7)2=0.1314. Using this as entry in the column "h/L," in a
conventional wave table, we find h/L 0. 1677=>L2-—1O/O 1677 =59. 6 m, which
agrees with Fig 27. (The wave is “compressed" in region 2 by the opposing
current) .

Calculation of oy - From (3.9) we find ap =Arcsin(59.6 sin 45°9/77.7) =
32.98, which agrees with Fig 28.

Calculation of H, - h/Ly =10/77.7=0.1287; h/L,=0.1677. From a conven-
tional wave table we then find Gy =0.6682 and Gy =0.5200. Then from (3.14)
Hy = 1+¥1.6682/1.5200+Vsin 90°/5in 65.06 = 1,098 m, which agrees with Flg 29,
(Sp= Hy/Ly =1.098/59.6 =0.0184, which agrees with Fig 30).

6. CONCLUSIONS

Analytical expressions are presented for the determination of wave
length Lp (3.8), refraction angle a, (3.9), and wave height Hy (3.14), as
a wave passes a large-scale shearing current over a horizontal bed. The
current velocity is assumed constant in time and over depth. Dimensionless
results are presented in Figs 7 - 10 (Ljp) and 11 -26 (ap and Hp). The di-
rect effect of the current velocity Uy in region 2 (see Fig 1) is illustra-
ted in a concrete example in Figs 27 - 30. The most interesting feature
here is the display of a wave height (and steepness) minimum. The "filter-
ing" effect of a shear layer on a wave motion is illustrated in Figs 31
and 32, and the influence of the water depth on wave steepness change ap—-
pears from Fig 33.
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The wave length I, at the initial state (region 1, see Fig 1) is deter-
mined by (3.4); solutions in dimensionless form are illustrated in Fig 6.
Solution domains for region 1 appear from Fig 3. Solution domains for re-
gilon 2 are sketched in Figs 4 (applicable to Lo-figures) and 5 (applicable
to ap- and Hp-figures).

A detailed example of how to obtain numerical results using tables and
handcalculations, is given in Chapter 5.

APPENDIX: ORTHOGONALS AND RAYS
In the general case the wave orthogonals are determined by
Dx/Ds = cos A (A.1) Dy/Ds = sin A (A.2)
DA/Ds = (sinI&Bca/Bx - cosI&Bca/By)/ca (A.3)

in which x and y are horizontal Cartesian coordinates, s is distance along
the orthogonal, A is the angle from the x-axis to the positive direction
of the orthogonal (DA/Ds is the orthogonal curvature), and c is the abso-
lute phase speed

cy = ¢, tucos A+ vsinA (a.4)

In (A.4) ¢, is the relative phase speed (3.1) and a==(u,v) is the current
vector. In (A.l) to (A.3) time t can be introduced through Ds =c dt. Thus
formally the wave orthogonal equations are the same as for pure depth re-
fraction, see Skovgaard et al (1975).

r

In the general case the wave rays are determined by
Dx/Dr = cos U (A.5) Dy/Dr = sin u (A.6)
Du/Dr = cos?p Dftan u)/Dr (A.7)

in which r is distance along the ray and u is the angle from the x-axis
to the positive direction of the ray determined by

tan u = (cgr sin A—l—v)/(cgr cos A +u) (A.8)
In (A.8) ¢y, is the relative group speed (3.2). Note that according to
(A.8) u=A"for (u,v) = (0,0); however, (A.7) does not transform to (A.3) in
this limit. This is because (A.7) presupposes (A.3) to be known and solved,
giving angle A. (The ray separation factor is determined by (31) in
Skovgaard and Jonsson, 1977).
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