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ABSTRACTS

Progregsive surface wave in a two-dimensional vortex
layer 1s theoretically treated. Dynamical equations and
free surface conditlions are shown by using the two-dimension-
el stream functions of wave and vortex.

Then the perturbation equations are given by assuming
that thé ratio of length scale of vortices and wave 1is
falrly smell. lhe first approximate solution of wave has
a usual form of an irrotational progressive wave. Vortices
are assumed to be steady and to have gimplified Fourier-~
Stlelt jes form. Then the interaction of thils primary wave
and the vortices are examined. To satlisfy the free surface
cantitlon of the second order, exlistent waves are formed.
In the second order term of the free surface elevation, these
secondary waves offget the effect of the above mentioned
interaction, and so the surface profile of the primary wave
ig not altered by the existence of inner vortices of high
frequency.

Some pilctures of irregular surface waves in a turbulent
flow are shown to verify this property.

DERIVATION OF PERTURBATION EQUATIONS

We use the two~-dimensional co-ordinate system. x-axis
is taken horizontally at the still water surface, y-axis is
vertically upwards. The depth of water is assumed to be
infinite and the motion is considered inviscid,

Then we suppose the motlon 1s consisted both of the
surface gravity wave and vortices In a steady uniform current
and we assume that the motion of surface wave can be
linearized. In the following equations suffix 1 1s concerned
to vortices and suffix 2 to wave, and W, is the horizontal
velocity of steady uniform current.

Equations of motion are
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(1) and (2) are linearized as to uy, vp, and
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In incoKpressible fluld, the equation of contlnuilty 1is
au, Uz |, DY
= t3x T54 5y + = ay =0 (5)
Here we put the followlng boundary condition of vy at y=0
V1m0 at y=0 (6)
and so °Y _9Y _ o at y=0 (7)
ot 22X
Kinematical boundary condition at surface 1s
27
=% (M0+u+u) )7 = v+ at y= % (8)
This 1s linearized as to gurface wave, and using (6)
37 2%
ey Uy+WU, )L = at y=C (9)
ot + (4 ')ax Y
Dynamical boundary condition at surface 1s
2P 2k a/b
at—f—u.o +“/ax + U, 5 # —)-U“ =0 at y= ’] (19
Multiplying (3) by up, and 11nearizing as to up, vo, (11) 1is
obtained Sp
a2U 2 U, A
W 57+ (Upt W) U 55 ""V‘/‘zgg“‘— ,ou‘za_x (11)

Multiplying (4) by v, and linearizing as to up, vy, (12) 1s
obtained

2V /., 3P
1)‘ +(u —f-u,)v- L+ VY 55y = —uZ - v %5y (12)
Inserting (11), (12) into (10), a
’aP—I—“’oax +u zai +V§§ —Plhage =Pl +u)u
-PU Y, 3“ ..,01»,’_3_2 — (U, +U )v~__ -,y Yy 2Y #
—-PY 4 = 0 at y=0 (13)
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Using (6) and (7), (13) is simplified as
2k 4 u‘,a/" +u, 32— U 2% iy +uy) u, 2L

2t 13X ot 23x
We use stream functions ‘7’7 , \/2/ and difine them as
¥ 3% ¥ 4 =2% (15
u/=—§? ;ul——_ay- /'U’ 2x /’Ui 22X

The equation of continuity (5) 1e clearly satisfled by (15).
The vorticity of vortex motion is

Y 'au, 2

E, 3 (ax* ay‘)\ﬁ (16)
The vorticity of surface wave %.s
_oY_d_ (D

§2 3x oY (3:(2 ""332)\// (17)

If purface wave does not exist, 1t becomes “/g =0 and in
the presyfnt aiir;ziscid condition
=R
a't {ax‘+ay}+ (u )ax
+ 5% ax oY ax2 ay" (18)
If '/, exists and it is & function of x, y, t, Wwe canmnot
dedude (18) from the motion of ¥ + ¥, , and we assume that
the condition (18) is meintained even  in this case. In other
words, we assume that the vorticity (16) of vortex motion is
steady and it is not influenced by the existence of surface
wave., From (3), (4), eliminating pressure A and using
. % of (15) we obtain the equation concerned to the
vorticity of the motion of \// + Y, . Subtracting (18) from
the equation, we have

at(axf*ayl)*(“ﬂ )ax (axi'*agc*)
a% a ( ) / a% 3\7"
* 5% Y 3x2 9 42 912 Tz EX]
u ay(axz ¥ ay‘)' %3(%' = (19)

Here we suppose the primary surface wave and its perilod,
length and celerity are given by To, Lp and Cp (LQ:CgTz)
and stillmore the length L, is taken as a representative
length of ¥, . By making use of these representative
values, we get the following dimenaionleaa values,

Theyare+ CL%‘;L’CLV/ ;7[__77
p= LP?/b T*?t,x*sz,?*Lz?

and U, -—C‘ “o/~

36



THE SURFACE WAVE IN A TWO-DIMENSIONAL
VORTEX LAYER

Using these values, equation (19) and surface conditions
(9) and (14) are transformed to dimensionless

2 L, 3% %’
at/(gxt+a '2)+( 0 LI gy )ax (ax” )

+- AN ay/ %’ _L,o ( + 951{/
LZ ?ax’ a% DX? ayll L_ 9x’ ale ag,g ay
a 3 2%
+b2 (L —0
l_z ag a%’i "ox’
/ ’ (20)
L_ ay ox’ ax' at y=0 (21)
,+ ? as//a/b__é_,_gg_fas”
8t avajc’ a% ox’ L, T, O 3¥at’
G L3N L, B o’ _ :
72-( ¢ Lzay)ay L_ axay g at %—'0(22)
We put L%— , G = =/, and /9/ J/has clearly order

of 109, but® o( can be ‘taken arbitrary. Here we consider

the case in which Ly is fairly small compared with L,, and

soot < 1 We use the method of perturbation concemed to A .
A , P’ can bve expanded as

3,7
%’é = )+ ot oY
=4 ) ot e
Pl= o ot o
Inserting (23) into (20), (21) and (22) and comparing terms

of same power of o , the following perturbed equations may
be obtained.

(23)

From (20) ,
/7 a 2 —
g‘t’v k//0 T u'D aX’v %0 V/IO , ay//a 2 524"1)
'3 w2y’ 9062 _v 2o vy
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vyl 2% L3 oty ok
ox’ 1 9y’ "oy " °8X Y (24-2)
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From (21), at y-O ,
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2% 2% _ 9%, (25-1)
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2% 3% _ 3 a% _ o%)
>t 5x’ " 3y’ ox’ ~ ox’ (25-2)
% | sa% a¥'ay oyl
+u 2 2L O 212
ot °oX’ 2y 3x’ Jx’ (25-3)

From (22), at y=0
V4
a'I:/ + W a/b’ -a——tl—go =0

°3x’ " ax’ = (26-1)
8 L 3k  Wok! VW oy
2f | 3 _ _ 3 3%, 'Y’
ot’ 7 Meax 2y’ 3x’ fayat'ay J/"(t’ayoax’a%
_;a_ﬁ/ =0
ax, (26"’2)

-t'—l-uo-ﬁ —3\"/——’- fa‘f’ %y ~Yu ' 3%, &Y

ax’ oy ax’ a#a-t a% Uy 3y’ 5x0y"
)/a"// SWo 8%2 — 0

-—

oY’ 3¢ ~ B’ (26-3)

Besldes these perturbed equations, we need equation of motion
in x (or y) direction to determine A’ , and we may use the
equation of motion 1In x direction. Its perturbed form is

(=) lIUo _ ul 32‘700 + / ’a/?, =0

atzay’ 7] axlay" r axl - (27-1)
_ ’a,‘;‘f Y, Ry _‘_aﬁ; CR A

otiay at'agL °2x’oy¥’ ' oy’ ox’oy’ ° 37’5y’

Y B,
2 B WY oWF o,

- U

3%’ ox’3y ~Bx 57 ~5xsyn T F on (27-2)
» ?
=) wz + =L aw +a\P/ o) k// ' ) %2 L, + Q_lﬁ 32%/_,
T oty T oy’ ax’ay oy’ ax’ay— vax'ay oY’ oxX’ay
Y a W oyl Py’ % | ok

By making use of (24), (25), (2 ), (27), ve may proceed to
higher order approximation of ‘70 for given W .
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THE FIRST AND SECOND APPROXIMATION
(1) The first approximation
/ ’
We put Y, , 2/, £, as follows.
Pty g2 (X = T) _
%o - ﬁzpo(y) ¢ (28-1)
- / ’
)7’ . A/ 6¢27(.(I—‘t)
A AY , L (28-2)
Lo (X=T)_ s

p'=Dis)e - ¢
From (28-1)
G = (- 4L )+ 5%%} 2 (=t

Inserting this into (24-1)

{-#r2eis) + gﬁfﬁw}(ué —1)=0

In generel, u; -1 18 not zero, and so

o( 2 / ’
SEY) _ynglh) =0 (29)

/2
Here Y50 > O 1s physically demanded at y/—-}—oo .
From (29)
2 ¥

®(f)=B, € (30)

From (29) v SU 0O . This means the motion given by
o 1is 1rrotagiona1. Then inserting (28-2) and (30) into
surface condition (25-1)

(28-3)

B, = A (4=1) (31)
D('f) in (28-3) may be determined by (27-1)
D)= 2m VA, (Uy— 1)e s (32)
¢ 1s determined by the surface dynamical condition (26-1).
PO
2 m(up—1)* (33)

By these computations, (28-1), (28-2), (28-3) may be
rewritten

‘70 A (u /)Ezmy ‘i am (X~ ) (35-1)
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’ ’ ,ggm(x’—t/)
)70 - AO 6 (34'2)

a2 (-t)

f=A¢ -7 (34-3)

We use the real part of these expressions.
(2) The second approximation

We select the simplest expression of W, , which satisfies
both the vorticity equation (18) anda surface conditions (6),
(7). Neming such Y as ¥, » We put its representative
component as follows.

W/VO == %"”c&aﬁ3(x~ uyt) den £, ot

|

(35)
Here =2 =2% L, A.Z— ’
e % L_/ ’ 3 L.3 ) L O(/ L_2 =&
and so
o= 7 _"&M% Cou B(X~ U, T) oo Ay '
v, = Lo h, i focm it dum 3¢
/
Y QU _ 24U 064 2, (X— U, T) don
Therefore Y,, satisfles (18).
Y, 1s transformed to
— Czl-/(/‘/oo 27T LY A 2T
W, == C“”’_z__g(x uo‘t)zf/m—lﬂ‘j
L, [
and 1its dimensionless form 1is
\///0’:._ "‘/"0@4 2wy t) dum 2
u_ 2, 2 2t ’
= — Lo -_ don
S Cou K(X'= st ) dom £ 4
___ =4’ )
/
The general expression of \7% is
4 o b(/oo(‘ﬁf) " it (x” ,
=) — BLeE ygn ) T G RO
ﬁut tﬁ(x %)
+ d.u./oo('é) /(' 0
/ gt R ‘ (36)
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Here uncorrelated increment du, (£) satisfies
AUp) =du (-#) (var indicates the complex conjugate),
and ite argument 1s related to X’ variable. The form of
gpectrum given by Wa’ must not be inconsistent with the
method of perturbed derivation in the preceding paragraph.

Fro;{iéi?é’ /azu,,,(vé (%”’L%)é‘{“t (A +S)
+/”‘“”"%)%(W%)L”% ) (37)

vlgza_j; / du,,ﬂs%(w%)e%z/t LA C+Y)
+/ w(ﬁ)%/( %)6441/% (A=) »

7=V = du,,.a(%)%'z(W £)€4£M't AR (XHF)

/0 447E¢
ALCsB) 572
—_4—4—7'[{? # (49K €

, (39)
(putting 27m=4 (# >0))

— AUt d;_»(x )

From (34-1), (34-2) ’at/!d (34}-3) ) ,
\go/:: “A%gé:/)gﬁo %{{{%0(11-15 )+ g*"ﬁo (x—t’)} (40)
P = A % 9‘{64%& ), 4%;(;:’—1:')}*%' (42)
By making use of (24-2) and V'Y =0 ,

N R 9% L3 A%
at,v}” ‘*‘U‘oﬁfvf/ ox’ %a%0+ 3y’ (’/pax’o"o (43)

Ingerting v )f ) 7“20 given by (39), (40) into (43),
be d b
v y/ ( ;2/ ) may expresgse y

2/ /\f‘AadM,o,(%)(Af’”%)%'? 54{4 7c+2n7c) (B, +iH)YF

d;; +47)x’ kg +4u, )t e +zn7c)€(v%;+¢%’)%'
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o (&;—&vx'e—«'(&’u:%;)f;r et(z,f—m+zn7c)€(4g-{4')%'
K, X R AU g 2 Ry i)Y

e 4 #- &, )t’]
(44)

/
Homogeneous equation ¥ )L =0 has a following form of
solution

YOS A T AEY (45)

here R(ﬂ) > 0,
The general solut.ion of Y/ is

b =3 Kot A
Rq«f)>o

5
4 VT A A, {B)(onf’) ;2[ 4,( 7T+ 2N 1K)
.é /6 7T % kb —~h ¢

e%ﬂﬁ)y{ (%, +,g/)x€4(ﬁ +AUDE y

4‘(-‘—3-71‘.4'2717[)6(%""4'75')# y (4]~ #)x’ i(ﬁ’u’%{g )r
iEmranm) (A~ £y +AB)x

* gt ¢ e T
) u(fs + AU )L /

/’ / 6
(%5 ~{A)Y —x_(g' %ﬁ)%x+f¢(£’ ’ —;g )tJ (46)

(;7E+2717C)

Using (46), f/” may be expressed from (27-2).

/ _B_A__’_{t) u ’ —"/6)’(+ Y
= J;R’%»o it ot AU A'(t)}€ o

_+-/XA O(M/,g'é/)@?’”%)(u )%’%;2[;’%;:£/—%; ”'(%o_‘—'é )

(% LA )% =((R'U+#)E o /% 7 FM’— ﬁo')x’e(%;+/t'%') ¥

R I e e i
~hB— A~ ~4

AR B p R~ )Y AR - %o)tj (47)

€
AEG )t /
T
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’ /
/A\,g’(t)is determined by the surface dynamical condition
(26~2), when we insert AR ,9 represented by (46), (47)
ini;o (2§-2). After some computations, the final forms of

%/ ’ /? are
Y=/ A
00 el ’ 7 ’_ g /_4%/ ;—%;)’t/ o2, ) s .

e R B SRS BT R

1‘(74,;+4%’)x’€l%; +4 | %'6_4 (F g+ £ )t

/6 7C
/=< 64'(4%; +4)x €(4%,,' +4 A ')‘/e—,t A+ Ut — /e
. [ﬂﬁa"%'—féé i
o pYX (BAE)E A E U= kB
| H = A SR ) ol o= £)) T o)X
2~ RV AR+ R ) i LB =B SRy AR
. e( < ) € + —i%o,—%,-*—%: € € 0
el #ug -, )f'j
(48)
B0 | {{amthi AP ALK+ | A5
oot ROX A+ [F 5ot # W +H4 )t
~ r p’ ’ ’ sy s sy AL %’—-%; x’
-1/ fogm k- B} (K )~ £ )=~ A [ JAH € (%= %)
NN GEE U oo g ), g
¢ € +_[/Aay(z: (497 )(“o‘/)% ¥y
[ e“(%;%')x’e%“’%')*’e%’%'u;%;)tf
e

’ 4 /o 7 /_ 2. ,2
B s
R R A, I
o< KX 6(4%;-44’»’6—4'(%’%+%o’)t’ /
. ~it ~H+
. ’_ e V4 /__ . p? ’ ? /_ V4 _t/
-64% %o)xedéa c%)%ezv%uo 4. ) ]

€
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Here ’du’(&’)(%{) b 2,7 )23,00 . g0 shp 23 27 g3
Ak=— A s W= # &, R +E )T, +2b, £ ~£7)

(2%,’2+2%;%%'+%’2)[{Agw(¥¢'+£;)}§ﬂ%’+{)] (50)

AAYE ) 2 (U= )y (K~ ) K efy — 26K +K°)

100

(’ﬁ’)—_-— 732 ’p’ /. Ly o
Al ST (R 2R W R- R E- (k)] (s1)

The first and the second integrals of (48) indicate the
irrotational surface waves which are determined by the
surface dynamical condition (26-2), and their celeritles
are quite different from those derilved by usual surface
dynemical conditlons.
Inserting (48) into (25-2), )3 y02 3
- /w AL AU§E) (o B L —2bt,-2F,
)= ) \Bng=pge VT BT

AN EAR) pilth X! e—z(%’u;%;)t'

+(U-1)

(2 Nl ) v B2 BB 2 AR R RS
_[o [fé;(u’o—/)m %% 2R 28+ 57> + . (Up~/) }

+

LR~ H)X (R L R
(52)

?
The expansion of 77/ in (23) indicates that 7, may be
congidered as the approximate expression of surface
irregularity of wave profile due to the Interactlon with

vortex motlon.

NUMERIGAL GOMPUTATION OF 7,

In the two integrals of (52), the flrst terme show
the surface irregularities caused by the dirsct interaction
between primary wave and the vortex motion, The second
terms are contributed by the second order dynamical conditlon
of surface. Of cource they are closely conmected with each
other. Stillmore [AlU.,(#)] should be sufficlently small when
|#] 18 large, not to disturd the method of perturbatilon.

Vs
To know the essentlal property of %" in (52), numerical
computations are shown in Table-1l, Ve gummarize the flret
term in the first integral of (52) as,AZdu/.ao(v%)’m, , the
gecond term in the seme integral as A du ()M, the first
term in the second integral of (52) as A',,/;Zb‘,’ﬁ’)n, , and

(2
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Taole 1
Y n
y, x m ) b R By m n2 n Ny T
4r 0,14286 -0.42857 -0.57143 40433333 -2.1429 o oo 0

6T <1,19748  40.92437 0627311 -=1.2055 49286 48,1429 43,2143  -0460526
10% 545367 +5.84942 40.39575 «0.93234 =-12.2899 +15.2661 +2.9762 -0.8050h
201 28,6300 +20.7844 42.158%  -0.93000 k27700 47.2343 +h 4643 -0.90549
1001 8570156 48734586 4164430 -0.98118 -92B.556 947161 +18.605 -0.98036
0.3 2007 350001 43534e31 434030 0499035 -3642.8% 436794290 436445  -0.99010
AT 42,1429 ) o 0 40.14286 10,42857 40.57143 40433333

BT 449286  <B.1429  B.2LU3  0.60526 +1.19748  0.92437 40427311 -1.2955
107 1262899 1542661 ~2.9762 080504 4545367 -5.84942 -0.39575 -0.93235
20T 42,7700 47.2343 hJA6U3  -0.90549 +28.6300 20,7844 —2,1544  ~0.93002
-1007 928,556 -9UT4161 -18.605 -0.98036 4857.156 <-B73.586 -16.430 -0.98119
-2007C $3642484 3679029 ~26.45  -0.99010 +3500.01 -3534431 -34430  -0.99020
AT 0.07692 0423077 =0.30769 40+33333 ~M5385 o oo o
6T 0.6HA80  40.497Th -0.14706 =1.2955 ~2465385 44438462 +1.7308 060526
10T 2493659 +3.14968 40421300 0493234 -6.61765 48422023 +1.6026  ~0.80504

207 <15.4162 +16.5762 41,1600  -0493000 -23.0500 +25.4338 +2.4038  -0.90549
1007 <H61.546 4704392 48,846 0498117 4994992 +4510.010 +10,018  -0+98036
-0e3 2007 <1884e63 41903409 +18446 0499030 <-1961.53 +1981.15 +19«62  -0.99010
<A 4115385 0O o0 o 40.07692 4023077 40.30769 40433333
BN 42.65385 4.3BUE2 17308 -0.60526 40.64480 -0.49TTh  40.14706 -1.2955
-107 4661765 8422023 -1.6026 -0.8050k +42.93659 -3.14968 -0.21309 -0.93235

—207 $23.0300 25,4338 -2.4038  -0.90549 +15.4162 -16.5762 <-1.1600  -0493002
-1007 +4994992 5100010 -10.018 -0.98036 HI61.546 470,392 -8.846  -0.98119
-2001 41961.53 -1981s15 19,62 099010 1884463 =1903.09 -18.46  -0.990%0

4T 0.1 0.3 Ok 40433333 =15 ) =% 0
O —0.83824 0.64706 019118 -1.2955 =345 +5+ 70 +2425 ~0.60526
107 ~348176 44,0946 402770  -0.93235 ~Bs6029  +1046863 42,0834 0480504
201 -20.001 421,549 41508 0493002 =294939  +33.06F 43,125  -0,90549
1007 =600401  4611e51  +11e50  -0498119 =649.99 4663401 413,02  -0.98036
wlz0 200 24500  42474e0  42He0 =0699030 =255040  42575¢5 $25¢50 0499010
At 41,5 o0 o0 0 401 +0e3 0.4 0433333
ST 4345 =5.70 -2425 “0.60526 4085824 -0.,64706 119118 =1.2955
-107 4846029  -10.6863 -2.0834  -0.80504 43.8176 40946  -0.2T70  -0.93235
=207 $29.9%9 =33.06h ~3.125  0,90589 420,041 -21.589 -1.5080 ~0.93002
-1007 46494989 -663.013 -13.024  -0.98036 4600,01 -611.51 -11s50  -098119
~20070 4255040  =2575¢5 ~25050  -0.99010 +2450,0 24740 24,0 ~0,99030
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the second term in the same integral as ,A;d¢51%3712 « In
the table the numerical values of m,, Mm,, ™, and 7M, for
£’ (K >#£, ) are shown. We take the numerical value of

u, as 0,3, 0, —0,3, and this selection may cover the
proper range of ;. The table shows 7,/ 1s a real process
agd mM,, N, each offsets 7M,, 7, except cases of

k=47, ~4T . Refering to the expression Y, in (48),

K =¢4n(=24#,) and —4n(=—2+4,) are very speclal cases,

and we follow the numerical cases of | | 2 47T .

=

PHOTOGRAPHIC EXAMPLES

From the above-mentioned computations we generally
expect that surface waves have almost smooth surface even
1f they coexlst with the vortex motion of moderate strength.
Thls 1s caused by the condition of constant pressure at the
direct wave surface. If the surface pressure 1s disturbed
by wind in the different condition, the surface profile of
waves may be also different. To examline thils problem
experlmentally, the surface profiles of wind generated waves
in turbulent flows are photographed. Photo-1l, 2, 3, 4 are
thelir examples. Photo-1, 2 show the waves under direct
wind action. (Averaged wind velocity 1,100cm/sec.) In
Photo=~1, the directilon of water current consists with the
direction of wave propagatlion and in Photo-2, they are opposdhte
each other. We can observe surface 1lrregularitlea. To
understand properly these irregularitises, of course, the
term including the effect of surface tenslon should be
consldered in the surface dynamical condition. Photo-3, 4
show the waves under calm alr. In Photo-3, the direction of
water current colncides with the direction of wave propagation
and in Photo-4 they are inverse. The velocity of water flow
is from l3cm/sec to 26cm/sec, and 1its turbulent condltion 1s
shown by dye injected to water. The surfaces of waves are
very smooth,
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