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SYNOPSIS

The critical force for the entrainment of sediment on the ocean floor
is the maximum, instantaneous shear force. A numerical estimate for the
stress is made from the third approximation of a second order boundary
layer theory for oscillating laminar flow. The analytical derivation
satisfies both the case of flow in an oscillating water tunnel and the
case of a progressive (Airy) wave, where the shear distribution depends
on the form of the velocity distribution in the boundary layer. Solution
for the velocity is on the basis of iteration in an infinite series, where
the convective terms are numerically evaluated from lower order solutions.
For the boundary shear, the phase lead is found to be less than predicted
by linear theory, and although the correction at the third approximation
is small compared to lower approximations, the modified vertical distri-
bution provides a basis for the correction of shear measurements, obtained
by indirect means, to the boundary value.

INTRODUCTION

In coastal engineering, one of the critical problems is the prediction
of the motion of sediment or solid pollutants in the marine environment.
Although it is realized that the critical parameter for the entrainment of
sedimentary particles is the instantaneous shear force, an accurate assess-
ment of its numerical value for various wave and boundary conditions has
been difficult to obtain. In part this stems from the difficulty in
analytical modeling of the velocity and shear stress distributions near a
solid boundary, but it is also the result of the scarcity of experimental
data on these parameters in the zone of shoaling waves. The importance of
understanding boundary layer behavior under ocean waves can be well illus-
trated with the findings of Stone and Summers (1972) who have determined
that 95% of the total load moves within 15 cm of the bottom in the nearshore
zone and 80% of which is carried as bedload. These figures agree with
Saville's (1950) results, where 40-100% of the sediment was found to be
transported as bedload in a model basin.
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1n this paper we are concerned with the modeling of the velocity
distribution in laminar flow of oscillating boundary layers of the form
found. in oscillating water tunnels and of a progressive (Airy) wave. Con-
sequently, we evaluate the shear stress distribution analytically and
appraise the contribution the third approximation makes on the phase and
amplitude of the instantaneous friction in order to understand the force
distribution at the boundary.

The boundary layer theory of Schlichting (1932) is the basis of
developments reported herein, with higher approximations of Kestin and
others (1961, 1967) and Shah (1970). Similar approaches can be found in
the studies of Hill and Stenning {1960), Hori (1962), Hunt and Johns (1963),
Dore (1968), Noda (1971) and others.

THE BOUNDARY LAYER

1. The velocity distribution

The distribution of velocity in the potential flow region of harmonically
varying flows without displacement is of the form:

Ulx,t)= U, (x) cos wt=Re(Upmre™) )

where [J; is the velocity amplitude at the edge of the boundary layer,
= 2T/ T is the characteristics frequency of oscillation of period T ,
and Re denotes the real part of the complex variable.

The periodic flow in the free stream region produces oscillations in the
fluid near the solid boundary. 1f the amplitudes of fluctuation are small,
such as {ka, a/d )« 1 , the boundary layer behavior can be calculated by
using Fourier series for arbitrary fluctuations of the free stream with time
(Hill and Stenning, 1960). This method involves linearization of the stream
function \ulx,y.i ) , which is expanded in an infinite series

V(xly-{'}é) = E(Y’(21+8%(z}4,52% (z“_“.)ew{ )
following Schlichting's (1932) technique. According to Kestin and others (1967)
P
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and .
17}

d~= (LU/‘ZZF) G)

where d is the thickness of the boundary layer. The parameter er represents

the dimensionless stream function.

For incompressible, irrotational flow the stream function and the velocity
potential can be equated through the velocity terms, so that

_oY 29
ag'ﬁ'“

(6)
¥ 9@
— = V
ox  dy
where ’y/(K,y,f) and ¢(x,y,t} meet the requirement
Vi V-0 @

Considering now, that motion is only periodic in the potential flow region,
i.e. steady flow is externally not superimposed on the boundary layer, we can
write the velocity distribution in the two-dimensional case in two Fourier
series

o0
U(x‘,j,{) = U, (",y) - z u, (x,y)em”t«-Zu: (x,y,e-mm

z nez{
hzf (8)

(nTré -inTé

o0 @©
v(x,y,%): A {x,g)+n§ vV, (X, yle +,1Z-/ V:(x,y)e

where u,, ¥, are components of the steady "streaming" arising from the
second approximation and wu¥, v* represent the complex conjugates of u, v.
Complex variable theory is used to minimize computations in this expansion

procedure.
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We shall now establish the motion in the boundary layer by writing the
appropriate momentum equation to ((€?)

du, du, ou,

ST tU T vV, T
ot X

:a ] ay
OU, du dy, du LY
£y 2y oy 2 2 Y
PRI TP P *“=9‘x“”'3';+"—4wzay=+
3u5 ou ou Ouy o
o5 u, 2 U, Y v, 4.
ot "o T Tyt gy
(9
ou 2 U
LIRS ——o + v_—o -
U sy
z 2 2
v (a_uz' + é.l'.’; + ()_u,)
dy* dy oy*
If initially we assume u=0(1) and v=0(¢)
where e = o/wc§ is the perturbation parameter, we can
neglect all convective acceleration terms involving v, 2,3 and

We also assume the pressure gradient across the layer to ‘be small compared
to its magnitude just outside the layer, and use this term to match the
flows across the upper boundary. We now make use of the reduced equation:

d

-bT(u,+u,+u,)+ ou, (U +u, +uy)+

g—‘-;—‘(u ‘f'uz)'(‘ulg% =
%—?MU §g+ F Vai;, (U, +Uy +uy) (10)

to the third approximation. Each of the velocity terms in Eq.10 must sepa-
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rately satisfy continuity, therefore

du, , Qv .
ox oy
%‘MQ’HO

a—% é_‘_’a -0 (11)
ox = oYy

As  Uy= U, + Uy, , where U, is the periodic and U, is
the steady component, the boundary conditions appropriate to Equations 10,
11 are

0 at
L[at

Hur® “_[oat
0at

oo

Oat

V= Y= V3={<£at

According to Stuart (1963), the steady velocity at the outer edge of

£
n
n n

1] n

W r L ¢ KL L«
n
v 0, O R O o ©

the boundary 1ayer is of the o der elJ; , which defines a Reynolds
nuinber Rs= U2/ wr = at/0* . This second perturbation parameter
is of Ofi) when € «1 , which condition is required for maintain-

ing a non-decaying man transport velocity in the "outer boundary layer', de-
fined by Stuart (1966), and also to validate linearizing the equations of
motion. When R, is large, U,, progressively diminishes in the outer layer,
the interaction between flow within and outside the boundary layer can be
shown to remain negligible, and the steady streaming will not be influenced
significantly by the presence of potential flow.
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Following Kestin et al (1967), the general expression for the stream
function to the nth approximation is of the form:

n-t - e -2)iwt
Y = 1_[ U, 4", { z (n)e" o, Z;n“(rl)em ? +.. .}+

Sl won-! dxni nal
[l:'& A n1 Cwt tn-2)iwt
du d u@{c (-r,)c"l “’+ nbz(,r')e +}+]
12)

wn-l d x dx n-2 na2

Differentiating and retaining the real part, three approximations of the
horizontal velocity components are obtained.

u, = Re [u,, ;;ao{ﬂ)el‘wtj (13)

u, = Ke [%“ %%’" (C;,."’()edm* S (’7)} (14)
z |2 l (3w 1 iwt .

U, =« Ke [('IZU'JE) %‘g"(%ﬂ"?’e % SomMe )+ (15)

U, dU ' duat ot
S @y (g, me™y 5 me® )
As y+d the steady component becomes
uzz’ —3/4' ( u,/o.) duo/dx) (16)

The third approximation for the velocity component normal to the boun-
dary, and the differential equations for' & with their pertinent boundary
conditions are omitted for the sake of brevity. These can be found in the
article by Shah (1970). The first two terms have been determined by Schlichting
(1932).

{-i Lot p-tin
5,5, 0 —Z—‘+q+ 7"'8 a7
e-ﬁ(""”+i4e“("""_ L-c

{4¢
;Za(n)=§2d ™) = gz z W (18)

) . -
ézb("l) * G "= %3' - é e %6 "eosn - e 7'.<>‘II'H7 - (19)

1213"’ siny - 27
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For the third approximation Shah (1970) obtained

5 . ~¥3 (144,
(oG 10 (g K -y O
i

~2(lsin | . -{14i)
37 ¢ —g[(lu)r,—(lr‘lvz—)]& U
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534 M =§ml*q) : [1_2'73 "lLG (4 *5i)rlz+15 (16-130)n +

L5 (q03-as1i)]e Avila #0440} + b (12- 159 ™.
[g‘ (1-on? +-g- (q+21)’l+16(13 31;J ’l J._ ~(3+i)n_
(23)
2 in +gh5 (-311+3137¢)

Distribution of the horizontal velocity foruphase angles wt = 0,N/3,Ti/2 23T
is shown in Figure 1 for 4/w (dU./dx)s=166s*(U d* [dx

)IComparlson of the
velocity profiles indicate that the thlrd approximation is effective near
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the outer edge of the boundary layer, and especially near flow reversal. It
does not, however, contribute to the mass transport velocity owing to the fact
that all velocity functions in the third approximation are periodic.

2. Case of a progressive wave

When the external flow is represented by a progressive gravity wave,
the appropriate form of the stream function, according to Dore (1968) and
Johns (1968), is

awd {(kx-wt)
V{K,(j,f}ﬁ):s————mhk‘,d [VO(Z)-FEI)V,(Z)‘/‘._,]Q ) 23)
where
Z: y-l'd (24)
and the wave number can be expanded as
k: k°+2k,+... (25)
The second term was given by Biesel (1949) as
K - Kid (1+1)
' Zk,d + sinh 2k.d (26)

The boundary conditions are
Wo = w‘ = O at Zz = d
V)a = \P, = constant at £ = 2d+§

where the free surface is specified by

£ - ae ((k,x - wt)

and the depth d , has its origin at the still water surface.
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With a change of variables for the zero order stream function we can
write

(k% -wt) . )
") /718‘ YL Asin ik, = sind,x-wt) on
where
/.
© k,sinhk,d (28)

Retaining the real part and displacing the coordinate system by /4,
we obtain the horizontal velocity by differentiation of Eq. 27

3 U Ak cosh ke Cosfhn-wt) o)
y

at the outer edge of the boundary layer. Similarly,

_aa% - AI<°z coshk,z sin(K,x-wt) (30)

g)gn _A /(;Cash k,z ¢os ( K x-wt) (1)

We assume now, that as - 1 , terms of O(€,6?) in k,d

remain small for the fixed viscosity in order that the condition of viscous
effects outside the boundary layer be avoided. Therefore it follows, that

the zero order velocity is considered to adequately describe the free stream
oscillation. This is justifiable, since the point of interest is not in the
flow far from the boundary, where mass transport and interaction terms are
significant; rather in establishing the magnitude of shear stress near-E =0;
which is discussed in the following section. The argument is based on Kg being
large, whereby interaction between the mass transport velocity and the inviscid
flow in the potential region are neglected, following Stuart's (1966) arguments,
When Rg is of O(f), however, the periodic component of the horizontal velocity,
obtained in the second approximation, must be matched asymptotically with the
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first order velocity £ZJ; at the interface, so that the boundary con-
dition reflected in Equation 9 is satisfied. That is,

g ()= Re [ e 9L du, ;“m)]c LUyt o

as shown by Longuet-Higgins (1953) and Noda (1971). Evaluation of inter-
action terms resulting from the simultaneous perturbation of inner and
outer flows remains a continuing research interest of the author.

THE SHEAR STRESS DISTRIBUTION

To assess the potential force available, say for the entrainment of
sediment, it is important to know the maximum value of the instantaneous
shear at the bottom, its distribution normal to the boundary and its phase
advance in respect to the horizontal velocity.

In laminar flow, the shear stress distribution is derived from the
velocity gradient

T =7})c9(ay

(33)

which expanded to the third approximation becomes, in general

: du,  duy | Oty
;Tn”}/a[a:; a_u_ a;j] (34)

where U, U, and U, are given in Equations 13, 14, and 15 respectively.

The boundary conditions for the auxiliary functions are

Z,/(,7) .éga"?’ 1625 (M) finite at = O
4”{"?) (7?) ch @), i 0 at 7= 00
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Solutions for all g" are:

g "(7]) . (i+”e-(l+i)r,

(35)
ém{?}) V"(l {) r(hi)?'l__e-l/'bi)’l(n_“_i )) (3569
L= € ”[wﬁr]-ZS/hqmeo:;q]_zie"" (37

n Uﬂ') ) -+ ;
sze'ﬁ(“”"-—‘- ~(1Z+1)(1+i)n 4 de .z(/+:');7]
(38)
;um) 8[{(2+4z r] ~(6+2¢ 7+5Z/+605L} -(/-H))]
(2”7 _(5_3t)) -{i-in 354L (ha)’l_siﬂ /)
=2 (1+¢ I (39)
et N] - L (an (201) 4 2288 ) g0
’ 313 V2+/)(/+l) V3 (1+)
Con - 281 et fapim 007
(4+ )(/4-)]6 (1-/-!)’? [-21}7-{-(/‘%{-}’2’;{).
(m] -1z (vily zyz (7 +1)(1+i)e 20k

gﬂ;’t("_) Z[ 77 Se1-i)n +—(4+5¢)!(/+¢);7 277}

{
T30 (e 1], HB+4140] 4wy
T{(lu)q /]+_55___e ¥

a i, 27+ 13% e, 4430l an
/ 50 40
.;;_ [(lu’)r] -2im-1 (6'5[)]3'(7 ‘n




BOUNDARY LAYER STRESSES 581

g“2br

; |
“g ]
.
-0.8 | g
-1.0 1
-2k 4

- ] 4 1 1 1 i P |
0 | 2 3 4 5 6 n

Figure 2
‘ 4 T T T T T T

~0.8 |- B
-1.0 | 1
-2 F 4
- 1.4 ) L - I L L

[¢] I 2 3 4 5 6 n

Figure 3



582 COASTAL ENGINEERING

-2.8 L o L L ‘

0 1 2 3 4 5 6 U

Figure 4
2.8 T T T T T L

a
L
I

Figure 5



BOUNDARY LAYER STRESSES 583

Equations 35-37 are the auxiliary functions of the first and second ap-
proximations; these are depicted in Figures 2 and 3 separated into real
and imaginary components. Similarly, Figures 4 and 5 show components of
the third approximation (Equations 38-41). It is evident, that é ( )
considerably outwejighs the numerical contribution of all other components,
except that of g (7). However, this function is only effective in cor-
recting the first approximation.

We can now write the complete expression for the shear stress dis-
tribution correct to

lj LL ]
) L Al

= gzb(n)+{w5(n)+w Xt
A 2 lﬂvf- C{l/
a;(ax—) Gt J¢ 0 A

“ ‘ - ¢l
5 e 20at-0) {%’- '62/7?053/
Uo2 ) ¢ 3 (wt-6)
Gz fe

The first term on the right side is the steady contribution equivalent
to Ay, /9'7 . The phase advance is represented by @. It is seen from
this equation, grouped to equivalence in the harmonic terms, that the con-
tribution made by the third approxmatlon is two-fold, one of which is cor-
rect terms of O E) In fact, this is numerically more significant, than
all terms of ((€*) . In other words, the contribution of the third ap-
proximation to the distribution of T(y is small.

'r
(mz

(42)

An example of the shear stress distribution of Equation 42 is given
for an Airy wave of H = 2.0 ft, T = 10 sec and d = 30 ft in Figure 6,
where the normalized shear is shown as a function of 7] . Phase advance of
the maximum shear over the forcing velocity is found to be near @=T/6 in
absolute units, instead of 7/4 predicted by linear theory. This is
equivalent to 30°, and compares well with the experimental phase lead ob-
tained by Jonsson (1966) in an oscillating water tunnel, although the flow
in his boundary layer was turbulent. It appears, therefore, that the ad-
ditional nonlinearity due to the Reynolds stresses, or the diffusion of
vorticity into the inviscid region reduces the phase lead of the stress;
this is supported in part by the analytical work of Srivastava (1966) who
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obtained progressive reductions in the phase by increasing the order of' the
solution for the shear stress.

CONCLUSIONS

An analytical solution for the shear stress distribution to the third
approximation in the boundary layer of laminar flow established the following:

(1) The maximum, instantaneous shear stress has a phase difference 8:="/8
over 4 , agreeing with Jonssons's (1966) experimental data;

(2) The third approximation modifies the numerical estimate of the
second approximation boundary shear by no more than 6 percent, which is
below the experimental error associated with shear measurements;

(3) When the shear stress is measured indirectly at some elevation
above the solid boundary, the perturbation procedure described herein
enables one to correct the experimental data for the true value of the
bottom skin friction. This is particularly applicable to experiments where
current meters or Preston probes are used to survey the velocity distribution
near the boundary.

ACKNOWLEDGEMENTS

For continuous encouragement in-regard to the theoretical aspects of
this study, the author expresses his gratitude to his colleague Dr. J. R.
Weggel and for computer programming help to Mr. P. A. Turner. Portion of
this work was conducted under the civil works program of the U. S. Army
Corps of Engineers at the Coastal Engineering Research Center. Permission
of the Chief of Engineers to publish this information is appreciated. The
findings of this paper are not to be construed as official Department of
the Army position unless so designated by other authorized documents.

REFERENCES

Biesel, F., 1949, Calcul de 1'amortissement d'une houle dans un liquide
visqueux de profondeur finie; La Houille Blanche, V. 4, No. 5 pp. 630-634.

Dore, B. D., 1968, Oscillations in a non-homogeneous viscous fluid; Tellus,
V. 20, No. 3, pp. 514-523.

Hill, P. G. and Stenning, A. H., 1960, Laminar boundary layers in oscil-
latory flow; Trans. ASME, Jour. Basic Eng., V. 82, pp. 593-608.

Hori, Ei-ichi, 1962, Unsteady boundary layers, Fourth report; Bull. Jap.
Soc. Mech. Eng., V. 5, No. 19, pp. 461-470.

Hunt, J. N. and Hones, B., 1963, Currents induced by tides and gravity
waves; Tellus, V. 15, No. 4, pp. 343-351.

Johns, B., 1968, The damping of gravity waves in shallow water by energy
dissipation in a turbulent boundary layer; Tellus, V. 20, No. 2,
pp. 330-337.




586

COASTAL ENGINEERING

Jonsson, I. G., 1966, On the existence of universal velocity distribution in
an oscillatory, turbulent boundary layer; Coastal Eng., Tech. Univ.
Denmark, Prog. Report No. 12, pp. 2-10.

Kestin, J., Maeder, P. F. and Wang, H. E., 1961, On boundary layers asso-
ciated with oscillating streams; Appl. Sci. Res., Sec. A. V. 10,

No.

1, pp. 1-22.

Kestin, J., Persen, L. N. and Shah, V. L., 1967, The transfer of heat
across a two-dimensional, oscillating boundary layer; Zeitschrift
fur Flugwissenschaften, V. 15, No. 8/9, pp. 227-285.

Noda, H., 1971, On the oscillatory flow in turbulent boundary layers
induced by water waves; Bull, Disas. Prev. Inst., Kyoto Univ.,
V. 20, pt. 3, No. 176, pp. 127-144.
Saville, T. Jr., 1950, Model study of sand transport along an infinitely
long, straight beach; Trans. Am. Geophys Union, V. 31, No. 4,
pp. 555-565.
Schlichting, H., 1932, Berechnung ebener periodischer Grenzschichtstromungen;
Phys. Zeitung, V. 33, pp. 327-335.
Shah, V. L., 1970, Contribution to the calculation of oscillatory boundary
layers; Trans. ASME, Jour. Heat Transfer, V. 92, pp. 661-664.
Srivastava, A. C., 1966, Unsteady flow of a second order fluid near a
stagnation point; Jour. Fluid Mech., V. 24, pt. 1, pp. 33-39.

Stone,R. 0. and Summers, H. J., 1972, Study of subaqueous and subaerial
sand ripples; Univ. S. Gal., Dept. Geol. Sci., Report 72-1, 293 p.
Stuart, J. T., 1963, Unsteady boundary layers; Ch. 7 in Rosenhead, L., ed.,

Laminar boundary layers; Glarendon Press, Oxford, England pp. 349-408.
Stuart, J. T., 1966, Double boundary layers in oscillatory viscous flow;

Jour. Fluid Mech., V. 24, pt. 4, pp. 673-687.

S e S@wmm s rmE o e

—

NOTATION

Wave amplitude

Local water depth

Exponential

Gravitational acceleration
Wave height

V-1

Wave number

Wavelength

Real part of complex number
Reynolds number

Wave period

Time

Free stream velocity

Velocity in the boundary layer
horizontal component

Velocity in the boundary layer
vertical component

Horizontal distance or
coordinate

Vertical distance or coordinate

z
$

€
4
n

0
v

£

L[gEX S € AD

=y+d

=y/s

it
N

=
~
-3

Normalized distance or
coordinate

Boundary layer thickness
Perturbation parameter
Function of n

Dimensionless coordinate,
normal to boundary

Phase advance of the shear str
Kinematic viscosity

Vertical displacement of
water surface from

still water level

Density of fluid

Horizontal shear stress

Wave number

Velocity potential
Dimensionless stream function
Stream function

Laplacian operator





